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Abstract

In this paper we study the x-word problem for the pseudovariety LG of local groups,
where k is the canonical signature consisting of the multiplication and the pseudoin-
version. We solve this problem by transforming each arbitrary x-term « into another
one o™ called the LG-canonical form of « and by showing that different canonical
forms have different interpretations over LG. The procedure of construction of these
canonical forms consists in applying reductions determined by a set ¥ of «-identities.
As a consequence, X is a basis of k-identities for the «-variety generated by LG.

Keywords Local group - Pseudovariety - Finite semigroup - Implicit signature -
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1 Introduction

The notion of a pseudovariety has played a key role in the classification of finite
semigroups. Recall that a pseudovariety of semigroups is a class of finite semigroups
closed under taking subsemigroups, homomorphic images and finite direct products.
The semidirect product operator on pseudovarieties of semigroups has received par-
ticular attention, as it allows to decompose complicated pseudovarieties into simpler
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ones, and which in turn is central to the applications of semigroup theory in computer
science. Among the most studied semidirect products of pseudovarieties are those of
the form V x D, where V is any pseudovariety and D is the pseudovariety of finite
semigroups whose idempotents are right zeros [4,20,22]. If V is a pseudovariety, then
LV denotes the pseudovariety of finite semigroups S whose local submonoids are in
V (i.e., eSe € V for all idempotents e of S). In general, V x D is a subpseudovariety
of LV but under certain conditions on the pseudovariety V the equality holds [20-22].
In particular, for the pseudovariety G of finite groups, LG is the class of finite local
groups and it is well-known that LG = G % D [19].

Many applications involve solving the membership problem for specific pseudova-
rieties. A pseudovariety for which this is possible is said to be decidable. However, the
semidirect product does not preserve decidability [11,17], and thus it is worth inves-
tigating stronger properties of the factors under which decidability of the semidirect
product is guaranteed. This is the approach followed by Almeida and Steinberg that
lead to the notion of tameness [6,7].

For a signature (or a type) o of algebras and a class C of algebras of type o (i.e.,
o-algebras), the o-word problem for C consists in determining whether two given
elements of the term algebra of type o (i.e., o-terms) over an alphabet have the same
interpretation over every o-algebra of C. In the context of the study of tameness of
pseudovarieties of semigroups, it is necessary to study the decidability of the o-word
problem over a pseudovariety V, where o is a set of implicit operations on semigroups
containing the multiplication, called an implicit signature, since that is one of the
properties required for V to be tame. For pseudovarieties of aperiodic semigroups it
is common to use the signature w consisting of the multiplication and the w-power.
For instance, the w-word problem is already solved for the pseudovarieties A of finite
aperiodic semigroups [16,23], J of J-trivial semigroups [1], LI of locally trivial
semigroups [9], R of R-trivial semigroups [10] and LSI of local semilattices [12]. For
non-aperiodic cases it is common to use the signature « consisting of the multiplication
and the (w— 1)-power, usually called the canonical signature. We will use an extension
of k, denoted k (and called the completion of « in [5]), consisting of the multiplication
and all the (w + g)-powers with g integer. It is easy to realize that the k-word problem
is equivalent to the x-word problem. As examples of pseudovarieties for which the
k-word problem is solved, we cite the pseudovarieties S of finite semigroups [13] and
CR of completely regular semigroups [8].

This paper is a continuation of the work initiated in [14]. In that paper, the authors
have shown that LG and S verify exactly the same identities involving k -terms of rank
0 or 1, and have given a proof (alternative to that contained in [13]) of the decidability
of those k-identities. The present paper completes the proof of the decidability of the
k-word problem (and, as a consequence, of the k-word problem) over the pseudova-
riety LG. We prove first that this problem can be reduced to consider only identities
involving x-terms from a certain set S whose elements have rank at most 2. Next,
a canonical form for rank 2 k-terms over LG is defined, thus extending the notion
of canonical k-terms over LG given in [14] for rank 0 and 1. Finally, for canonical
k-terms « and B, we show that the x-identity « = B holds over LG if and only if «
and B are the same «-term. Since it is shown that each k-term can be algorithmically
transformed into a unique canonical form with the same value over LG, to test whether
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a k-identity &« = B holds over LG it then suffices to verify if the canonical forms of
the k-terms « and B are equal.

A fundamental tool in our work is that of g-root of a k-term « from the set S. We
start by computing a certain parameter gy, which is a positive integer and depends only
on «. Then, for any given g > gy, the g-root of « is an effectively computable word
Wq(a), over a finite alphabet VUV~ !, which is reduced in the free group Fy generated
by V. A pertinent property is that, if «, 8 € S and q is large enough, then LG satisfies
o = B if and only if Wq () = Wg(B). This result provides an alternative criterion to
decide the k-word problem for LG. Moreover, each word VNVQ (@) is obtained as the
reduced form in the free group Fy of another word wq (@), called the g-outline of o.
The reduction process of an outline wgq () into the root W (er) was fundamental to us in
the definition of a canonical form for rank 2 k-terms over LG since it served as a guide
to some of the simplifications that should be operated at the k-term level. Informally
speaking, if LG satisfies « = B and the outline wq(B) is “closer” than the outline
Wq (o) to their common reduced form \TVqq (a)(= \TVQ (B)), then B should be considered
to be “simpler” than «. The notion of g-outline, introduced here for «-terms over LG,
plays a similar role as a more general notion of superposition homomorphism that was
used by Almeida and Azevedo [3] to provide a representation of the free pro-(V x D)
semigroup over A (see [2, Theorem 10.6.12]).

2 Preliminaries

This section introduces some terminology and notation. We assume familiarity with
basic results of the theory of pseudovarieties and implicit operations. For further details
and general background see [2,18]. For the main definitions and basic results about
combinatorics on words, the reader is referred to [15].

2.1 l_(-terms

In this paper, we consider a finite alphabet A provided with a total order. The free
semigroup (resp. the free monoid) generated by A is denoted by AT (resp. A*). An
element w of A* is called a (finite) word and the empty word is denoted by €. A word
is said to be primitive if it cannot be written in the form u” with n > 1. Words u and
v are conjugate if there are words wy, wy € A* such that u = wiw, and v = wow;.
A Lyndon word is a primitive word which is minimal in its conjugacy class for the
lexicographic order.

Given an element s of a compact semigroup, the closed subsemigroup generated
by s contains a unique idempotent, denoted s¢ or s®*0. For g € N, s®+4 = §©s4
belongs to the maximal closed subgroup containing s, and its group inverse is denoted
by s“~4. The following examples of implicit operations play an important role in the
next sections: the binary implicit operation multiplication interpreted as the semigroup
multiplication and, for each g € Z, the unary implicit operation (w + g)-power which,
for a finite semigroup S, sends s € S to s,
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We denote by k the implicit signature consisting of the multiplication and the
(w + g)-powers with g € Z. The free ic-algebra generated by A in the variety defined
by the identity x(yz) = (xy)z will be denoted by Tf and its elements are called k-
terms. Every finite semigroup has a natural structure of an associative k-algebra (also
known as a k-semigroup), via the interpretation of implicit operations as operations on
finite semigroups. When referring to a ferm we will mean either a k-ferm or the empty
word €. A ic-term of the form w74 is called a limit term, and 7 and w + g are called,
respectively, its base and its exponent. Notice that 710 is usually written as 7¢ to
make the notation more compact. If a term « can be written in the form o = ajao,
then the terms o1 and a» are said to be, respectively, a prefix and a suffix of «.

2.2 Portions of a k-term

The rank of a term « is the maximum number rank(c) of nested exponents in it. So,
the terms of rank O are the words from A* and, fori > 0, a k-term of rank i + 1 is an
expression « of the form

wtq1 w+q
o =pomTy PL Ty

Pns
where n > 1, p; is a term with rank at most 7, 7y is a rank i «k-term and g¢ € Z.

This expression is uniquely determined and we call it the rank configuration of «.
w+q1 n_w-i—qn o
’ n n

The number # is said to be the (i + 1)-length of a. The subterms po7,

and rr;UJrqj 0j n;):]qj ! are called, respectively, the initial portion, the final portion and
the crucial portions of «. For a positive integer p, the p-expansion of « is the rank i
k-term

a(p) = Poﬂlpm o 'ﬂ:fpn-

Suppose thati = 0, whence rank(e) = 1. The w-terms po7{’, 7’ p, and rr;.",o jrr;"“
are said to be, respectively, the initial w-portion, the final w-portion and the crucial
w-portions of «. In case i = 1, so that rank(«) = 2, the (rank 1) initial w-portion,
final w-portion and crucial w-portions of « are, respectively, the initial w-portion,
final w-portion and crucial w-portions of the 2-expansion a® of «. For example, if
o = bab®?a)?* be(c® Laa(bc)® )~ 1q®*tL | then hab® and a® are the initial and
the final w-portions, respectively, and b”aab®, b®abcc®, c®aa(bc)®, (bc)®c® and
(bc)®a® are the crucial w-portions of «.

2.3 K-identities

A k-identity over A is a formal equality 7 = p withr, p € Tf . For a pseudovariety V,
the i-word problem for V consists in determining, for each given k-identity 7 = p,
whether 7 and p have the same interpretation over every semigroup of V. If so, we
write V |= m = p, as usual. Analogous definitions can be formulated for the signature
K.
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Note that the following i-identities hold over every finite semigroup: x“*4 =
x@ 19! (g € Ng) and x?~7 = (x7)®~! = (x®~1)9 (¢ € N). This means that the
signatures « and « have the same expressive power and, consequently, the k-word
problem is equivalent to the x-word problem.

2.4 Rewriting rules for k-terms over S

The following set Xg of k-identities

(xw+p)w+q — xw-i—pq’ 2.1)
(xn)erq — warnq, (22)
xa)+pxw+q — xw+p+q’ (2.3)
xnxw+q — xa)+q+n xa)+qxn — xw+q+11 (24)
(xy)Tx = x(yx)T, 25)

holds in the pseudovariety S, where x and y represent arbitrary k-terms, n € N and
P, q € Z. Notice that, using (2.3)—(2.5), it is easy to deduce the x-identities

xa)(xw+py)w+q — (xw+py)w+q, (xw+py)w+qxw — (xw+pyxa))a)+t]7

(yxw+p)w+qxw _ (yxw—&-p)w—&-q’ xw(yxw+p)w+q _ (xwyxw+p)w+q_ (2.6)

Each k-identity r = (# = v) can be seen as two rewriting rules 7 iu—vand ¥ :
v — u. If we rewrite a k-term 7 interpreting a ik -identity (2.7), with i € {1, 2, 3, 4},
as a rewriting rule from left to right, we say that we make a (2.i)-contraction. The
transformations resulting from interpreting the «-identities as rewriting rules on the
opposite direction are called expansions. We will distinguish between left and right
contractions/expansions of type (2.4) depending on whether the left or right iden-
tity (2.4) is used. An application of the identity (2.5) from left to right or from right
to left is called a shift right and a shift left, respectively.

We will talk about the rank of a transformation of k-terms using a k-identity
o = f as the number max{rank(w«), rank(8)}. For example, if we rewrite
abw+1b(caa)+1)w—lcaw+1 as abw+1b(caa)+1)w’ or as abw+2(caw+1)w—1caw+l’ mak-
ing right (2.4)-contractions, we say that it was made a rank 2 contraction in the first
case, and a rank 1 contraction in the second one.

In what follows, we assume that the alphabet A is not a singleton set since, otherwise,
every k-term with not null rank is equivalent to a rank 1 limit term with base the only
letter of A, and the i-word problem is trivial in that case.

2.5 Local groups
A local group S is a semigroup such that eSe is a group for each idempotent e of S.

Equivalently, we may say that S is a local group if and only if S has no idempotents or
S has a completely simple minimal ideal containing all its idempotents [14, Proposi-
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tion 2.1]. Groups and completely simple, locally trivial and nilpotent semigroups are
examples of local groups.

Recall that LI is the join of D with its dual K, the pseudovariety of finite semigroups
whose idempotents are left zeros. Therefore, a k-identity « = $ holds in LI if and only
if it holds in both K and D. In particular, when « and § are rank 1 or rank 2 i -terms,
a = f holds in LI if and only if o and 8 have the same initial and final w-portions.
We also recall that G and LI are subpseudovarieties of LG, but LG is not the join of
G with LI. Hence, if a k-identity « = f holds in LG, then it holds in both G and LI
but the converse implication is not valid. It is well known that, if a pseudovariety V
contains LI and V |= « = B, then either & and 8 are the same word or they both are
k-terms of rank at least 1.

In [14] the authors defined a class of local groups denoted by S(G, L, f) in which G
is a group, L € A™ is a factorial language (i.e., a language that is closed under taking
non-empty factors) and f:LUL —> Gisa map that serves to define the semigroup
operation, where L is the subset of AT \ L formed by the words whose proper factors
belong to L. We have also constructed a finite local group Sy , of the form S(G, L, f),
associated to each pair (i, p) of rank 1 canonical k-terms, such that LG =7 = p if
and only if S; , =7 = p.

So, by the above considerations, it remains to deal with x-identities « = f such
that rank(c) > 1 and rank(B) > 1 where at least one of these inequalities is strict.

3 Some properties of k-terms over LG

In this section, we show some features of ik-terms interpreted on finite local groups.
Notice that LG is the pseudovariety of finite semigroups that satisfy the «-identity

(x“yx)® = x®. 3.1

Let us consider the set of k-identities ¥ = Xg U {(x“?yx®)® = x®}. Observe that the
left side of the x-identity (3.1) is a rank 2 x-term while the «-term in the right side has
rank 1. This is the key «-identity for the transformation of k-terms into other ones of
rank at most 2 in Sect. 5.1. In Sect. 5.2, using the set X, we will further reduce any
k-term to a canonical form over LG.

Two k-terms o and f are X-equivalent when ¥ + o = B, that is, when the «-
identity @ = B is a syntactic consequence of X. Obviously, if @ and 8 are X -equivalent,
then LG |= o = B. One of the main goals is to prove that the converse implication
also holds.

Let 7 be a ic-term of rank at least 1. Then 7 is of the form 7 = ux®*4w for some
integer ¢ and some terms u, x and w. By (2.3), it follows that 7 may be transformed
into ux®x®*9w. Therefore 7 is T-equivalent (it is Xg-equivalent to be more precise)
to some k-term of the form ux®v and we will often use this fact without further
reference. In particular, using notably (2.6) and (3.1), we may derive

w+1

T =u(x®vu)?’x?v = u(x®vux®)’v = ux“v = . 3.2)
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Notice that the k-identities (x“yx®)® = x®(yx®)?® = (x®y)“x® are derived from
s and that, for arbitrary integers p and ¢, (x®T? yx®*T9)® = x® is a consequence of
X. It is useful to point out the following consequences of this k-identity and (2.6),

xOTP (px@tT)® = xOTP = (x@Hdy)@x@tP, (3.3)

Now, from these ones we deduce, as explained below, the following property of
exponents, where r is an arbitrary integer,

Pcard <yxw+q)w71 — yotp—r (ywarqfr)wfl , (warqy)wflxaH»p — (warqfry)(uflxaH»pfrA (34)

Indeed, we deduce the first identity as follows (the second one being proved by sym-
metry)

xo+p (yxw+q)a)—l = y@tp—r (xw—i-r yxw+q—r)a)—lxw+r
— xa)+p—r (xw—i-r yxw+q—r)w—lxw+r (yxw+q—r)w
— xw+p—r (xw+r yxw+q—r)w(yxw+q—r)w—l
— xw+p—r (yxw—i-q—r)w—l .

We gather in the following proposition a few i-identities exhibiting cancelation
properties that are important in the reduction process.

Proposition 3.1 The following k -identities are consequences of X, forall p, q,r,s €

Z)
xw+py(zw+qwxw+ry)w—lzw+s — xw+p(zw+qwxw+r)w—lzw+s’ (3.5)
xw-i—py(xw-i-qy)w—lxw—i-s — xw+p—q+s’ (3.6)
(xw+py)w71xw+q(zxw+r)w71 — xw(zxw+p7q+ryxw)w71. (3.7)

Proof The deduction of (3.5) can be made using Xg and (3.3) as follows

xw+py(zw+q wxw+ry)wflzw+s — yotp (Zerq wwarr)wy(Zerq wxaﬂrry)a)flzaﬂrs
= yotp (Za)Jrq wwarr)wfl (Zw+q wxa)+ry)a)zw+s
— xw-‘,—p (Zw-'rq wxw+r)a)—lzw+s.

The identity (3.6) is an immediate consequence of (3.5). For the identity (3.7), we
prove (x®y)® 1 x@t4 (zx?)*~! = x?(zx®~4yx®)®~! which is a simpler and, clearly,
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equivalent condition. Using (3.4) in the first identity below, we have

(@) x T (x ) = (12 y) I (2 )P
= (xp) T @)
= ()7 (@) (x Oz T yx @)
= ()T (xax Ty (xex T yx )
= (x“y)“ T xya (¢ ya)?
=x“(x“zx? 1yx

— xw(zxwfqyxw)wfl.

w)a)—l

This proves the proposition. O
It is also useful to emphasize the following properties.

Corollary 3.2 Let t and o be k-terms.

(a) FLI =t =0, then £ F o (t0)?~ ! = t@~ 1,
(b) IfK =t =0, then £ + 0@ 17971 = (¢20)°7 I,
(c) fFD =1 =0, then £ - o® 117 = o (za?)®7 .

Proof Suppose that LI = 7 = o. Then t and o are the same word (and the result
is trivial), or they both have rank at least 1. In this case, T and o are Xg-equivalent,
respectively, to ik-terms of the form ux®t’y®v and ux®o’y“v with u, x, y, v words.
Therefore, using ¥g and (3.5), one derives

— / ! ’ — ’ ’
(1) = ux®o’ (Y vux® 7 yPvux®o )1y y = ux®t (yPvux®t yCvux®t

/)wfl ),wv _ t(ufl ,
thus showing (a).

Now suppose that K |= t = o. Then, as above, 7 and ¢ are the same word (in
which case the result is immediate), or both T and o have rank at least 1. In this case,
7 and o are Tg-equivalent, respectively, to i-terms of the form ux®t’ and ux®o’ with

u, x words. So, the deduction of (b) can be done, using Xg and (3.7), as follows

Gw—lrw—l — (uxa)o/)a)—l (uxw‘t/uxw‘t/)w_luxwr/
=u(x?c' ) 'x( ux?7 ux®)*" ¢’
= ux® (T ux?t' ux®e'ux®) "¢’
= (?0)? 1.
The proof of (¢) can be made analogously. O

4 Canonical forms for k-terms over LG

In this section, we present the definitions of canonical forms for k-terms over LG.
The rank 0 and rank 1 canonical x-terms over LG were already introduced in [14],
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coincide with, respectively, rank 0 and rank 1 canonical k-terms over S defined in
[13]. According to Proposition 5.1 below, in order to complete the definition of the
canonical forms over LG it remains to introduce rank 2 L.G-canonical forms.

Let @ be a k-term and, if rank(«) > 1, let

+q1 n;l‘)"'qn

a=pory "pr - Pn

be its rank configuration.

(Co) Ifrank(er) = 0, then « is said to be in LG-canonical form.
(Cy) Ifrank(e) = 1 and, foreach j € {1, ..., n},

(a) m; is a Lyndon word;
(b) m; is not a suffix of p;_1;
(c) m; is not a prefix of any word ,ojzer with £ > 0, where 1, is the empty
word;
then « is said to be in LG-canonical form. Notice that every rank 1 k-term
can be effectively converted into a rank 1 canonical form by the reduction
algorithm for rank 1 k-terms, defined in [14, Section 4] as follows:
(1) apply all possible (2.2)-contractions;
(2) turn the base of each limit term in the k-term into a Lyndon word, by
means of a (2.4)-expansion (with n = 1) and a shift;
(3) apply all possible (2.4)-contractions;
(4) apply all possible (2.3)-contractions;
(5) replace each crucial portion x®TPuy®*4 not in canonical form by
x@FPHmyyo+ta—t where ¢ is the minimum integer such that [uy®| > |x|,
m is the maximum integer such that x™ is a prefix of uy* and xv = uy?®,
by means of applying a left (2.4)-expansion with n = £ and a right (2.4)-
contraction with n = m.

(Co) Ifrank(a) € {1, 2}, then « is said to be in semi-canonical form (over S) whenever
the 2-expansion o® = ponlz,ol e n,%,on is in canonical form. Notice that every
rank 1 k-term is in semi-canonical form. We refer the reader to [13, Section 4.3] for
the algorithm of calculation of the semi-canonical form of any rank 2 k-term. We
will be particularly interested in rank 2 semi-canonical forms « such thatg; = —1
for all j, and denote by S, the set of those i -terms.

(82) Ifa € Sy and « is irreducible for the rewrite system R defined in Sect. 5.2 below,
then « is said to be in LG-canonical form.

The set of LG-canonical forms of rank i (with i € {0, 1, 2}) is denoted C;. By [13]
and Sect. 5.2, the following conditions are equivalent for a k-term «o:

« is in semi-canonical/LG-canonical form;

every subterm of « is in semi-canonical/L.G-canonical form;

the initial, final and crucial portions of « are in semi-canonical/LG-canonical form;
the initial, final and crucial w-portions of « are in semi-canonical/LG-canonical
form.
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5 Canonical form algorithm

In this section, we describe an algorithm to compute a canonical form «* of any given
i-term o with rank(e) > 1. This algorithm consists in two major steps, presented
in Sects. 5.1 and 5.2 . In step 1, we reduce « to a X-equivalent x-term «° in the set
S, mentioned in the Introduction. This set S is now identified as being C; U S. If
a° € Cy, then «° is in rank 1 canonical form and so a™ = «a°. If a® € Sy, then step 2
turns «° into an element «® of C; U C, and we let a* = «©. By Theorem 7.1 below,
it follows that the i-term o™ is unique and so we call it the LG-canonical form of «.

5.1 Step 1:reduce to an element of S

The first step consists in three sequential substeps.
Step 1.1. If rank () < 2, let o’ = a. Otherwise, let @’ be a rank 2 i -term obtained by
recursively applying the procedure described in the proof of the following proposition.

Proposition 5.1 Let y be an arbitrary k-term such that rank(y) =i + 1 withi > 2.
It is possible to effectively compute a k-term y’ such that y' is X -equivalent to y and
rank(y’) = i.

Proof We begin by assuming that y is of the form y = 7~!. The proof of this case
is made by induction on the i-length m of 7. Since 7 has rank i, it is of the form
7 = woo®TPw withrank(c) = i — 1 and wy and w1 with rank at most i. Using (3.4)
and (3.2), one deduces

y = JTw_IJTJTw_l

= wo(e TP wiw)* " Lo TP (wiwea ) T,
= wo (o M wiwe)? Lo T2=P (wiweo Tl w,
= (woow)® woo 2 Pwy (woowy)* L.

If m = 1, this last £-term has rank i and, so, we take it to be y’. Suppose now that
m > 1. The k-term p = woow; is rank i and has i-length m — 1. So, by induction
hypothesis, the k-term 8§ = p®~! is E-equivalent to some rank i i-term 8’. Therefore,
y is -equivalent to the rank i k-term y’ = 8'woo®+>~Pw,8’. The proof of the case
y = 7“1 is complete.

In general, by means of expansions of rank i + 1 of types (2.2) and (2.4), if necessary,
y can be reduced to a k-term with rank configuration ponf’_l o1 n,?’l pn. The k-
term y’ is obtained from this by applying the above procedure to each subterm zr]‘.”_l
O

Step 1.2. If rank(a’) = 1, let &” = «'. Otherwise, let a” be a k-term obtained from
o’ by the application of the first step of the S canonical form reduction algorithm
described in [13, Section 4.3], and observe that «” is a semi-canonical K-term such
that rank(a”) € {1, 2}.
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Step 1.3.If rank(a”’) = 1, then we apply the rank 1 canonical form reduction algorithm
[13,14], described in Sect. 4, to compute the canonical form of «”. This is an element
of C; and so it is chosen to be «°.

If rank(a”) = 2, then, by means of expansions of rank 2 of types (2.2) and (2.4) if
necessary, we obtain from o’ a ic-term whose exponents of rank 2 limit subterms are
equal to w — 1. This k-term is taken to be «°, since it is a semi-canonical form with

rank configuration poyrf“lpl e n,‘f’l pn meaning that it is an element of S;.

5.2 Step 2: compute the canonical form

Now, we complete the computation of the canonical form of «. If «° is rank 1, then it
is in LG-canonical form and so let «* = «°.

To treat the remaining case, we define a rewriting system R with set of objects S
and whose rules are described below. By Propositions 5.2 and 5.3, starting with the
k-term «°, R produces, after a finite number of reductions, an irreducible (meaning
that no rewriting rule can be applied to it) k-term a® of S. Then «® € C; U C; and
we let a* = a®.

The system R consists of rewriting rules of four types, called “shifts right”, “elim-
inations”, “agglutinations” and “shortenings”. We do not include shifts left in R but
they are used implicitly in the last three types of rules. The justification for this option
is for the system to be terminating and for the canonical form to be unique. We list
below the rewriting rules and justify that they transform k-terms into X-equivalent
k-terms. The rank of terms x, y, z, #, v and w in every rule is bounded by assuming
that the left side of each rule is a rank 2 k-term. The shift identity (2.5) is often used
without reference.

Shifts right:

(sr.1) (uv)?'u — u(vu)®~!, where rank(uv) = 1 and u # €;

(57.2) @) Luw)*! > uu)?* 'wuwuw)®" !, where u € AT, rank(v) =
rank(w) = 1, K = v = w and v and w do not have a common non-empty
prefix.

Rule (sr.1) is arank 2 shift right and rule (sr.2) is a result of applying the i -identity
77! = 7 (7?)®~!, which is a consequence of X, followed by a rank 2 shift right.
Eliminations:

(6.1) xw+pu(xw+qu)w71xw+r N xa)+p7q+r;

(€.2) xOtPyyux®tay(vx@tay)o—1 — yotry;

(€.3) (ux“tPv)o lyzx@tyy(zx@tvy)®~! = (ux@tPv)@~ly;

(e4) (ux®TPyy)@~lzx®Ty(yzx®T9v)*~1 — ux®tPu(yux®TPoyux@tPy)®=!
with y # €.

Rule (e.1) is a direct application of identity (3.6), while rule (e.2) also results from
this identity but previously applying a rank 2 shift left. In its turn, rule (e.3) results
from making a right (2.4)-expansion, followed by an application of (e.2) and ending
with a right (2.4)-contraction. At last, rule (e.4) is obtained by applying the x-identity
7971 = (7)1, followed by an application of (e.2) and ending with a rank 2 shift
right.
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Agglutinations:
(a.1) (xa)+pu)w—1xa)+qv(yxw+rv)a)—1 N xwv(yxw+p—q+ruxwv)w—l;
(@.2) (ux@rPy)e=lux@tay)o=l o yx@+tay(ux®te yux@tPyux@tdy)e=1,
(@.3) (ux®TPv)?ly(zx®tayy)®=l — yx@tPyy(zx®t ux®TPoux®tPyy)®-1,
Rule (a.1) is derived from identity (3.7), whereas (a.2) and (a.3) follow from
Corollary 3.2 (b) and (c) respectively.
Shortenings:
(s.1) o(ro)? ' — @1 where rank(o) = rank(r) = l and LI o = 7;
(5.2) xtPu(ux®tu)®~! — x®TP=9y(vx®u)®"! with g # 0;
(s.3) (x@TPy)0~1x®td 5 (x@u)@~1x®+4=P with p # 0;
(5.4) xOTPu(z?Toyxtu)*~ 129 0 - §(x,z, p.q. 1, 5);
(5.5) xOHPyuzOty(yx@t uz? T > §(x, z, p.q.r. q);

where
e 5(x,z, p,q,r,s) is the following k-term

x@HP (@t yypotryesl oty if x®z® is in canonical form 5.1
xHPy(yx@T )@ ifx=zandg=s

(xOTapy)OTx @Sy ifx=z,g#sandp=r

xtPa, (22 oyx® T a, )@ 122y otherwise (5.2)

with a, ; the least letter of the alphabet A such that x“a, .z is in canonical form
(note that such letter exists since we are assuming A not singular);
e u # e inrules (s.4) and (s.5);
e rules (s.4) and (s.5) apply in case (5.2) only if u # ay ;.
Rule (s.1) is a consequence of Corollary 3.2 (a). Rules (s.2) and (s.3) are derived
from identities (3.4). In rules (s.4) and (s.5), applying identity (3.5) and shifts even-
tually, one gets from the left side of the rule the term

8o = xw+p(zw+q vyxa)+r)w—1za)+xv'

The, possibly new, crucial w-portion 8 = x“z® of §p may be not in canonical
form and so §p may be not in semi-canonical form. If 0 is in canonical form, then
8(x,z,p,q,r,8) = 8.

Suppose now that 6 is not a canonical term. Hence, as conditions (a) and (b) of
the rank 1 canonical form definition hold, x must be a prefix of z¢ for some ¢ > 0.
Soz=zizpand x = (zlzz)e_lzl for some words z1, z2 with z1 # €. Since x is a
Lyndon word (and, so, it cannot have a proper prefix which is also a suffix), it follows
that £ = 1. We conclude that x is a prefix of z. Note that, conversely, if x is a prefix of
z then 6 is not in canonical form. This case is split into three subcases. If either x = z
andg = s,orx =z,q # s and p = r, then §( is X-equivalent to the semi-canonical
terms x® P (vyx®T )@~y and (x®T9vy)®~ x9S respectively. Otherwise, 8 is X-
equivalent to the semi-canonical term x“*Pa, ,(z* 7vyx®* a, )*~ 1z v. In this
case, we impose that u # a, ; to guarantee that the application of the rule does not
return as a result the original k-term.
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Proposition 5.2 Lety € S; and let y' be a i -term obtained from y by applying a rule
of R. Theny’ € S.

Proof By the hypothesis of the proposition, ¥y = y1y2y3 with rank(y») = 2, y’' =
Y1¥;v3 and y2 — y; is arule of R, since the rules apply only to rank 2 i'-terms and
rank(y) = 2. Moreover y» € S since y € Sp.

Each w-portion o of y; is an w-portion of y, for every rewriting rules with the
only possible exceptions where o = x“z% or 0 = x“a, ;z” and rule y» — y; is
one of (s.4) and (s.5) , with §(x, z, p, q.r, s) given by (5.1) and (5.2) respectively.
However, o is in canonical form in both cases. Therefore y; € S in all cases, since
¥2 € & by hypothesis. As y, and y, always have the same initial and final w-portions,
it follows that ' € S. O

For a rank 1 i-term o, with rank configuration 0 = uox(fﬂ”“ul . ~x2‘)+’”u4, we

define the size of o, denoted s(o), as the 4-tuple of non-negative integers

s(@) = (¢, lq1l + g2l + - + Iqel, luwour - - wel, Zuguy -y )

where X¢ = 0 and, if uouy---ug = ajaz---a, and ay, az, ..., a, € A, Zyguy..u, 18
the sum of the order of each letter ¢; in the ordered alphabet A. We consider the image
of the function size ordered by the lexicographic order. With this definition it can be
seen that in a shortening ¢ — ¢/, the size of the base of the rank 2 limit term which
occurs in ¢’ is always strictly less than the size of that which occurs in 7.

Now, the size of arank 2 k -term «, with rank configuration ¢ = ponf”* ! JIREE 71,‘”‘)’1
Pm, 18 introduced as the m-tuple

s(a) = (s(m), e, s(nm))

consisting of the sizes of bases of the limit subterms of «. We consider sizes of rank
2 k-terms ordered by the shortlex order, that is, if @ and § are rank 2 k-terms with
2-lengths m and n respectively, then s(o) < s(B) if and only if m < norm =n
and s(a) <" s(B) for the lexicographic order <leX_ Notice that this ordering is a
well-order on the set of sizes of rank 2 k-terms.

Let y be a i-term from S with 2-length € and let y’ be a k£ -term obtained from y by
applying arewriting rule (r) of R. Then y = y;y2y3 whererank(y2) = 2,y' = y1¥33
and (r) is y» — y;. We say that the rule is applied in position j € {1, ..., ¢} if the
2-length of y; is j — 1 (where we assume the 2-length of y; to be 0 in case its rank is
lower than 2).

Proposition 5.3 The rewriting system R is Noetherian.
Proof Let y € S, and let £ be the 2-length of y. Suppose that
V=Y1—=>VvV2—=> V3

is a chain of k-terms obtained from y by the application of rewriting rules from .
We want to show that this chain is finite. Suppose it is infinite. Since eliminations
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and agglutinations strictly decrease the rank or the 2-length of the x-term, and no rule
increases rank or 2-length, they can be used at most £ times in the above chain. Without
loss of generality, we may therefore assume that the chain uses only shifts right and
shortenings. This means in particular that every «-term y; of the chain has the same
2-length ¢.

Now, as shortenings strictly decrease the size of rank 2 k-terms, there must be an
infinite number of steps where the sizes of the k-terms do not decrease, and so shifts
right must be applied an infinite number of times. On the other hand, rule (sr.1) can
only be applied consecutively a finite number of times and preserves the size of rank
2 k-terms. It follows that shortenings and (sr.1) can only be applied consecutively a
finite number of times. Therefore, rule (sr.2) must be applied an infinite number of
times.

Letj € {1, ..., ¢} be the least position in which (s7.2) is applied an infinite number
of times. Whence, in positions less than j, (sr.2) is applied only a finite number of
times. Observe that shortenings and shifts right applied on a position i preserve the
sizes of all the bases (of limit subterms) with the only exception of the base on position i
(in case the rule is a shortening) and the base on positioni + 1 (in case the rule is (s7.2)).
Consequently, shortenings and shifts right are used only a finite number of times in
positions less than j. So, without loss of generality, we may assume that no rule is
used in those positions. We may further assume that only rules (sr.1) and (sr.2) are
used in position j. We claim that rule (sr.2) may be used in position j only once.
This contradicts the arguments that support the choice of j, so the proof of the claim
concludes the proof of the proposition.

In order to prove the claim, suppose that (sr.2) is used in some step, say k, in position
j (of ¥). So yx and yy4 are respectively of the forms py (uv)?~ ' (uw)®~!p, and
p1u(u)® ' wmwuw)®~ ' py, where u € AT, rank(v) = rank(w) = I, K £ v = w
and v and w do not have a common non-empty prefix. Let k” be the first step after
step k in which a rule is used in position j. Then, it is clear that y; is of the form
plu(vu)‘*”1 p3 where p3 and w have the same initial w-portion, since shifts right and
shortenings preserve such portions. Hence, from the assumption above on v and w,
it is not possible to apply any shift right on position j of y;. In particular, it is not
possible to apply (sr.2) again in position j, which means that in position j rule (sr.2)
could be applied only once. O

It is easy to verify that the following conditions are equivalent for any «-term «:

« is in LG-canonical form:;

no intermediate step of the algorithm modifies «;
b .

af =

every subterm of « is in LG-canonical form.

Example 5.4 Consider the following i-terms of S»,

—1 —1
o= b(ab)w—Scb(ab)w+2c(b(ab)w+2c)w ac®=3 (b“’a“’_lc)w bog@ e
w—1
(bw72acaw+4c) ba)+]

—1 —1
ﬁ:d‘”b(ad‘”_lcd‘”+3bad“’b)w (ab(cd)“’_za)w .
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The LG canonical forms of & and 8 can be computed as follows:

w—1 w—1
o E—f) b(ab)w—Scan—3 (bwaw—lc) bwaw+lc<bw—2acaw+4c) bw+l

w—1 w—1
o b(ab)w—Scacw—3bw <aw—lcbw) aw+lc<bw—2acaw+4c) bw+l
Sr.

w—1
B b(ab)“’_scac‘”_3bwawc(b“’_2aca“’+zcb‘”a‘”c) pet!

w—1
N b(ab)w—ScaCa)—3 (ba)—Zacaw+2C) bw-l—l

w—1
—— b(ab)®cac®3 (bwacaw+zc> b3 = o,

w—1

w w—1 , j0+3 w o=l w—2 w—2 w—2
ﬂm d“ba(d®” " cd“ " bad®ba b(cd)* “alab(cd)” “aab(cd)® “a

w—1

—1
. (d“’_lcdw+3ba)w b(cd)w—za(ab(cd)w—2aab(cd)w—2a>

w—1

— (d“’_lcdw“ba)wilb(cd)wa(ab(cd)“’_zaab(cd)‘”a) — g*.

6 Characterizing k-terms of S with finite words

In [14], the authors show that, for rank 1 canonical k-terms 7 and p, the k-identity
w = p holds over LG only when 7 and p are the same x-term. This is done by
associating to the pair (7, p), when 7 and p are distinct rank 1 canonical k-terms,
an alphabet V and a pair (W, W,) of distinct words over V. Afterwards, a finite local
group Sy, is built from (W, w,) and it is shown that S , does not satisfy 7 = p.
In this section, we slightly improve the above construction and extend it to the
elements of S>. To each element « of S is assigned a positive integer g, defined by

o =

1 + max{|g| : w+q occurs in @} when « € C;
1 + max{|q| : w+q occurs in P} whenw € S,

We will associate to @ and any integer g > g, a word over an alphabet of the form
VUV~!, denoted by wq(ar) and called the g-outline of «. Its reduced form in the free
group Fy is denoted by W («r) and named the g-root of «.

Outlines and roots

We begin by recalling the definition of a g-outline of a k-term o € Cj, introduced
(without a name) in [14]. We will make minor adjustments on that notion and on the
notations. Let o = uox;”m up-xy +q”un be the rank configuration of « and notice
that « is Xg-equivalent to the x-term

w+q2 . w+lqn71 (x{z)

w+
(uox?)x{ M (xur x§) x5 - X @

w—+
o Un—1x)x, (L)
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The ic-terms ugxy, x;uy, xlf"u,-)cl.“jr | and x; are the initial w-portion, the final w-
portion, the crucial w-portions and the bases of limit terms of «. We will represent
them by symbols iy v, tx,.u,s Cx;.u;.x;4, and by, of an alphabet V, called respectively
an initial, a final, a crucial and a base varzable We associate to o and g the word
Wq(a) over V, called the g-outline of «, given by

. Tn—1 Tn
Wq(“) - IMO X1 bxl CXI,”I Xszz bx,, 1cxn—1»un—lsxn bxn txnyun’

where q; = g+g¢;. The condition g > g, was introduced in [14] in order to avoid non-

positive exponents in wg(a). Let Wg(a) = b Cyy iy b3 - - b=, iy, DI
so that wg(a) = |u0,xlv_vq (a)ty,.u,- We remark that the initial and final variables

were not used in [14], where the initial and final w-portions of o were taken into
account by the introduction of two other variables. These two approaches are perfectly
homologous but the (minor) changes introduced here seem to be more natural.

The g-outline wq(a), of any element o of S5, can be obtained by the application of
the two following recursive steps.

1) Consider ¢ = 7®~ !, with 7 = uox?ﬂr‘“u] oox@Tany,  Notice that, for every

positive integer k: the k-expansion «® (= 7%) belongs to Cy; the initial and final
w-portions, uox{’ and x;’u,, of 7 are the initial and final w-portions of o and of
a®: and

an tx,,,uy,

(k)y — o} (o) Tn k—1
Wﬂ(a )= 'uo,X1(bx1 CX1,M1~,X2bxz b an,unuo X1) b CX1 uj, X2bx2 ’

Furthermore, in the free group Fy,

(k)y — s al a2 On -1
Wa (@) = g x; (DY Cxp oy, DY =+ PR € g, X1) Co ittt x1 Tt -

Each finite group G verifies g = 1 for some positive integer £ > 2. Therefore,
over G,

-1 -1
)

=1
Wq (o ) Cttnito, X1 Tt

i a1 Q2 ... o
g, (03] Cxp w62 035 -+ B oy g s

o a1 @ .. pOn —-1.-1
= lug,x; (0F] Cep oy, 1035 -+ DY Co 0,1 Co ittt x1 Wt

i -1 ~0n Q! —qg1 -1
Iuoyxlcx,,,u,luo,xlbx,l : bx cxl ulxszl an,unuo,xltxmun'

In this case, we define the g-outline of « as the following word over the alphabet
vuv-h

—1 —0On —1 —On—1 —o2 -1 —q —1
ch(a) 'uo chx,l Unplt,X] bxn C‘Cn—lslln—l B o bxz Cxl JUpL,XD bxl cxn,unuo,xl tXnJln .
1 Qn —1 —0On—1 , ., QZ —1 qr —1
DenotingWg (@) = €, o P " Sy 10 P b o Py oty

Wq () may be written as Wg (@) = iy, x, Wq (a)ty, . u, also in this case.

@ Springer



The word problem for «-terms over the pseudovariety... 455

2) Suppose that o = ajor2 and notice that, as observed in Sect. 4, each subterm o is
a semi-canonical form. If o;; is rank 1 or rank 2, then o; € C; US; and we assume
Wq(aj) already defined and of the form wg(aj) = i, x; W (etj)ty; ;-

If o is rank O, then we let wg(ar) be the word iy, uz,x3Wg, (@2)ty, v,. Symmetri-
cally, if o is rank 0, then we take wq(a) = iul,xlv_vu(al)tyl,vlaz. Finally, for
rank(e;) € {1, 2}, let Wg(r) = Tuy x; We(@1)Cyy vyup,xy We (@2)ty, v, In this case,
the crucial variable Cy, y,u,,x, are also denoted by c(a, a2), whence wq(a) =
iul x Wq (a1)c(aq, OlZ)V_Vq (a2)ty2,v2'

Observe that two different factorizations («ajap)a3 and a1 (aa3) of o determine
the same word wgq(a), so the above definition is correct.

Leta € S and let ux® and y®v be, respectively, the initial and the final w-portions
of a. The variables i, , and t, , are also denoted respectively by i(r) and t(a). Then,
by the above definition, it is clear that wg(cr) may be written as

Wo () = i(a)wWq (o) t(er) (6.1)

for some word Wq (o). Moreover each of i(«) and t(«) has exactly one occurrence in
the word wq(a). Now, let \/qu (o) be the reduced form of wg(«) in the free group Fy
generated by V. The word Wq(e) is called the g-root of «. By (6.1),

Wg () = i()Wg()t(ar) (6.2)

where \qu(oc) is the reduced form of wg(«) in Fy. In particular, when o € C; the
outline wq(c) is a word of VT and, so, \TvGJI (@) = wg(a).

Example 6.1 Consider the k-term o of Example 5.4. We have g, = 6 and so, for any
@ > 6, the g-outline and the g-root of « are the following

b (CI+2) -3

We (o) = ip, abb b Cab cb, abb b Cab ch abcab ch.ab cab ch.abCab.ca, cbq

g.—1

1 1
CeenCyr b @ Vet b0 o cnby cbe,ab;‘i Cacb
! (g+4) —1 (g-2) o+
achb chacab acbaChb tb’é

~ 5 3 +2 3
We (o) = |b,abbab cab,ca,cbq Ce.e, bca c, bb @ )Cb ac, ab e

. . _ _ ~1
The LG canonical form of « is a* = b(ab)® cac® 3(b“’acaw+2c)w pt3 and,
S0,

. g5 -3 -1 +2) —1 g -1 a+3;
Wq(a®) = |h,abbab Cab,ca,cbg Cee.bCy ¢, bb @ )Cb ac, abb Ca.c.pCa.c, bb b,e
Wq(o™) = Wg(@).

Notice that the g-outline of a k-term is a well-defined expression involving the
parameter g. Therefore, for , 8 € S and g, @' > max{gy, g}, Wg(e) = wWg(B) if
and only if wg (@) = Wg (B). The condition wq(a) = wg(B) implies that, either o
and S are the same k-term, or one of them is obtained from the other applying a finite
number of rank 2 shifts of the form (uv)?~'u = u(vu)®~! with u € A1, In case «
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and B are canonical forms, they are both irreducible for rule (sr.1) and, so, @ = g if
and only if wq (o) = wg(B).

A necessary condition for the identity of two k-terms over LG

In this section we show that a necessary condition for the equality over LG of two
ic-terms of S is the equality of their roots.

Proposition 6.2 Let o, B € S and let ¢ > max{oy, 0g}). If LG = o = B, then
VNVQ(“) = Wq(ﬂ)

Proof Assume that LG = o = $. Then LI = « = B, which means, by (6.2), that
the g-roots \Tvqq () and \’/VvQ (B) have the same initial and final variables, say i, , and
ty,» respectively. Suppose, by way of contradiction, that Wg(a) # Wq(B). The case
in which «, B € C; was already treated in [14, Theorem 5.1]. So, we assume without
loss of generality that « € S;. We adapt the tools and results of [14] to manage the
present situation by using expansions of « and of 8 in case 8 € S> (see Sect. 2.5 and
[14] for more details and missing definitions).

We begin by building a finite local group S, g of the form Sy g = S(G,L,f)
as follows. As Wq(r) # Wq(B), there exists a finite group G that fails the identity
Wg(a@) = wq(B). Hence, there is a homomorphism n : (VU V- h* — G such that
n(Wg(@)) # n(wg(B)) and n(v—) = n(v)~! for each v € V. For each variable v, of
V occurring in wq (o) or wWg(B), denote 1(vy) by gy «. By [14, Claim 1 of Section 5],
the order of gy . may be taken greater than max{|wgq(c)|, [wg(B)]}. By (6.1) and the
fact that n is a homomorphism,

ﬂ(Wu(Ol)) = gi,u,xn(v_vq(a))gt,y,v and n(Wu(ﬁ)) = gi,u,xU(Wq(ﬁ))gt,y,v'(ﬁ?’)

Next, let L and f be the ones that would be chosen by the process of [14, Theorem
5.1] for the rank 1 canonical forms «1 and B; such that oy = a® and B = ,3(2)
when rank(8) = 2 or 1 =  when rank(8) = 1. This completes the definition of the
semigroup Sy = S(G, L, f).

Since Sy, g is a finite semigroup, there is a positive integer £ > 2 such that s¢ s =s
for every s € Sq,p. In particular, as G is isomorphic to a subgroup of Sy, g, gt =1g
forall g € G.Let@ = a“~1 and let ,3 B in case rank(8) = 2 and ﬂ ﬂ
0therw1se Therefore, since Sy, € LG and LG = o = B, Su. satisfles @ = o =
B = ,B On the other hand, gz = g, and gg = ag, SO that g > max{qgg, qg} By the
choice of £, one can verify easily from the definition of g-outline that the equalities
n(Wg (@) = n(Wg(@)) and n(wq(B)) = n(Wq(B)) hold.

Now, let ¢ : T" — Su,p be the homomorphlsm of k-semigroups defined by
¢(a) = a for a € A. Since o) and @ (resp. B; and ﬁ) have the same portions
and the parameters L and f of the semigroup Sy g = S(G, L, f) depend only on
those portions and on the homomorphism 7, one can verify by the proof of [14,
Theorem 5.1] that ¢ (@) and ¢ (B) are triples of the form (_ , hon(Wq(@))h1, ) and
[ hon(v_vq(ﬁ))hl ,_) where hg is gp x when u # € and it is 1 otherwise, and /|
is gpy When v # € and it is 1 otherwise. Since Sy g satisfies @ = B\, it follows

14
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that n(wg (@) = n(Wq(B). As 1(Wa@)) = 1(We(@)) and n(we(B)) = n(we(B)).
it follows that n(wg(a)) = n(wq(B)), whence, by (6.3), n(wg(@)) = n(wg(B)).
However, we affirmed above that n(wgq(a)) # 1n(wq(B)) as aconsequence of assuming
that \Tvqq () # \TVqq (B). Hence, this condition does not hold, thus concluding the proof
of the proposition. O

An immediate consequence of Proposition 6.2 is that, for any « € S», Wg(ar) =
Wq(a®), where o* is the canonical form of & and g > max{qy, Q= }.

Properties of the g-root of a K-term

In the remaining of the paper, for a given « € S with 2-length m, we will usually
consider its rank configuration of the form

o = aoai"_laz .. ~a§"”7_11a2m. (6.4)

Notice that the g-outline wg () may be written as
Wq(a) = Wg,0We, 1Wg,2 " - W, 2m—1Wa,2m

where: Wy 2i—1 = Wg (ag’f_ll) is a non-empty word on V! for each odd index 2i —
1 €{l,3,...,2m — 1}; Wy 5 is a non-empty word on V for each even index 2i’ €
{0,2,...,2m}. We then call each wy 2;—1 a negative block and each wy »;’ a positive
block of wq(ar). Observe that, in each wy,; (j € {0,1,...,2m}), crucial variables
alternate with powers of base variables. More precisely, for an odd j the alternation is
of the form ¢! b "c”! . and for an even j itis of the form ¢ _blc,,  , where r is
a positive integer. Moreover, Wy, ; begins and ends with a crucial variable except for
Jj = 0, in which case it begins with the initial variable i(«), and for j = 2m, in which
case it ends with the final variable t(«).

Although, for the calculation of the g-root Wq (), the occurrences of spurs (i.e.,
products of the form vv™! or v~ v with v € V) in Wq(a) may be canceled in any
order, we will assume that each cancelation step consists in deleting the leftmost
occurrence of a spur. With this assumption, the process of cancelation of wq(c) trans-
forms each block Wy, ; into a unique and well-determined (possibly empty) word,
called the remainder of wy, ; and denoted ry_ ;, so that

Wq (o) = rg0fe1la2 " Fo,2m—1Ve,2m -

In particular, the reduction process can, possibly, eliminate completely some of the
negative blocks of wg (e) or gather into a unique negative block of Wg (cr) some factors
occurring in distinct negative blocks of wg(a), in which case the intermediate positive
blocks are completely deleted.

For a finite word w over the alphabet V U V~! we define the crucial length of w as
the number of occurrences of crucial variables in w, and denote it by |w|c. For each
J €1{0,1,...,2m}, we denote by c,, ; the number of occurrences of crucial variables
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in W, ; that are canceled in the computation of \7\/(q (@), that s,
Ca,j = |Woz,j|c - |ra,j|c~

Note that |wg, j|c is the 1-length of «; in case j € {0, 2m} and it is equal to the 1-
length of «; plus one otherwise. Since the cancelations in wy, ; are performed from
the extremes, Wy, j = Wy, jfo, Wy, j Where Wy, ; (resp. Wy, ;) is the longest prefix (resp.
suffix) of wy, ; that is canceled by variables occurring on its left side (resp. right side).
The following lateral versions of ¢y, ; will be convenient. We let

‘Caj = o, jle, Caj = Wy, jlc

and notice that ¢o,; = 'C,; + C&,j and 'ty ; = 0 (resp. ¢y,; = 0) if and only if
Wy, j = € (resp. Wy,; = €) since each intermediate block begins and ends with a
crucial variable.

The following lemma presents important properties of the g-root of & in case « € C;.

Lemma 6.3 Let « be a ik-term of Co with rank configuration of the form (6.4) and let
jef{l,2,...,2m—1}.

(a) If j is odd, then'cy j <2 and c'q j < 1 with ¢y j < 2.
(D) Ira.jlc # 0.

Remark 6.4 Note that, in the context of Lemma 6.3, forall j € {1,2,...,2m — 1},
le,j is non-empty by (b). Therefore, the number of negative blocks of Wq () is equal
to the 2-length m of a. Moreover, the cancelation of the prefix w, ; (resp. the suffix
Wy, j) of W ; is caused only by the adjacent block Wy, j_1 (resp. Wy, j+1). That is,
informally speaking, each block has only a “local influence”. This means that, for
each j € {1,2,...,2m}, wy, j—1 and %, ; are mutually inverse words in Fy and,
therefore, ¢y, j—1 = 'Cq, ;.

Proof of Lemma 6.3 The proof is made by induction on m. Assume first that m =

land so j = 1, a = aoaj”_laz and Wg(o) = Wg 0We,1We2. Let af =
uoxiﬁ_q1 up-- -xf{) +q”un be the rank configuration of «1, whence
— 1 —Qn —1 —q2—1 —qi —1
Weo,1 = an,unuo,mbxn Lt "'bxz cxhul,xzbm Con g, x1*

Supposing that ) is a generic rank 1 k-term with n > 1 and ¢, = 0, we define
the term x7_,u, x5 u, to be the final w2-portion of a;. To prove condition (a), we
consider two cases.
CASE 1. a; has not ugx{’ as initial w-portion.
Hence ¢y, u,u0.x, 18 Dot the initial variable of wy > and, so, ¢o,1 = 0. If g
has not final w-portion xu,, then Cx, u,u0,x, 1S DOt the final variable of wy ¢,
whence 'ty | = 0 and ¢y,] = 0.
Now, suppose that o has final w-portion x;u,. Since « is irreducible for

shortenings (s.2), ¢, = 0 and «p is of the form oz(’)xz)JrPun with p € Z. On
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CASE 2.

the other hand, wy 0 = i(ao)w (ap)c(oo, or1), whence wy g is of the form
b, p (and

Wy o = bx,,cxn,unuom) where p’ is g when p > 0 and it is g + p when
p < 0. Therefore c,,; = 1 and so ¢y = 1.

Let now p = 0, so that @9 = ozox u,. If n = 1, then « =
otoxl Cur(uoxPur)®” Yoy and x{’u1uo cannot be the final w-portion ofot0 since
otherwise an elimination (e.2) could be applied. So, arguing as above one
deduces that ¢y, = 't4,1 = 1. These equalities hold also for n > 1 and oz(’)
having not final w-portion x;” 114n—1 It remains to treat the instance in which
n > 1and O‘o has final w-portion x;”_u, 1. In this case, g,—1 = 0, g is of

W,, 0B Cx, upug.xi- Suppose p # 0. Hence, Wy, = Cx,, P

the form o x,, fl Up—1xPuy, and 'cyp > 2. If r # 0, then ¢y, 1 = 'co,1 = 2.
Suppose now that r = 0 and notice that the k-term

Xy suppifn > 2
V= xFusug ifn=2

cannot be the final w-portion of a(’)’ since, otherwise, it would be possible to
apply a shortening (s.5), with u = u,_2x,” ,u,—1, and an elimination (e.2)

respectively. Whence co,1 = tg,1 = 2.
a2 has initial w-portion upx{’.
Since « is irreducible for shifts right and shortenings (s.3), ugp = e,

g1 = 0 and «y is of the form ap = xi”“aé with s # 0. On the other
hand, wy2 = c(aq, ocz)w (a2)t(an), whence W2 is of the form wy 2 =

an,u,,,xl bqﬂ W, ». Thereforew, | = b} Xn’un v @ndWo 2 = Cyp 1y bx])
where 5" is q when s > 0 anditis g+s When s < 0.Itfollows thatcy,; = 1.
If g has not final w-portion x; u,, then ¢y, ,, x, is not the final variable
of Wy o and, as a consequence, ‘cy,; = 0 and ¢,,; = 1. Suppose now that
ao has final w-portion x;u,. Hence n > 1 since « is irreducible for elim-
inations (e.l). On the other hand, as « is irreducible for shortenings (s.2),

¢n =0and ap = a(’)xz)+pun with p € Z.
If p # 0, then one derives as above that 'ty ; = 1 and concludes that

Ca,1 = 2. Suppose now that p = 0 and notice that x; ,u, 1x; u, can not
be the final w2-portion of «p. Indeed, otherwise, it would be possible to
apply an elimination (e.1) if n = 2 and a shortening (s.4) if n > 2, with

u = u,_1X2u, in both cases. As a consequence, Cy, | u,_;.x, 05 Cu,uy.x 15
not a suffix of wg, o and, so, the equalities ‘cq,; = 1 and ¢4,1 = 2 also hold
for p = 0.

The above analysis shows that, in all possible cases, cy, j < 2and cy; < 1 with
Ca,j < 2, thus proving (a) form = 1.
Condition (b) follows easily from (a). Indeed, |wgy 1|c > 2. So, by (a), [r4,1lc =0

if and only if Wy, 1|c = €o,1 = 2, in which case n = 1. Since, by the proof of (a),
Ca,1 = 2 only for n > 1, it follows that |ry,1|c > O, thus proving (b) form = 1.

Let now m > 1 and suppose, by induction hypothesis, that the result holds for «-
terms of C; with 2-length at mostm — 1. Leta = ozoozﬁ"flaz e a;’n;l3a2m,2ux‘” and
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o = yPvoo, 205, ! 1%2m, Where ux® and y®v are, respectively, the initial w-portion
of ap,,,—1 and the final w-portion of @y, —3. As q > g, and g, = max{gz, gz}, we can
write

Wq (@) = Wy, 0Wer, 1Wer,2We,3 -+ - We, 2m
Wq (@) = Wg,0Wg,1 - Wa,2m—2 = Wa,0Wa,1 - - - We,2m—2bJty ¢
Wq (a) = Wg,0Wg,1Wg,2 = ie,ybgwa,2m—2wa,2m—lwa,2m'

The ik-terms & and « are clearly in S;. Moreover, as « is a canonical form, @ is
necessarily in C;. Indeed, @ is irreducible for shifts right because « is irreducible for
shifts right and agglutinations. Given the shape of the rewriting rules of R, the only
rules that could eventually be applied to & are (e.1), (s.3) and (s.4) . However in these
cases it would be possible to apply the same rule or an agglutination in «.

The k-term & may not be in C,. Although, analyzing the possible reductions, as
done for a, we conclude that the only rewriting rule that can be applied to & is shorten-
ing (s.1). This happens when v = v'v” and @ is of the form y“°v'o (t0)* &z, with
v € AT, 0 =v"a2,_2 and LI |= © = 0. In such case y®v’ is not the final w-portion
of 7 since agglutination (a.3) does not apply on «. Moreover, the canonical form of
@, obtained by applying the shortening (s.1), is @* = y®v't® " 'aa,,. The respective
g-outline wg (™) is such that

<%k
Wo (@) = Wgx oWgr 1 Wa* 2 = Fgx ofg* 1Wa* 1Wz* 25+ 2,

and [rg«olc = |Wg*olc = 1. Since g > g5 > 0z, Wg(@™) = Wq(@) by Proposi-
tion 6.2, and so rg+; = r5; fori =0, 1, 2.

By the induction hypothesis, the statement holds for both & and &*. In particular, the
occurrences of crucial variables in Wg 2,,—3 (= Wg,2,,—3 ) are not all canceled in the
computation of Wq(@), and so |15 2,—3/c > 1. Analogously, there exist occurrences
of crucial variables in W that are not canceled in the reduction of wg(a™), which
implies that |rg 1|c > 1 since |rg 1|c = [rz* 1|c. Putting together these two facts, we
deduce that |ry 2,—3|c and |ry 2m—1]c are both positive, thus showing, in particular,
that each block has only a “local influence” in the reduction process. Furthermore,
I3.2m—3 = . 2m—3, because we begin deleting the leftmost spurs, and 't 2, —1 < 'C4.1.
Therefore, statement (a) follows immediately from the induction hypothesis applied
toa and a*.

To conclude the proof of statement (b), and of the lemma, it remains to show that
[fa,2m—2lc # 0. From [rg om—2lc < |ra,2m—2l, We get 'cq 2m—1 = 'C4,1 as an immediate
consequence. We know already that the cancelations on Wy 2,,,—7 are determined only
by the adjacent blocks Wy 2,,—3 and Wgy 2,,,—1. So, it suffices to consider the subterm
m—32m—1 = 053),,;130!2;11—2&5),;,11 of a which, as one recalls, is a canonical form.
To begin with, notice that Wy 2,,—2|c = £ + 1 where £ is the 1-length of a2,,,—2. On
the other hand, by (a), '©y.2m—2 = €y.0m—3 < 1 and Cy.2m—2 = ‘Cu.2m—1 < 2 so that
Ca.2m—2 < 3. Suppose by way of contradiction that |ry 2,,—2|c = 0 and, so, that £ < 2.
Let us analyse, for each of the three possible values of £, what could hypothetically be
the forms of p,,—3,2,,—1 and verify that, actually, those possibilities are not compatible
with a2,,—3 2m—1 being a canonical form.
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1) £ = 0, that is, ao—2 = wo € A*. In this case |[Wg2m—2|c = 1 and so,
by hypothesis, ¢y 2m—2 = 1. Hence, either cyom—2 = 1 and Coom—2 =
0, or ‘cgom—2 = 0 and cyom—2 = 1. Then agy_32m—1 is of one of the
forms oom—32m—1 = (Woux®*Pp)* twoux®*p3)* " or arym_3om-1 =
(p1yTPv)*wo (p3y* T vwe) @~

2) £ = 1, say with agp— = wOZTH_qlwl- Then |Wyom—2lc = Co2m—2 =
2 and either c4om—2 = 1 and Cyom—2 = 1, or tyo2m—2 = 0 and
Ca2m—2 = 2. In this circumstance, «2,,—32n—1 1S of one of the forms
Wom—3.2m—1 = (Z‘]”,Ol)w_lchﬂrql wi(p3zw1)~!, in which case wo must be empty,

or @am—32m-1 = (o1 V) wozwy (p3y? vwezwi)® L, in which case
q1 =0.

3) £ = 2, with ap,p = woz(lv lwlz’; 92 w,. Hence [Wo.2m—2lc = Ca2m—2 = 3
with 'ty 2m—2 = 1 and €y 2m—2 = 2. In this case wo = €, g2 = 0 and &2 —3 2m—1

. 1 o+ _
is of the form a3 0m—1 = ¢ 01?20 " wiz§wa (32§ wiz§wr) 0L

+q +

In all of the above situations it is possible to make a shift right or an agglutination on
Q2m—3.2m—1 and, so, this ik-term is not a canonical form. Consequently, |ry 2,—2|c > 0
and the proof is complete. O

It is useful, for later reference, to state the following facts shown in the proof of
Lemma 6.3.

Remark 6.5 For an integer p let p’ denote g when p > 0 and let it denote g + p
otherwise. For a k-term « in the conditions of Lemma 6.3, let j be an odd position
and letarj = uoxi”qlul oo x@Fdny, Then,

(a) C4,; = lifandonlyifug =€, g = Oand j is of the form a1 = xi')+poz;.+1

—_n _
with p # 0. Moreover, in this case, Wy ; = b, ” anlu,l %

(b) 'cq,j =2ifand onlyifn > 1, g,—1 = g, = 0 and

’ o+p

e .
wi = Oy X,y Xy Un if x”_,x,’is in canonical form
-1 = ’ w+p ) :
O Xy Gy oy X Un otherwise.
o — 1 —0q,—1 -0 o [OXEP :
Therefore, Wy, ; = € ) 1o Px Sy ex, Py 1 X7 X5 1s in canonical form
| —q,.—1 - ;
and Wy j = ¢ ") 0 b o, on b, 7, otherwise.
. . w+
(©) 'ca; = lif and only if g» = 0, aj1 = & jx, Pu, and, when n >
1, x;)_ jup—1x;u, is not the final w2-portion of a;_;. In this case, Wy, ; =
—1 —p/
Xn,UnlU(,X] bxn
(d) for ¢y,j = 'ca,j = 1, up, = € if xYx{ is in canonical form and u, = ay,
otherwise.

7 Uniqueness of the canonical forms

This section is dedicated to prove the following fundamental theorem, that shows the
uniqueness of the canonical forms over LG.
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Theorem 7.1 Let @ and B be canonical k-terms. If LG = a = B, then a = B.
We begin by showing a preliminary result.
Proposition 7.2 Let o and B be canonical forms such that LG = o« = .

(a) The k-terms a and B have the same rank.
(b) If rank(a) < 1, then o = B.

Proof By hypothesis LG = o = . Hence, as LI is a subpseudovariety of LG that
separates different words and words from «-terms with rank at least 1, if one of o
and B is a rank O k-term then they are the same «-term. We may therefore assume
that & and B have at least rank 1. Then Wq(e) = Wg(B) for g > max{gy, gg}, by
Proposition 6.2. Thus & and 8 must have the same rank, since the g-root of a rank 1
k-term is a word from V' and, by Lemma 6.3, the g-root of a rank 2 canonical form
contains negative blocks. This proves (a). Statement () is a consequence of (a) and
[14, Theorem 5.1]. O

To complete the proof of Theorem 7.1 it remains to treat the instance in which «
and B are both rank 2 canonical forms.

Proposition7.3 Let o, B € Cp. If LG = o = B, then a = B.

This proposition is an immediate consequence of Proposition 6.2 and the following
lemma.

Lemma7.4 Let o, B € C; and let g > max{ay, gg}. If Wo(e) = Wg(B), then o = B.

Proof Assume that Wg(«r) = Wq (). By Lemma 6.3, the number of negative blocks in
the g-root of a rank 2 canonical form is precisely its 2-length. Then « and B have the
same 2-length, say m. Consider the rank configurations o = aoai‘)—laz cee aé"nlllazm
and B = BoBY ' Ba--- BS " Bom of o and B. As, for each i € {0, 1,...,2m}, the
remainders r, ; and rg; are non-empty by Lemma 6.3, the equality Wq () = Wg(8)
implies that ry; = rg;. Since @ and B are canonical forms, we observed already
in the end of Sect. that @ = B if and only if wg(a) = wg(8). On the other hand,
Wq(a) = wg(B) if and only if wy; = wg; for all i. Recall that, for y € {a, B}:
Wy i = %, 1, Wy, ;; for i # 0, wy, ;1 and w,,; are mutually inverse words in Fy;
Wy.0 =Wy 2m = €. Therefore, to deduce the equality o = B it suffices to prove that,
for each odd position j € {1,3,...,2m — 1},

Wo,j = Wp,j and Wy, j =Wy, j. (7.1)

Throughout, let j € {1,3,...,2m — 1} be an odd integer and let a; =
uo)c;”Jrq1 up - xPy, and Bj = voyi”ﬂ" vy yZHrpk i be the rank configurations
of a; and B;. To prove (7.1), let us show first that wy ; and wg ; admit the same

number of right cancelations of occurrences of crucial variables.

Claim 1 (D‘a,j = (D‘ﬁ,j.
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Proof We know from Lemma 6.3 that ¢, j, €g,; € {0, 1}. Suppose that ¢ ; = 1 and
c'g,j = 0. As observed in Remark 6.5 (a), the equality ¢y, ; = 1 givesug =€,q1 =0
and orj 41 = x?’ﬂ’a}“ for some integer p # 0. Hence ro,; = 1/, ;bf, when p <0,
and ry j41 = bf r"x,jH when p > 0. The equality ¢ ; = 0 implies that rg ; ends
with a crucial variable and that rg ;1 either begins with a crucial variable, or is equal
to the final variable t(8) (in which case j 4+ 1 = 2m and B2, € A*). So, 1y j # rg j or
la,j+1 7 g, j+1. This contradicts the fact that r,; = rg; for all i. Therefore ¢y j = 1
and c¢'g,; = 0 does not apply, and neither does ¢, ; = 0 and ¢g; = 1 by symmetry,
thus proving that ¢y ; = ¢'g, ;. O

Let us now show the following:
Claim2 If'cy j ='cg, j, then Wy, j = wg j and Wy j = wsg, j (and, so, aj = Bj).

Proof Suppose that 'co, j = 'cg, j, whence ¢, j = cg,j by Claim 1. Then, fromr, ; =
rg,j it follows that n = k and that w,, ; and wg ; are of the form

-1 —Qn —1 —q2 1 —qi —1
Xn,UnlU0,X1 "~ Xn an—lsun—l’xn bx2 cxlsul’Xbel cxnvunu(bxl

—Pn —1 . p P21 —pi1—1
byn Cyn—] sUn—1,Yn sz Cyl sUL, )2 byl C)’nsUHUO»yl :

Weq,j =C

_ -1
WE.j = Cyvnv0,y1
We begin by showing the equality wy, ; =wg ;. If ¢4, ; = O thenwy, ; = € =wy ;.
It remains to consider ¢, ; = 1. In this case /co,, j < 1 by Lemma 6.3. Moreover, by
+ +
Remark 6.5 (a), up = vo = €, q1 = p1 = 0, oj1 = x"" oy, Bjr = B,

: w1 T |
for some non-zero integers r and s, Wy ; = b, ¢;",  andwg; = by’ ci,

where, forr € {r,s},t’ =qwhent > 0andt' =g+ whent < 0.S0,asty ; =1rg ;,
one deduces that r = s and x; = y;. To complete the proof of wy, ; = wy ; it remains
to show that x,, = y, and u,, = v,. For ‘cy, j = 0, this follows from the equalities
le,j = rp,jand ug = vo.Incase ey, j = 1, from the same arguments, we have also that
Xp = yp and one deduces from Remark 6.5 (d) thatu,, = ay, x, = v, oru, = € = v,.

Let us now show the equality w,, ; = Wg ;. By Lemma 6.3, 'co ; € {0, 1,2}. We
have therefore to consider three cases.

1) ‘cq,j = 0. In this case Wy, j = € = Wg_ ;.

2) 'tq,j = 1. Then, by Remark 6.5 (¢), g» = pp = 0, aj—1 = a}_lx,‘;’”un,
,

Bi-1 = ﬁ}_ly,‘z”"”vn for some integers r and s, Wy, ; = C;nl,unuo,nb;nr and

-1 e ’ ’ . L L

WBj = C v Py, With " and s” as above. The equality We,j = g, ; is

now a consequence of the fact that ro Wy, ; = rg jWg ;.
3) 'tq,; = 2. In this case ¢o,; = 0 by Lemma 6.3. Moreover, by Remark 6.5

/ w—+r
b, n>1,q: = gu-1 = pp = pp—1 = 0, aj—1 = aj_lxn_lun—lx;,vun
where u,_; = € if x;” |x7 is in canonical form and u,_1 = ay,_,x, oth-
: _ / w+s w _ . w s s

erw1se., and 8;1 = ,ijlyn_lv,,_lyn Up Where V-1 = € if y |y is in
canonical form and v,_; = ay,_,,, otherwise. Whence, we have that w, ; =
—1 —q 1 —r’ | —q—1 —s

anyun”val bxn anflaunflvxn bxnfl and Wﬂ’] - C)’n,vnvo,yl byn C)’nflsvnflayn bynfl' AS
above, one deduces from ry Wy, ; = rg W ; that Cx, y,ug.x; = Cy,,vnv,y and

r’ =s'.So, as x, = yy, to prove W, j = W, ; in this case, it remains to show that
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Xp—1 = Yn—1. Now, ro ;1 ends with one of the variables b,,_,,c , ;andi y,_,
and, similarly, rg ;i ends with one of the variables by, ,,c , ,andi ; .
Since ry, j—1 = rg,j—1 it follows that x, 1 = y,—1.

We have proved that Wy, ; = Wg, ; in all cases. This concludes the proof of the claim.
[}

‘We now show that the number of left cancelations of occurrences of crucial variables
coincides in Wy, j and wg_; which, in view of Claim 2, will be enough to conclude (7.1).

. / _ 7 .
Claim3 ¢y ; =cg, ;.

Proof The proof of this claim uses induction on j. By Lemma 6.3, both ‘¢, ; and ‘cg,;
belong to {0, 1, 2}. There are, thus, three cases to look for regarding the value of ‘cg ;.
CASE 1. 'tg,j = 0. By contradiction, suppose that ‘¢, ; 7# 0. Hence, there are two
possibilities.

CASE 1.1. ¢y, j = 2. Then, by Remark 6.5 (b),n > 1, ¢,—1 = ¢, =0and o1 =
a}_lx;‘)j]pun,lx,‘;’un, with u,_1 = € or uy,—1 = ay,_, x,- As above in the proof of
Claim 1, for p # 0 this leads to a contradiction. Hence we assume that p = 0. We
have ¢4, ; = 0 by Lemma 6.3, whence ¢'g,; = 0 by Claim 1. So, k =n —2 > 1 and

| —On—2 ! —On-3 ., 1 —q1 —1

ra’] _an—Zy”n—Z»Xn—]bxn—2 an—3yun—3axn—2bxn—3 Cm,u],xsz] an,unuo,xl’
! —Pn—2—1 —Pn3 ... 1 —p1—1

rﬂ’] - CYn—ZsUn—ZUO»yl b}’n—Z CYn—SaUn—:v‘vyn—Z Yn—-3 Cylsvl~y2byl Cyn—ZsUn—ZUO»yl.

As 1y, j = rg j, we conclude that x, = y,—2, Xp—1 = Y1, Up—2 = Vp_2V0 = Uulo,
and, fori € {1,...,n—2},x; = yi,q;i = pi and, wheni #n — 2, u; = v;.

Furthermore, rg ;11 begins with a crucial variable of the form ¢y, ,, = oritis equal to
a terminal variable of the form ty, ,, . Moreover, either r, ;11 begins with a crucial
variable of the form ¢y, ,, . , or it is equal to a terminal variable of the form t,, ,, .
As upug = vy_200, fo, j+1 = rg, j+1 and it is not possible to make a rank 2 shift right
at position j, neither in « nor in 8, we must have u, = v,—» and so ugp = vo. We
have also that either rg ;1 ends with a crucial variable of the form ¢, y, oritis
equal to an initial variable of the formi y, y,, and that either ry ;1 ends with a crucial

variable of the form ¢, , or it is equal to an initial variable of the form i , .
— +qn— —
Hence, oz;." - (uox;')ﬂ“ Uy 2unuoxi"un,1x,‘,"u,,)“’ ! and one of the two

following situations happens:
. , .
() aj_1 = aj_luoxj"u,,_lx,‘l‘)un,
(i) aj_1 = ugxf)un_lx,‘fun, j > land u6 is a non-empty suffix of ;_» with ug =

A
uylg.
If situation (i) holds, « is not a canonical form as it allows the application of a
shortening (s.1) with 0 = uox®up_1x%u, and v = uox?-‘_q' ey T2y,

In particular, this proves already the impossibility of Case 1.1. for j = 1.

Suppose now that situation (ii) holds. Then j > 1 and we will use the induction
hypothesis to obtain a contradiction. Note that x;”u,u(, can not be the final w-portion of
aj— (otherwise it would be possible to make an agglutination (a.3)). Consequently,
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C‘lg’j_2 = (E‘a’j_z =0and |I’ﬁ,j_1|c = |ra,j—1|c = 1. Furthermore rgj—1 =rla,j-1=
Cz,wuo,x; Where 2w, is the final w-portion of o j_». Hence, the final w-portion of 8
is z”w’ with w’ a prefix of w. Assuming by induction hypothesis that‘cg j_» = 'cq, j—2,
we have from Claim 2 that @;_» = B2, and one deduces that w = w’ and u6 = €.
So, actually, situation (ii) can not happen either.

CASE 1.2.'tq,j = 1. So, k = n — 1 > 1 and, by Remark 6.5 (c¢), j_1 is of the form
oy = oz;._lxzﬂrpun and g, = 0.If p # 0, then we get a contradiction as above. So,
we assume additionally that p = 0. Thereby, we get

C— —On—1,—1 —On—2 , ., -1 ‘EIZ -1 /
Vo,j = anflvun—l’xn bxn 1 cxn 2, un 2,Xn— 1bxn72 sz u2,x3 bXZ X1,U1, xerl J’
— ] Pn—1 [pn | P2-—1
8,7 = Syt vue1v0.31 byn Sy, 2 Vn—2,Yn— |b S, yzbyz Cyl,vu,yzrﬁ 7’
for some words r ;3 € (V_l)*. As 1y j = rg, j, we conclude that, for i €
) e
{1,. —1},r =Ty ;> Un—1 = Vn—1V0, Xp = Y1, Xi = Yi» i = {i ifi # 1, and
U = v; whenz ;é n 1. Whence
w—1 ’ 10} w+q1 w+q2 w+qn-1 19} w—1
oj10 T =X, Up(UoXy T ULXy UD X, T Up 1 X, Uy) ,
w—1 w+pi w+q2 W+gn—1 w—1
Bi—1B7 " = Bj—1(voxy “uixy  Tup---x, ")

Suppose now that ¢y ; = 1. Hence ¢g; = 1,91 = p1 = 0 and ug = vp = €. So,
U,—1 = v,—1, no crucial variables occur in either r’
the form

jorrﬂ andaj_loz laj+1isof

2 ® O+qn—1 o, yo—1_ot+r
XU (X, T 1 X U)X,

/
n a;

1 _
djt1 =0« Jj+1

w—
aj—10; j

J
with r # 0 and u, # € since a € C,. Therefore, « is not a canonical form since it is
possible to make a shortening (s.4).

Suppose next that ¢, ; = 0 and so that ¢g ; = 0. Thenr/, . = b V¢! and

o, j Xn,UnUQ,Xn
r;sj =b_ [plc;nl | on_1vo.x, - Therefore x, = x,_1, g1 = p1 and uyug = va—1vo (=
Up_1). As in Case 1.1, analysing the first crucial variable of the remainder at position
Jj + 1 and the last crucial variable of the remainder at position j — 1, we conclude
that un = v, (Whence ug = vo) and uox;; u, is a suffix of o; oo ;1. Consequently,

w— w+q1 w+q2 O+qn—1

o = = (uoxn Turxy Uz Xy unuox;"un)‘”_l and one of the two following

situations happens:

() aj—1 = o _juox;un;

(i) aj_1 = ugx;u,, j > 1 and ug is a non-empty suffix of a;_» where ug = uguy.
If (i) holds, then « is not a canonical form since it admits the application of a

shortening (s.1) with 0 = upx?u, and T = uox, J”“u]x;)w2 wy - xg Uy, I

Jj = 1, this proves the impossibility of Case 1.2. If j > 1, it remains to consider

situation (ii), in which case ‘cg j—1 = 'ty j—1 = 0 and |rg j—1lc = Ifa,j—1lc = 1.

Furthermore rg j_1 = fo j—1 = Czuwug,x, Where z“’wu{) is the final w-portion of

o j—». Consequently, the final w-portion of 8;_5 is z*w’ with w’ a prefix of w. Again

assuming by induction hypothesis that ‘cg j_» = c4, j—2, we have from Claim 2 that
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oj_o = Bj_2, and this implies that w = w’ and u(, = €. Therefore, situation (ii) also
does not occur.

In both cases, 1.1 and 1.2, we reached a contradiction. Therefore 'c,, j = 0 when
'cg,j = 0. By symmetry it follows that ‘c, ; = 0 if and only if cg ; = 0.

CASE 2. 'cg,j = 2. Then ¢,; = cg,; = 0, and 'cs,; 7 0 by Case 1. Suppose that
/ca,j = 1.Hencek =n+1,g, = pp = pay1 = 0,and ;1 and B;_ are of the forms,
/ +

respectively, a1 = o 1x,(f+qun and Bj_| = ﬁ}_lyz’ Pvuy®, Uns1. Furthermore,

’
C— e ] | —q1 —1
Va,j = bxncxu—l’un—l»xn bXZ CX1,ul,X2bX1 meunuom’
/
N | L p P21 —p1,—1
rﬂ’J - b)’)zcynflsvnfl!yn byZ c}'lvvlayZbyl c)’l1+lvvn+11}0ayl’

where, for t € {p, g}, 1’ is 0 when t > 0 and it is r when ¢ < 0. From the equality
re,j = rg,j it follows that, for i € {I,---,n =1}, ¢" = p', xp = Yy = Yns1,
Uy = Vp41V0, Xi = Vi, i = v; and p; = g;. Again, analysing the first crucial
variables of ry ;11 and rg ;4 1, we conclude that u, = v, 1, so that ug = vo. Whence,

Bio1BY ™ = By v (uox( My ey v )
So, B is not a canonical k-term, either because v, = € or because v, # € and it allows
the application of a shortening (s.5). This is in contradiction with the hypothesis and
SO /C[:a,j =2= /tl}ﬁ,j.
CASE3.'cg,; = 1. From the previous cases it is now immediate that ‘c, ; = 'cg ; = 1.
We have proved in all cases that 'cy, j = ’c:g, j and, so, the proof of Claim 3 is
complete. O

The ending of the proof of the proposition is now clear. By Claim 3, c,, j = ‘cg, j and,
so, by Claim 2 (which uses Claim 1) one deduces that W, ; = Wg ; and Wy j = Wy, ;
for every odd position j. As observed above this entails that wg(ar) = Wq(8) and, so,
as « and B are canonical forms, that « = . O

The next result, which also follows from Lemma 7.4, is a weaker version of the
reciprocal of Proposition 6.2.

Proposition 7.5 Let o, f € C1 U S, and let g > max{oy, Go+, Gg, O+ }. If We() =
Wq(B), then LG E o = B.

Proof Assume that Wq(a) = Wq(B). By Proposition 6.2, Wg(a) = Wg(e™) and
Wq(B) = Wq(B*), where o* and B* are the canonical forms of « and B. There-
fore, Wq(a*) = Wq(B*) and, by Lemma 7.4, o = B*. Hence LG | o* = * and
S0, as every k-term is X-equivalent to its canonical form, LG = o = . O

8 Main results

The main results of this paper may now be easily deduced.

Theorem 8.1 The ik-word problem for LG is decidable.
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Proof The solution of the k-word problem for LG consists in, given two i-terms o
and B, to compute their respective canonical forms «* and 8*. Then, by Theorem 7.1,
LG = « = g if and only if o* = B*. O

By the above proof, to test whether a i -identity « = g holds over LG, itis necessary
to compute the canonical forms of the k-terms « and f and verify they are the same. An
alternative test requests the calculation of g-roots. If o and 8 are not finite words, then
one computes k-terms «° and B° using the procedure described in Sect. 5.1. Their g-
outlines are well-defined expressions Wq(®) and wq (8°) parameterized by g. Making
all possible cancellations, one obtains well-defined expressions, also parameterized
by o, that coincide with the g-roots Wq(«®) and Wq(B°) for g large enough (see
Example 6.1 as an instance). So, by Propositions 6.2 and 7.5, LG = o = g if and
only if Wg(a®) and Wq(B°) are the same expression.

Theorem 8.2 The set ¥ is a basis of k-identities for LG*.

Proof We have to prove that, for all i-terms « and 8, LG = « = B if and only if
¥ F o = B. The only if part follows from the fact that LG verifies all the «-identities
of . For the if part recall that, by Sect. 5, there exist canonical forms o™ and * that
may be computed from « and S using the x-identities of X. Therefore, if LG = o = 8
then LG = o™ = 8* and so, by Theorem 7.1, «* = *. Since ¥ F {a = a*, 8 = *}
it follows by transitivity that ¥ - o = . O
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