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Abstract
This paper presents the foundational concepts of fractal calculus before generalizing
the Dirac Constraint Formalism and the Faddeev-Jackiw Formalism for first α-order
Lagrangian systems in fractal spaces with non-integer dimensions. We provide a
detailed analysis of the generalization process, highlighting the theoretical frame-
work and key results, including the extended structure of the constraint systems in
these Lagrangian formulations. Specific examples are discussed to demonstrate the
practical application of the generalized formalism and to validate the consistency of
our results. Moreover, graphical visualizations are included to enhance clarity, offer-
ing a visual interpretation of the findings and illustrating the relationship between the
theory and its real-world implications.
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1 Introduction

Fractal geometry has emerged as a powerful tool for analyzing and understanding
recurring patterns in various natural phenomena, including blood vessels, mountains,
clouds, and coastlines. This article explores the distinctive properties andmetrics asso-
ciated with these formations. Key features of fractals include fractional dimensions,
self-similarity, and fractal dimensions that exceed their topological dimensions [1–4].

Loosely speaking, a fractal dimension is an index for characterizing fractal patterns,
such as similarity up to scale, by quantifying their complexity as a ratio of the change
in detail to the change in scale. In our results, we shall also make use of key notions
of self-similarity to precisely describe various properties of fractals, such as how a
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particular fractal object is similar to itself at all scales, from coarse to fine. Visually,
when you zoom in on a fractal, the finer patterns resemble the original shape. Precise
forms of self-similarity are a key property of fractals.

A fractal, as a geometric object, has the property that its fractal dimension is larger
than its topological dimension. This often raises questions about a range of scales
of self-similarity, which may involve stochastic (rather than deterministic) features.
Consequently, we shall use certain concepts from stochastic processes. A stochastic
process is amathematical object involving probability and statistics that describes how
random variables or measurements change over a particular parameter range, such as
time or scale. It is often referred to as a random field when indexed by a parameter.

Fractal analysis integrates techniques from fractional calculus [5], stochastic pro-
cesses [6], fractional space [7], and harmonic analysis [8–12]. Through adaptations
of the Fundamental Theorem of Calculus, various Riemann-type integrals, such as
s-Riemann, s-HK, and s-first-return integrals, have been developed. Researchers have
investigated the relationships between these integrals and the Lebesgue integral as it
pertains to the Hausdorff measure [13–16].

While there is a wealth of literature on fractal analysis, our focus is on selected stud-
ies that propose innovative techniques for Fourier expansions andwavelets specifically
designed for certain classes of fractals [11, 17]. The intricate geometry and cross-scale
self-similarity of fractals often necessitate approaches that extend beyond traditional
mathematics [18].

A novel framework for fractal calculus has been proposed, extending classical cal-
culus and offering an algorithmic, geometric, and physically intuitive approach. This
generalization allows for the examination of functions exhibiting fractal characteris-
tics, such as Cantor sets and Koch curves [19–22]. Non-local fractal calculus has been
developed to model incompressible viscous fluids within fractal media and to address
processes with memory, similar to the extensions of local calculus provided by the
Riemann-Liouville and Caputo generalizations [23–26].

In the investigation of sub-and super-diffusion using fractal local derivatives,
researchers have preserved locality and adhered to the central limit theorem [27,
28]. Fractal calculus has also found applications in physics, facilitating models of
fractal space and time [29–35] and enabling the exploration of power law behavior
and self-similarity solutions in these frameworks. The application of fractal Laplace,
Sumudu, and Fourier transforms to Cantor sets and fractal curves has been utilized
to analyze systems characterized by fractal temporal behavior [36–41]. Additionally,
fractal derivatives and integrals have been calculated for various functions, including
the Weierstrass function [42].

The use of nonstandard analysis with hyperreal and hyperinteger numbers has
enabled the definition of derivative structures and integrals on fractal curves, as well as
the specification of fractal integral and differential forms [43]. Fractal calculus has also
been extended to encompass unbounded functions through gauge function generaliza-
tions [44]. Stability analysis for fractal differential equations has established criteria
for unique and stable solutions [45]. Furthermore, a new framework that expandsmean
square calculus has been introduced, incorporating concepts such as the mean square
derivative, fractal mean square integral, fractal mean square continuity, and the fractal
order of random variables defined on fractal curves [46].
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The development of fractal analogues to Newtonian, Lagrangian, Hamiltonian, and
Appell mechanics has been proposed. Definitions of fractal velocity and acceleration
have been established to derive the Langevin equation on fractal curves [47, 48].

The notion of fractal variations in calculus has been introduced, leading to the
derivation of the general form of the fractal Euler equation and an alternative expres-
sion.Applications of the fractal Euler equation have been explored, including scenarios
such as optical fractal paths near the event horizon of black holes and the determination
of the shortest distance in fractal space [49].

The simplification of the transition from the Lagrangian to the Hamiltonian form,
particularly when momenta are not independent of velocities, has been achieved [50].

The study of constrained Hamiltonian systems and their quantization has been
elaborated, focusing on gauge theory quantization, which is pivotal for understanding
fundamental interactions in nature [51].

The Faddeev-Jackiw approach offers a streamlined process by defining a velocity-
linearized Lagrangian and employing a symplectic structure to derive generalized
brackets from the Faddeev-Jackiw symplectic matrix [52].

Classical mechanical systems with internal constraints have been analyzed using
the extended symplectic formalism of Faddeev-Jackiw, leading to the derivation of
generalized brackets and corresponding equations of motion [53].

The Dirac-Bergmann algorithm has been applied to convert theories with singular
Lagrangians into constrainedHamiltonian systems, encompassing gauge theories such
as general relativity, electromagnetism, and string theory [54].

An iterative process has been employed to construct a symplectic supermatrix and
identify associated constraints, analyzing the constraint structure within the context
of the system’s phase space [55]. The two-flavour Wess-Zumino model coupled to
electromagnetism has been approached as a constrained system utilizing the Faddeev-
Jackiw method [56].

A fractional constraint Hamiltonian formulation, employing Dirac brackets, has
produced equations consistent with the fractional Euler-Lagrange equations, while
the fractional Faddeev-Jackiw formalism has also been developed [57, 58]. The KPP-
Fisher equation with non-local competitive losses and a fractal time derivative has
been considered using Fα-calculus on the Cantor set. A dynamic systemwith a fractal
time derivative, involving moments up to the second order, has been derived in the
semiclassical approximation with respect to a small diffusion parameter within the
class of trajectory-concentrated functions [59, 60].

The primary aim of this paper is to establish a Dirac constraint formalism and the
Faddeev-Jackiw formalism within the context of fractal sets.

The organization of this paper is as follows: Section 2 provides a brief overview
of fractal calculus. Section 3 presents the first α-order Lagrangian systems, detailing
both the fractal Dirac constraint formalism and the fractal Faddeev-Jackiw formalism.
The conclusion is found in Section 4.
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2 Fundamental Definitions in Fractal Calculus

In this section, we present an overview of fractal calculus on the Cantor set F ⊂
[a, b] ⊂ R, drawing from foundational insights in [19, 22].

Definition 1 The indicator function ζF (I ) for the set F is defined as

ζF (I ) =
{
1, if F ∩ I �= ∅,

0, otherwise,

where I = [a, b] ⊂ R.

Definition 2 The coarse-grained mass ϕα
δ (F, a, b) of F ∩ [a, b] is defined as

ϕα
δ (F, a, b) = inf|E |≤δ

n−1∑
j=0

�(α + 1)(z j+1 − z j )
αζF ([z j , z j+1]),

where |E | = max0≤ j≤n−1(z j+1−z j ), E[a,b] = {z0 = a, z1, . . . , zn = b}, 0 < α ≤ 1,
and �(·) is the Gamma function.

Definition 3 The mass function ϕα(F, a, b) for F is given by

ϕα(F, a, b) = lim
δ→0

ϕα
δ (F, a, b).

Definition 4 The fractal ν-dimension of F ∩ [a, b] is defined by

dimν(F ∩ [a, b]) = inf{α : ϕα(F, a, b) = 0} = sup{α : ϕα(F, a, b) = ∞}. (1)

Definition 5 The integral staircase function Sα
F (z) is defined as

Sα
F (z) =

{
ϕα(F, a0, z), if z ≥ a0,

−ϕα(F, z, a0), if z < a0,

where a0 ∈ R is a fixed constant.

Definition 6 For a function w : F → R, the F−lim of w(z) at a point z ∈ F is the
value L such that for any ε > 0, there exists δ > 0 satisfying

y ∈ F and |y − z| < δ �⇒ |w(y) − L| < ε.

If such an L exists, it is denoted by

L = F−lim
y→z

w(y).
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Definition 7 A function w : F → R is F-continuous at z ∈ F if

w(z) = F−lim
y→z

w(y),

whenever the F−lim exists.

Definition 8 For a function w defined on an α-perfect fractal set F , the Dα
F -derivative

of w at z is defined as

Dα
Fw(z) =

⎧⎨
⎩
F−lim
y→z

w(y)−w(z)
Sα
F (y)−Sα

F (z) , if z ∈ F,

0, if z /∈ F,

provided the F−lim exists.

Definition 9 The Iα
F -integral of a bounded function w(z), where w ∈ B(F) (i.e., w

is bounded on F), is defined as

∫ b

a
w(z) dα

F z = sup
E[a,b]

n−1∑
j=0

inf
z∈F∩I

w(z) (Sα
F (z j+1) − Sα

F (z j ))

= inf
E[a,b]

n−1∑
j=0

sup
z∈F∩I

w(z) (Sα
F (z j+1) − Sα

F (z j )),

where z ∈ F , and the infimum or supremum is taken over all partitions E[a,b] [19, 22].

3 First˛-Order Lagrangian Systems

In this section, we present two approaches: the Fractal Dirac Constraint Formalism
and the Fractal Faddeev-Jackiw Formalism for first α-order Lagrangian systems [61,
62].

3.1 Fractal Dirac Constraint Formalism

Consider the fractal functional action given by

S =
∫ b

a
L

(
qi (t), D

α
F,t qi (t)

)
dα
F t, t ∈ F, i = 1, . . . , Nq ,

where qi are the generalized coordinates, and Dα
F,t qi (t) represents the corresponding

generalized fractal velocities. In this context, Dα
F,t is a fractal derivative operator, and

the indices i represent the different generalized coordinates, while the parameter α

determines the fractal nature of the system. Assuming that the Lagrangian does not
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explicitly depend on fractal time, the fractal Euler-Lagrange equations can be derived
as:

∂L

∂qi
− Dα

F

(
∂L

∂(Dα
F,t qi )

)
= 0.

Here, Dα
F acts as a generalized fractal differential operator applied to the functional,

capturing the fractal nature of the time evolution. Specifically, the operation

Dα
F f

(
q(t), Dα

F,t q(t)
) = ∂ f

∂q
Dα

F,t q + ∂L

∂(Dα
F,t q)

D2α
F,t q

is included to account for the second-order effects introduced by fractal time. This
formulation follows from requiring that the variation of the action S be stationary,
ensuring that the system is governed by a least action principle within the context of
fractal geometry.

In the frameworkof fractalHamiltonian formalism, the fractal canonicalmomentum
is defined as

piα = ∂L

∂(Dα
F,t qi )

.

If this relation can be inverted to express Dα
F,t qi in terms of piα and qi , the system is

regular. However, if the determinant of the Hessian matrix of the fractal Lagrangian
with respect to the fractal velocities vanishes, i.e.,

det
(
Hi j

) = det

(
∂2L

∂(Dα
F,t qi )∂(Dα

F,t q j )

)
= 0,

then the fractal Lagrangian is singular, indicating the presence of constraints that must
be handled through the constraint formalism.

The fractal Poisson (FP) bracket is defined as

{u, v}FP = ∂u

∂qi

∂v

∂ piα
− ∂u

∂ piα

∂v

∂qi
,

which describes the fundamental structure of the phase space evolution. The fractal
fundamental Poisson bracket relations are

{qi , p j
α}FP = δ

j
i ,

where δ
j
i is the Kronecker delta. This shows that qi and p j

α form conjugate pairs in
the context of fractal mechanics, analogous to standard Hamiltonian mechanics.

The canonical fractal Hamiltonian is defined as

Hc(qi , p
i
α) = piαD

α
F,t qi − L(qi , D

α
F,t qi ), (2)



Extending Dirac and Faddeev-Jackiw Formalisms to Fractal… Page 7 of 23    90 

where Dα
F,t qi must be expressed in terms of piα if possible. The fractal Hamiltonian

equations of motion follow as

Dα
F,t qi = {qi , Hc}FP = ∂Hc

∂ piα
, Dα

F,t p
i
α = {piα, Hc}FP = −∂Hc

∂qi
.

This captures the fractal evolution of the system, accounting for both the generalized
coordinates and their conjugate momenta in the context of fractal geometry.

In the case where the fractal Lagrangian is singular, the relation between the fractal
momenta and fractal velocities may not be invertible. This leads to the appearance of
primary constraints:

φa(qi , p
i
α) ≈ 0,

where theweak equality≈ indicates that the constraints hold on a specific submanifold
of the phase space. To ensure a consistent dynamical system, the fractal timederivatives
of the primary constraints must also vanish:

Dα
Fφa = {φa, HT }FP = {φa, Hc}FP + um{φa, φb}FP ≈ 0,

where HT = Hc +umφm is the fractal total Hamiltonian, and um are fractal Lagrange
multipliers. This equation leads to two outcomes: one gives the values of the Lagrange
multipliers um , and the other leads to new constraints, called secondary constraints.

By analyzing primary and secondary constraints, one can classify them as first-class
or second-class, which is crucial for understanding gauge theories and the quantization
of constrained systems. A constraint φa(qi , piα) is first-class if its fractal Poisson
bracket with all other constraints, including itself, weakly vanishes:

{φa, φb}FP ≈ 0. (3)

Constraints satisfying Eq. (3) are associated with gauge symmetries of the system and
represent redundancies in the description of physical states.

A constraint ψa(qi , piα) is second-class if its fractal Poisson bracket with at least
one other constraint does not vanish:

det{ψa, ψb}FP �= 0.

These constraints eliminate degrees of freedom rather than introducing gauge redun-
dancies. Second-class constraints require modifying the fractal Poisson brackets to
fractal Dirac brackets (FD) as follows:

{u, v}FD = {u, v}FP − {u, ψa}FPC
ab{ψb, v}FP , (4)

where
Cab = {ψa, ψb}FP ,

must be invertible, with its inverse denoted by Cab (i.e., detCab �= 0) for consistency.
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Remark 1 he classification of constraints determines the number of physical degrees
of freedom Nphysical in the system. For a system with Nq generalized coordinates and
NFC first-class constraints and NSC second-class constraints, the number of physical
degrees of freedom is given by:

Nphysical = Nq − 1

2
(2NFC + NSC).

3.2 Fractal Faddeev-Jackiw Formalism

The Fractal Faddeev-Jackiw approach is presented for Lagrangians involving first-
order fractal time derivatives. The fractal Lagrangian is defined as

L = ai (q(t))Dα
F,t qi (t) − V (q(t)), t ∈ F,

whereai (q) are coefficients defining the symplectic structure, andV (q) is the potential.
The corresponding fractal action is given by

S =
∫ b

a

(
ai (q(t))Dα

F,t qi (t) − V (q(t))
)
dα
F t, t ∈ F . (5)

Minimizing the action S using the fractal Euler-Lagrange equation yields

Dα
F

∂L

∂qi
= Dα

Fai (q) = ∂ai
∂q j

Dα
F,t q j = ∂L

∂qi
= ∂a j

∂qi
Dα

F,t q j − ∂V

∂qi
.

Equating both sides results in

∂a j

∂qi
Dα

F,t q j = ∂ai
∂q j

Dα
F,t q j − ∂V

∂qi
.

Rearranging terms gives

(
∂a j

∂qi
− ∂ai

∂q j

)
Dα

F,t q j = ∂V

∂qi
.

This can be compactly expressed as

ωi j D
α
F,t q j = ∂V

∂qi
,

where

ωi j = ∂a j

∂qi
− ∂ai

∂q j

is the symplectic matrix. If the symplectic matrix ωi j is invertible, the system has no
constraints, and the dynamics follow directly from the symplectic structure. If ωi j is
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singular, i.e., det(ωi j ) = 0, constraints exist, requiring the introduction of Lagrange
multipliers to ensure an invertible symplectic matrix. Once invertibility is achieved,
the symplectic equations of motion can be solved.

Example 1 Consider the fractal Lagrangian for a relativistic free particle:

L = −mc
√
Dα

F x
μDα

F xμ, μ = 1, 2, 3, 4,

where Dα
F x

μ and Dα
F xμ are the components of the fractal four-velocity, m is the

particle mass, and c is the speed of light. This Lagrangian describes the motion of a
relativistic particle in fractal spacetime, with Dα

F denoting the fractal derivative.
The Hessian of the system is computed using Eq. (2):

Hμν = −mc
∂

∂Dα
F x

ν

⎛
⎝ Dα

F xμ√
Dα

F x
λDα

F xλ

⎞
⎠

= −mc

⎛
⎝ δμν√

Dα
F x

λDα
F xλ

− Dα
F xμDα

F xν

(Dα
F x

λDα
F xλ)3/2

⎞
⎠ .

This Hessian is singular because its determinant is zero, indicating that the system has
constraints.

The fractal canonical momenta are defined as

pα
μ = ∂L

∂Dα
F x

μ
= −mc

Dα
F xμ√

Dα
F x

νDα
F xν

.

Given the norm condition Dα
F x

μDα
F xμ = c2, we have

pα
μ = −mc

Dα
F xμ

c
= −mDα

F xμ.

Taking the norm of both sides yields

pα
μ p

αμ = m2Dα
F xμD

α
F x

μ = m2c2.

This simplifies to
pα
μ p

αμ − m2c2 = 0,

which is a constraint. To classify this constraint, we use the Dirac method, which
involves checking whether the constraint is first-class. First-class constraints generate
gauge symmetries in the system.

The constraint equation can be expressed as

φ = pα
μ p

μα − m2c2 = 0.
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To check if the constraint is first-class, we compute its Poisson bracket with itself:

{φ, φ} = 0.

Since the Poisson bracket vanishes, this confirms that the constraint is first-class. A
first-class constraint indicates that the system possesses gauge freedom, which can
be interpreted as the invariance of the system under reparameterizations of the fractal
spacetime.

Thus, the constraint
pα
μ p

αμ − m2c2 = 0

is a first-class constraint, implying that the system has a gauge symmetry. This gauge
symmetry can be exploited when quantizing the system or analyzing its dynamics in
phase space.

Example 2 Consider the fractal Lagrangian:

L = pi D
α
Fqi (t) −

(
(pα

i )2

2m
+ eA0(q) − eDα

Fqi Ai (q)

)
,

where qi (t) : F → R are particle positions, pα
i are generalized momenta, e is the

electric charge, m is the particle mass, A0(q) is the scalar potential, and Ai (q) is the
vector potential. This Lagrangian is already in first-order form:

L = ai (ξ)ξα
i − V (ξ),

where ξi = (qi , pα
i ), ai = (pα

i , 0), and

V (ξ) = (pα
i )2

2m
+ eA0(q) − eDα

Fqi Ai (q).

The symplectic matrix is

ωi j = ∂a j

∂ξi
− ∂ai

∂ξ j
=

(
0 −δi j
δi j 0

)
.

The equations of motion follow from

ωi jξ
α
j = ∂V

∂ξi
.

This yields the same Hamiltonian equations as the Dirac formalism:

Dα
Fqi = pα

i

m
, Dα

F p
α
i = −e

∂A0

∂qi
.
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Fig. 1 Time evolution plot of Eq. (6)

For the special case where A0(q) = A0qi , the solutions for qi (t) is

pα
i (t) = −eA0S

α
F (t) + pα

i0 (6)

≈ −eA0t
α + pα

i0. (7)

Figure 1 presents the time evolution described by Eq. (6). The plot illustrates the
behavior of pα

i (t) over time for various values of the parameter t .
In Fig. 2, Eq. (7) is plotted for different fractal dimension values α. The graph

highlights the evolution of the function for α = 0.5, α = 0.8, and α = 1.0.
The function qi (t) is defined as:

qi (t) = −eA0

2m
Sα
F (t)2 + pα

i0

m
Sα
F (t) + qi0 (8)

≈ −eA0

2m
t2α + pα

i0

m
tα + qi0 (9)

Figure 3 shows the plot of Eq. (8), illustrating the influence of the fractal structure
on the time-dependent behavior. The plot demonstrates how the function evolves with
changes in the time parameter t , considering the effects of the physical parameters
A0, pα

i0, and qi0.
Figure 4 presents the graph of Eq. (9) for various fractal dimension values α. The

plot demonstrates how the function evolves with respect to time for α = 0.5, α = 0.8,
and α = 1.0.

These solutions describe the position and momentum of a particle under the influ-
ence of a linear scalar potential in fractal time.
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Fig. 2 Plot of Eq. (7) for various values of α

Fig. 3 Plot of Eq. (8), illustrating the fractal influence on the system’s behavior
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Fig. 4 Graph of Eq. (9) for different values of α

Example 3 Consider the fractal Lagrangian defined as

L(x, y, Dα
F,t x, D

α
F,t y) = xDα

F,t y − yDα
F,t x − V (x, y), (10)

where x(t) and y(t) are functions mapping the fractal space F to R. Here, V (x, y) is
a potential function.

The fractal Euler-Lagrange equations yield the equations of motion as follows:
For the x-component:

∂L

∂x
− Dα

F
∂L

∂(Dα
F,t x)

= 0, (11)

which simplifies to:

− ∂V

∂x
+ Dα

F,t y = 0. (12)

For the y-component:
∂L

∂ y
− Dα

F
∂L

∂(Dα
F,t y)

= 0, (13)

which simplifies to:

− ∂V

∂ y
− Dα

F,t x = 0. (14)

The conjugate fractal momenta are defined as:

pα
x = ∂L

∂(Dα
F,t x)

= −y, (15)
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pα
y = ∂L

∂(Dα
F,t y)

= x . (16)

The total fractal Hamiltonian is defined as:

HT = pα
x D

α
F,t x + pα

y D
α
F,t y − L + u1φ1 + u2φ2, (17)

where the constraints are given by:

φ1 = y + pα
x = 0, (18)

φ2 = x − pα
y = 0. (19)

Here, u1 and u2 are Lagrange multipliers enforcing the constraints.
The constraint matrix is given by:

Ci j = {φi , φ j }FP =
(

0 2
−2 0

)
. (20)

The inverse of this matrix is:

Ci j = 1

2

(
0 −1
1 0

)
. (21)

Using the fractal Dirac bracket, the equations of motion become:
For the x-component:

Dα
F,t x = {x, HT }FD = ∂V

∂ y
. (22)

For the y-component:

Dα
F,t y = {y, HT }FD = −∂V

∂x
. (23)

For the fractal momenta:

Dα
F,t p

α
x = {pα

x , HT }FD = −∂V

∂x
, (24)

Dα
F,t p

α
y = {pα

y , HT }FD = −∂V

∂ y
. (25)

These equations recover the fractal Euler-Lagrange equations (12) and (14), con-
firming the consistency of the Dirac formulation.

For the potential V (x, y) = x2 + y2, the equations of motion become:

Dα
F,t x = 2y, Dα

F,t y = −2x, Dα
F,t p

α
x = −2x, Dα

F,t p
α
y = −2y. (26)
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Fig. 5 Graph of Eq. (29) showing the solution in fractal time

This is a coupled fractal system of first-order linear differential equations. Taking the
second Fα-derivative of x(t):

D2α
F,t x = 2Dα

F,t y = −4x . (27)

This yields the fractal simple harmonic oscillator equation:

D2α
F,t x + 4x = 0. (28)

The general solution is given by:

x(t) = A cos(2Sα
F (t)) + B sin(2Sα

F (t)) (29)

≈ A cos(2tα) + B sin(2tα), (30)

where A and B are constants determined by the initial conditions.
Figure 5 presents the plot of Eq. (29) for various values of t , demonstrating the

behavior of the solution in fractal time.
In Fig. 6, Eq. (30) is plotted for different values of the fractal dimension α. The

plot highlights the impact of the parameter α on the oscillatory behavior of x(t), with
results shown for α = 0.5, α = 0.8, and α = 1.0. The variations in α demonstrate
how the fractional exponent influences the frequency and amplitude patterns.

Using the equation Dα
F,t x = 2y, we obtain:

y(t) = 1

2
Dα

F,t x(t) = 1

2

(−A sin(2Sα
F (t)) + B cos(2Sα

F (t))
)
. (31)
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Fig. 6 Plot of Eq. (30) for different values of the fractal dimension α

Thus, we have

y(t) = 1

2

(−A sin(2Sα
F (t)) + B cos(2Sα

F (t))
)

(32)

≈ 1

2

(−A sin(2tα) + B cos(2tα)
)
. (33)

Figure 7 depicts the plot of Eq. (32) for different time shifts. This solution captures
the oscillatory dynamics influenced by the fractal geometry of the Cantor set. The
coefficients A and B regulate the amplitudes of the sine and cosine terms, respectively.

In Fig. 8, Eq. (33) is plotted for various values of the fractal dimension α. The
graph highlights the oscillatory characteristics of the function, with the coefficients A
and B controlling the amplitudes of the sine and cosine components. The parameter
α determines the scaling of the time variable, illustrating how the fractional exponent
affects the system’s dynamic properties.

Using the equations Dα
F,t p

α
x = −2x and Dα

F,t p
α
y = −2y:

px (t) = −A sin(2Sα
F (t)) − B cos(2Sα

F (t)) + C1, (34)

≈ −A sin(2tα) − B cos(2tα) + C1. (35)

Figure 9 illustrates the plot of Eq. (34) for a fixed value of α = 0.63 and parameter
values A = B = C1 = 1. The graph reveals the oscillatory behavior of the solution,
where the fractal staircase structure introduces complex dynamics. This plot visually
demonstrates how the fractal geometry modifies the harmonic components of the
solution.
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Fig. 7 Graph of Eq. (32) illustrating the system’s oscillatory behavior under fractal geometry

Fig. 8 Plot of Eq. (33) for different values of the fractal dimension α

Figure 10 shows the behavior of Eq. (35), an approximation of Eq. (34), for different
values of the fractal dimension α = 0.5, 0.8, 1.0. The plot illustrates that varying α

significantly affects the frequency and phase of the oscillations. Lower values of α

lead to more intricate waveforms, while classical harmonic oscillations emerge when
α = 1.0.
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Fig. 9 Plot of Eq. (34) for α = 0.63 and A = B = C1 = 1

Fig. 10 Plot of Eq. (35) for different values of α = 0.5, 0.8, 1.0

The corresponding expression for the generalized coordinate py(t) is given by

py(t) = − A

2
cos(2Sα

F (t)) + B

2
sin(2Sα

F (t)) + C2, (36)

≈ − A

2
cos(2tα) + B

2
sin(2tα) + C2, (37)
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Fig. 11 Plot of Eq. (36) based on the Cantor set fractal structure

where C1 and C2 are constants determined by the initial conditions.
Figure 11 presents the plot of Eq. (36). The graph reveals the periodic and complex

oscillatory behavior of py(t) influenced by the fractal geometry of the Cantor set.
Figure 12 depicts the behavior of Eq. (37) for different values of α. The plot illus-

trates the sensitivity of the system to changes in the fractal dimension, with variations
in α significantly altering the dynamic properties of py(t).

These solutions describe the time evolution of the generalized coordinates x(t) and
y(t) along with their corresponding fractal conjugate momenta px (t) and py(t)within
the fractal system.

4 Conclusion

In this study, we have extended the Dirac Constraint Formalism and the Faddeev-
Jackiw Formalism to first α-order Lagrangian systems, providing a novel framework
for analyzing dynamical systems in fractal geometries. By presenting detailed exam-
ples, we have demonstrated the practical utility and theoretical consistency of these
extended formalisms. Visual representations have highlighted the profound influence
of the fractal dimension α on system dynamics, revealing intricate patterns and tran-
sitions that deviate from classical behavior. These insights contribute to a deeper
understanding of the relationship between fractal geometry and constrained dynami-
cal systems, offering a foundation for future explorations in mathematical physics and
complex system analysis.

In simpler terms, our main result establishes a new and more efficient way to
describe the dynamics of physical systems in fractal spaces, which are characterized



   90 Page 20 of 23 A. Khalili Golmankhaneh et al.

Fig. 12 Plot of Eq. (37) for different values of α

by non-integer dimensions. Interestingly, when the space has an integer dimension,
the framework reduces to conventional results, making this approach both a general-
ization and an extension of traditional theories. This work bridges the gap between
abstract theoretical models and practical applications by providing a clear mathemat-
ical foundation and visual representations of the generalized constraint structures.
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45. Golmankhaneh,A.K., Tunç, C., Şevli, H.: Hyers-Ulam stability on local fractal calculus and radioactive

decay. Eur. Phys. J. Special Topics 230(21), 3889–3894 (2021)
46. Golmankhaneh, A.K.,Welch, K., Serpa, C., Stamova, I.: Stochastic processes andmean square calculus

on fractal curves. Random Oper. Stoch. Equ. 32(3), 211–222 (2024)
47. Golmankhaneh, A.K., Welch, K., Tunç, C., Gasimov, Y.S.: Classical mechanics on fractal curves. Eur.

Phys. J. Spec. Top 232, 991–999 (2023)
48. Golmankhaneh, A.K., Golmankhaneh, A.K., Baleanu, D.: Lagrangian and Hamiltonian mechanics on

fractals subset of real-line. Int. J. Theor. Phys. 52(11), 4210–4217 (2013)
49. Golmankhaneh, A.K., Tunç, C., Depollier, C., Zayed, F.A.I.: Fractal calculus of variations: A new

framework (2024). https://doi.org/10.13140/RG.2.2.21737.71521/2
50. Dirac, P.A.M.: Generalized hamiltonian dynamics. Can. J. Math. 2, 129–148 (1950)
51. Rothe, H.J., Rothe, K.D.: Classical and Quantum Dynamics of Constrained Hamiltonian Systems, vol.

81. World Scientific, Singapore (2010)
52. Faddeev, L., Jackiw, R.: Hamiltonian reduction of unconstrained and constrained systems. Phys. Rev.

Lett. 60(17), 1692–1694 (1988)
53. Paulin-Fuentes, J.M., López Arellano, C.M., Cabrera, J.M.: Singular lagrangians and the faddeev-

jackiw formalism in classical mechanics. Int. J. Theor. Phys. 63(5), 111 (2024)
54. Brown, J.D.: Singular lagrangians, constrained hamiltonian systems and gauge invariance: An example

of the dirac-bergmann algorithm. Universe 8(3), 171 (2022)
55. Manavella, E.C.: Faddeev-Jackiw formalism for constrained systems with grassmann dynamical field

variables. Int. J. Mod. Phys. A 27(24), 1250145 (2012)
56. Paschalis, J., Porfyriadis, P.: Application of the faddeev-jackiw formalism to the gauged wzw model.

Phys. Lett. B 355(1–2), 171–177 (1995)
57. Almeida, R., Tavares, D., Torres, D.F.: The Variable-order Fractional Calculus of Variations. Springer,

New York (2019)
58. Golmankhaneh, A.K., Golmankhaneh, A.K., Baleanu, D., Baleanu, M.C.: Hamiltonian structure of

fractional first order lagrangian. Int. J. Theor. Phys. 49, 365–375 (2010)
59. Shapovalov, A., Siniukov, S.: Fractal dynamics of solution moments for the kpp–fisher equation.

Russian Physics Journal, 1–11 (2025)
60. Shapovalov, A., Siniukov, S.: Quasiparticle solutions to the 1d nonlocal fisher–kpp equation with a

fractal time derivative in the weak diffusion approximation. ArXiv preprint arXiv:2503.15099 (2025)
61. Bergmann, P.G., Goldberg, I.: Dirac bracket transformations in phase space. Phys. Rev. 98(2), 531

(1955)
62. Hanson, A., Regge, T., Teitelboim, C.: Constrained Hamiltonian Systems. Accademia Nazionale dei

Lincei, Roma (1976)

https://doi.org/10.13140/RG.2.2.21737.71521/2
http://arxiv.org/abs/2503.15099


Extending Dirac and Faddeev-Jackiw Formalisms to Fractal… Page 23 of 23    90 

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations

Alireza Khalili Golmankhaneh1,2 · Hamdullah Şevli3 · Dina Tavares4,5 ·
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