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ABSTRACT: In this work we give an interpretation of a (s(d 4+ 1) + 1)-term recur-
rence relation in terms of type II multiple orthogonal polynomials. We rewrite this
recurrence relation in matrix form and we obtain a three-term recurrence relation
for vector polynomials with matrix coefficients. We present a matrix interpretation
of the type II multi-ortogonality conditions. We state a Favard type theorem and
the expression for the resolvent function associated to the vector of linear function-
als. Finally a reinterpretation of the type II Hermite-Padé approximation in matrix
form is given.
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1. Introduction

Multiple orthogonal polynomials are a generalization of orthogonal poly-
nomials in the sense that they satisfy orthogonality conditions with respect
to a number of measures. Such polynomials arise, in a natural way, in the
study of simultaneous rational approximation, and in particular for the study
of Hermite-Padé approximation for a system of d € Z* Markov functions
(see [12]). In this way, multiple orthogonal polynomials are intimately re-
lated to Hermite-Padé approximation. In the literature we can find a lot of
examples of multiple orthogonal polynomials (see [1, 2, 3, 4, 8, 10, 14, 15]).

Let 7@ = (ny,...,nq) € Z% which is called a multi-index with length |ii| :=
ni+---+ngand let {ul, el ud} be a system of linear functionals v/ : P — C
with j =1,2,...,d.

Definition 1. Let { P;} be a sequence of polynomials where the degree of P;
is at most |77|. We say that {P;} is a type II multiple orthogonal with respect
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to the system of linear functionals {ul, . ud} and multi-index 7, if
W (2"P7) =0, m=0,1,....n;—1, j=1,...,d. (1)

For the particular case in which the system of linear functionals is a system
of positive Borel measures, pj, on I; CR, j=1,...,d, we have

w () :/xkd,uj, keN, j=1,...,d,
1
and the conditions of multi-orthogonality, (1), can be rewritten as

/Pﬁ(x)xkduj(x)zo, k=0,1,....n;—1, j=1,....,d.

I

Definition 2. A multi-index 7 = (ny,...,ng) € Z% is said to be normal for
the system of linear functionals {ul, ey ud}, if for any non trivial solution P;
of (1), the degree of Py is equal to |r7|. When all the multi-indices of a given
family are normal, we say that the system of linear functionals {ul, ceey ud}
s reqular.

In the works of K. Douak and P. Maroni [5], P. Maroni [11], V. Kalia-
guine [9], J. Van Iseghem [16], and also in the work of V.N. Sorokin and
J. Van Iseghem [13], we find that a sequence of type II multiple orthogonal
polynomials with respect to the system of linear functionals {ul, cee ud} and
multi-index 7 = (nq,...,n4) € Z, where

7 =1{(0,0,...,0),(1,0,...,0),...,(1,1,...,1),
(2,1,...,1),...,(2,2,...,2),...},
verify a (d 4 2)-term recurrence relation of type

d
By = Buer + ) a4 Bk

They call such polynomials d-orthogonal, where d corresponds to the number
of functionals.

In this work we consider sequences of type II multiple orthogonal polyno-
mials for more general families of multi-indices, J. We designate this multi-
indices by quasi-diagonal. In section 2 we build the sets of quasi-diagonal
multi-indices, J. Next we give the type II multi-orthogonality conditions for
a sequence of monic polynomials { B, } with respect to the system of linear
functionals {ul, e ud} and a family of quasi-diagonal multi-indices, J. We
also prove that this sequence verifies a (s(d+ 1) 4 1)-term recurrence relation
of type
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s(d+1)-1
stn = BnJrs + Z aZii:%_anJrsflfk-
k=0

To finish this section, we rewrite the previous (s(d 4 1) + 1)-term recurrence
relation in matrix form and we obtain a three-term recurrence relation for
vector polynomials with matrix coefficients. In section 3 we present an al-
gebraic theory which enables us to operate with the new presented objects.
Here, our main goal, is to present a matrix interpretation of the multi-ortogo-
nality conditions presented in the section 2. Next we give a result of existence
and uniqueness of a type II sequence of vector orthogonal polynomials with
respect to a vector of linear functionals ¢/, and using a matrix three-term re-
currence relations we establish a Favard type theorem. We remark that other
characterization for sequences of orthogonal polynomials in terms of matrix
three-term recurrence relations can be found in [6, 7]. In section 4 we express
the resolvent function in terms of the matrix generating function associated
to the vector of linear functionals. Finally, we give a reinterpretation of the
type II multiple orthogonality, in terms of a Hermite-Padé approximation
problem for the matrix generating function associated to the vector of linear
functionals. We remark that Hermite-Padé approximation problems can be
found for example in [12, 14].

2. Quasi-diagonal multi-indices

2.1. Definition and some examples. Now we construct the set of multi-
indices, J, that will be used in this work. We begin by considering blocks
with sd elements of Z% in the Table 1. The multi-indices (k},--- , k) where

W=7 = (o]
0 0,...,0)
1 (1,0,...,0)
7: (k}7"'7k;i)
sd—11|(s,...,s,s—1)

TABLE 1. Pattern blocks

i=0,1,---,sd — 1 are defined by the following conditions:
okl >k, i=0,1,...,5d—2, j=1,...,d;
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i=0,1,....,sd—1, j=1,....,d—1;

s, j=1,2,....,d—1
1 s—1, j=d.
Now, we identify as the pattern block, Jy, the set whose elements are the
ones of any of the blocks presented in the Table 1, i.e,
Jo={(0,...,0),(1,0,...,0),...,(s,...,8,s = 1)}.
From [J, we generate a sequence of sets which we denote by J,, n € N,
according to the formula:

T =To+n{(s,...,s)}, neN. (2)

In this way we obtain a set of multi-indices, 7, given by
j:{%,jl,...,jn,...}.
Remark that for s = 1 we have that 7 is given by,
Jo={(0,...,0),(1,0,...,0),(1,1,...,0),....(1,...,1,0)},
whose multi-indices we designate by diagonal.
In each of the following examples, we build the possible pattern blocks, J,
and the sets of quasi-diagonal multi-indices obtained from each one.

Ezxample 1. s = 1, d = 2. We identify as Jp, i.e. the pattern block Jy =
{(0,0),(1,0)}. Thus, by using the formula (2) the sequence of sets, J,,
n € N, are given by:

T = Jo+n{(1,1)} ={(n,n),(n+1,n)}.

Example 2. s = 3, d = 2. Following the same idea, we identify as Jp, i.e. the
pattern block

Jo = {(Oa 0)7 (17 0)7 (17 1)’ (2’ 1)7 (2’ 2)’ (37 2)}7
Jo = {(07 0)7 (17 0)7 (27 0)7 (27 1)7 (37 1)7 (37 2)}7
Jo = {(07 0)7 (17 0)7 (27 0)7 (27 1)7 (27 2)7 (37 2)}7
Jo = {(07 O)? (17 0)7 (17 1)’ (2’ 1)7 (37 1)7 (37 2)}7
Jo = {(07 0)7 (17 0)7 (27 0)7 (37 0)7 (37 1)7 (37 2)} :

Continuing in this manner, the sequence of sets, J,, n € N, obtained from
the sets Jy provided above, are given using the formula 7, = Jy+3n{(1,1)},
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therefore, obtaining in each case:

Jn = {(Bn,3n),(3n+1,3n),(3n+1,3n+ 1),
(Bn+2,3n+1),(3n+2,3n+2),(3n+3,3n+2)}

Jn = {(Bn,3n),(3n+1,3n), (3n+ 2, 3n),
(Bn+2,3n+1),(3n+3,3n+1),(3n+3,3n+2)}

Jn = {(Bn,3n),(3n+1,3n), (3n+ 2, 3n),
Bn+2,3n+1),3n+2,3n+2),(3n+3,3n+2)}

T = {(3n,3n),(3n+1,3n),(3n+1,3n+1),
(Bn+2,3n+1),(3n+3,3n+1),(3n+3,3n+ 2)},

Jn = {(3n,3n),(3n+1,3n), (3n+ 2,3n),
(3n+3,3n),(3n+3,3n+1),(3n+3,3n+2)}.

2.2. Multi-orthogonality conditions of type II. We identify the vectors
n=(ny,...,ng) € Zd with n € Z7, as in our sets of quasi-diagonal multi-
indices, 7, there is an one-to-one correspondence, i, between the sets Zi and
Zg given by, i(i1) = |fi] = n .

Let us consider, By, be a sequence of type II multiple orthogonal polyno-
mial with respect to the system of linear functionals {u', ..., u?} and multi-
index 7. We identify B; = Bj = B,.

Now we describe how to obtain the multi-orthogonality conditions of a
sequence of monic type II multiple orthogonal polynomials, {B,}, with re-
spect to the system of linear functionals {ul, u2} and quasi-diagonal multi-
index J, where Jy = {(0,0),(1,0),(2,0),(2,1),(2,2),(3,2)}. By using the
Definition 1, we have

u'(By) =0,
Ul(Bz) =0, Ul(ﬁBz) =0,
ul(B3) = 0,ut(zB3) = 0,u?*(B3) = 0,
u'(By) = 0,u'(xBy) = 0,u*(By) = 0,u*(zBy) = 0,
“1(35) =0, U1($B5) =0, UQ(B5) =0, UQ(xB5) =0, U1($QB5) =0,
ul(BG) =0, ul(ng) =0, u2(B(;) =0, u2(asBG) =0, ul(szG) =0,
u?*(2°Bg) = 0

The monic polynomials By, ..., Bg are deﬁned by the multi-orthogonality
conditions in terms of {u', zu', ac2u1 w?, zu?, 2*u?} , this multi-orthogonality
conditions appear with the order suggested by the pattern block, J,

{u!, zut, u?, 2u?, 2%ut, 2?0}

Defining the linear functionals
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b= ul, v = zu , v = u2, vt = xu2, v’ = :z:2u1, V0= a:2u2,
we have
Ul(Bl) = 07
v!'(Bs) = 0,v%(By) = 0,
Ul(BB) - 07 UQ(B?)) = 07 Ug(Bi’)) - 07
v'(By) = 0,v*(By) = 0,v*(By) = 0,v*(By) = 0,
01(35) =0, ’02(35) =0, 03(35) =0, 04(35) =0, U5(B5) =0,
Ul(BG) - 07 U2(Bﬁ) - 07 Ug(BG) - 07 ,04(36) - 07 05(36) - 07 UG(BG) =0

Similarly the monic polynomials Bz, ..., Bys are defined by the multi-

orthogonality conditions in terms of
{u!, zu', 2?0l u?, ou?, 2%u?, 23ut, ottt Pu® ) ate? ) adu?y
this multi—orthogonahty conditions appear Wlth the order Suggested by the

pattern block Jj

{u!, zul u?, 2u?, 2?0t 2%u?, et otat, 2P ta? ) 2Pt aPuty

that can be written in terms of the hnear functlonals Ul vG as

{o!, 0?03, 0t 0% 08 a3t 2Pe?, 2303 adut 20 v6}

More precisely

v (Bgxi+1) = 0,...,0°(Bsxi11) = 0, v' (2’ Bsxi+1) = 0,

’Ul(B6><1+2) gy UG(B6X1+2) = O, Ua(LUgB6><1+2) = O, o = ]., 2,
’Ul(B6><1+3) 0, RPN U6(36X1+3) = O, Ua(ZL'BB6><1+3) = O, o = ]., 2, 3,
Ul(Bﬁxl—Hl) 7 SR UG(B6X1+4) = 07 Ua(ngGXI—Hl) = 07 o = 17 27 37 47
Ui(B6X1+5) - 07 R /UG(B6>(<51+5:))’ - 07 Ua(x336><1+5) - 07 o= 17 27 37 47 57
U(( )BGX2+0)_07"'7U(($) 6><2+0)_O Z:O,].

In general we can consider n = 6r + k where £ = 0,1,2,3,4,5 and r =
0,1,..., and we obtain the following type II multi-orthogonality conditions

v ((2%)' Bgpyr) =0, i=0,1,...,r—1, j=1,2,3,4,5,6 3)
v*((2*) ' Bgpr) =0, a=1,... k.

Let T" be a linear functional acting on the the vector space of the polyno-
mials P over C°, i.e., ' : P — C°, by

L(P(x)) = [v!(P(2)),v*(P(2)),v*(P(2)),v!(P(2)),v"(P(x)),v"(P(2))]
The multi-orthogonality conditions (3), can be written in an equivalent
way by

T
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F((xg)iB6T+k) = 06><1; 1= O, 1, e, = 1
v ((23) Bgrar) =0, a=1,... k.
for any pattern block presented in Example 2, we can obtain a new set of
linear functionals, {v', v? v3,v?, v° 0%}, of type {z/u” : j = 0,1,2, k =1,2}.
All of these new sets of linear functionals are respectively
{u w?, wut, ou?, 2?ut, ety {u zut,u?, vt :Uu X u2}
{u', u2 xul :1:2u1 qu i}, {u!, :Cul xzul u2 zu?, v’}

Algorithm (Construction of linear functionals). Let us consider the se-
quence of monic type 11 multiple orthogonal polynomials, {B,}, with respect
to the system of linear functionals {u', ..., ud} and family of quasi-diagonal

multz’—z’ndz’ces gz’ven in Table 1, T ={Jo, Ty Tny---}-

Let vt = ut, v’ = — gk !, i =2,...,5d—1 where j, for each i, is uniquely

deﬁned by the condition kj —kzj 1+1 and v*4 = x5~ lu Hence, we have
vie{at k=01,...,s—1, j=1,2,...,d}, i=1,2,...,5d.

Theorem 1. The sequence of monic polynomials, {B,}, where n = sdr + k,
kE=01,....,sd—1 and r = 0,1,..., is type II multiple orthogonal with
respect to the reqular system of linear functionals {ul, e ,ud} and quasi-
diagonal multi-index J if, and only if,

v ((2°)"Begrsi) =0, m=0,1,...,r—1,j=1,...,sd
v*((2°) Bsar4i) = 0, = 1,... i (4)
UHl((xS)TBsdTH) 7& 0,

where the linear functionals v, j = 1,...,sd are defined by the algorithm.

Proof: Let us consider the set of multi-indices
Jo=1{(0,...,0),(1,0,...,0), ..., (kI,....kD,....(s,...,8,5 —1)}.
The linear functionals v', ..., v*? are defined by the algorithm. We can verify
that v', ... v € {o"u/, 0 <k <k —1,5=1,...,d}, fori =1,...,sd.
Using the multi-orthogonality conditions of the polynomial B; and multi-

index (ki,..., k") we have that v/(B;) =0, j=1,...,4,fori=1,...,sd.
We obtain the multi-orthogonality conditions for the polynomials By,
i=1,...,sd. Let us consider the multi-index (k;,..., k) + s(1,...,1) and
let j € {1,...,d} be uniquely defined by the condltlon kK o=kl +1. We
have _ ,
uj(xkg—ﬁsBSdH) =0 xkf—luj(a:SBsdH) =0 v (2°Bgyi) = 0.
By the increasing structure of the multi-indices, Byy.; complies with the
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multi-orthogonality conditions of By, ..., Bssii_1, in other words, this is suf-
ficient to identify that,

v/ (Bsari) =0, j=1,...,8d, v*(2°Bsyi) =0, a=1,...,i
Following the same reasoning we have that Bgg.y; verify vi(xSTBsdrH) =0,
and so,

v ((2°)"Begryi) =0, m=0,1,...,r—1, j=1,...,sd

V(%) Bsar+i) =0, a=1,...,1.
Finally, we show that v""!((2*)" Bsg1i) # 0. Let us suppose that,

v ((2°)" Bgaryi) =0, m =0,1 r—1, j=1,...,sd

v((2%) Bsaryi) =0, a=1,...,1

Ui+1((xS)TBSdT+i) —0.
Then the polynomial Byg,..; verify the multi-orthogonality conditions of the
polynomial Bgg-.;+1 which contradicts the normality of the multi-indices.
Hence, v' ™ ((2%)" Bygry4) # 0.
Reciprocally, for n = sdr+14,1=1,...,sd

{ v ((2°)"Bsgryi) =0, m=0,1,....,r—1, j=1,...,5d

v*((2*) Bsar+i) =0, a=1,...,1,
and considering that the degree of B, is equal to n by the normality of each
of the multi-indices which implies the uniqueness of the monic type II multi-
ple orthogonal polynomial sequence, B,,, with respect to the system of linear
functionals {u, ..., u?} and quasi-diagonal multi-index n. u

Let I" be a linear functional acting on the the vector space of the polyno-
mials P over C*?, i.e., T : P — C*¢, by
D(P(z)) := [ vY(P(z)) ... v*(P(z))]", neN.
The multi-orthogonality conditions of type II (4), can be written in the equiv-
alent way by

(( S)mBsdr—i—i) = Oggx1, m=0,1,...,r—1
oz((a: ) sdr—i—i) =0, a=1,...,1 (5)
i ( ) sdr—l—i) 7£ 0.

Z

2.3. The (s(d+1)+1)-term recurrence relation. Here we give the connec-
tion between a sequence of monic type II multiple orthogonal polynomials,
{B,}, with respect to the regular system of linear functionals {ul, Cee ud}
and quasi-diagonal multi-index 7, and the (s(d + 1) 4+ 1)-term recurrence

relation.
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Theorem 2. Let {B,} be a monic type II multiple orthogonal polynomials

sequence, with respect to a reqular system of linear functionals {ul, ey ud}
and quasi-diagonal multi-index J . Then, there are sequences (a5~ ) C C,
k=0,1,...,s(d+1)—1, such that

s(d+1)—

25 By (1) = Bis(z) + Z a' Tl Buisaw(x), n=sdsd+1,...,

where aZfi;l £ 0 and By, Bl, ..., Bsqg_1 are given.

Proof: As the sequence of monic polynomials {B,} is a basis of the vector

space P, for each n € N, there is an unique sequence (a?“ ) € C, such that:
n+s—1

Byis+ Y a"7'B;.

=0
Substituting n by sdr + k where k =0,1,...,sd—1 and r=0,1,..., in the
above identity, we have

sdr+k+s—1

S sdr+k+s—1
€ Bserrk: - Bsdr+k+s = E CLJ- Bj- (6)
j=0

Let, i = 0,1,.... Multiplying both members of the above identity by (z*)’
and applying the linear functional I', we have

sdr+k+s—1
F[(Qfs)z+1Bsdr+k] o F[(xS)ZBSd’r‘JrkJrS] _ Z a;dr—i—k—l—s—lr[(xS)sz] .
j=0
By the multi-orthogonality conditions (5), we have
sd(i+1)—1
Osax1 = Z ajd”k*S*lF[(xs)iBj] for t=0,...,r—2.
j=0
sd—1
Let i = 0, we have 04qx1 = Z a;d”k“ 'T'(B;) , which leads us to the system
j=0
of linear equations in matrix form:
v (By) -+ 0"(By)
mgdr—i—k—}-s—l L asgr—iik—i-s—l] . . _ Osdxl
sa— : .
USd(Bsdfl)

Using, v'(By) # 0,...,v°(Bsy_1) # 0, we have a1 = 0,...,
a/sgr—i—k—ks 1 —0.
S
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2sd—1
- _ sdr+k+s—1 S :
= sdx] = ;
Let ¢ = 1, we have g4y E a; ['(z°B;), which leads us to the
j=sd
system of linear equations in matrix form:
1/,.s sd(,..s
v (2°Bsg) -+ v*(2°Bgg)
sdr+k+s—1 sdr+k-+s—1 . . _
[ a o alintk R = Ogax1.
S S
v*(2° Bysq—1)
Using, v'(2°Bsq) # 0,...,0°%(2°Bys_1) # 0, we have ajg”’”s’l =
0 asdr+k+571 _
Lo o dr+k+s—1 dr+k+s—1
: : : : sar+rk+s—1 __ sar+k+s—1 __
Continuing in the same way, we obtain aj, = 0, e Qs

0, 7=2,....,71—2.
Now, considering the multi-orthogonality conditions written in (5), given by
v ((2*) Bsarsx) =0, a=1,...,k,
and taking into account (6), we verify that
v [(xs)H—lBserrk} — v [(xS)ZBserrkJrs} = 07

fori =r—1and a =1, ..., k which leads us to the system of linear equations
in matrix form:
sdr+k+s—1 sdr+k+s—1
a(r—l)sd T a(T—1)8d+k—1
Ul((xs)r_lB(r—l)sd) . Uk((xs)r_lB(r—l)sd)
X el : — OSdX]_ .

Uk((ms)r_lB(r—l)sd—Hc—l)
Using, vl((xs)rilB(r—l)sd) 7£ 0,... vk((ms)TilB(r—l)sd—Fk—l) 7é 0, we have

sdr+k+s—1 __ sdr+k+s—1  __ sdr+k+s—-1 _ = _
A 1)sd =0,.. S0 )sdrh-1 = O Hence, we have aj = =
sdr+k+s—1
a(r—l)sd—l—k—l =0. Then’
sdr+k+s—1
s _ sdr+k+s—1
T Bsar+t = Bsdrh+s T E a; Bj,
j=(r—1)sd+k
and the theorem is proved. |

Definition 3. Let {B,} be a sequence of monic polynomials. The se-
quence {B,} given by

T
B, = [ Bpsa - B(n+1)sd—1 } ; NE N7 (7)
is said to be the vector sequence of polynomials associated to {B,}.

Theorem 3. Let {B,} be a monic sequence of polynomials. Then, the fol-
lowing conditions are equivalent:
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a) The sequence of polynomials { By} verify the (s(d+ 1) 4+ 1)-term relation

given by
s(d+1)—

2°By(7) = Byys(T) + Z a7 Bosoik(x), n=sd,sd+1,...,

where a"*71 £ 0 and By, Bl, ..., Bsg—1 are given.
b) The vector sequence of polynomials {B,,} associated to the sequence of
polynomials { By, } verify a three-term recurrence relation with sd x sd ma-
triz coefficients, 2°By(z) = o’ Bui1(x) + 85 B(x) + 54 B (z), m =
0,1,..., wzth B_1 = 0s4x1 and By given, where the matrix coefficients oﬁd

Bi;d and ’ym are respectively given by

1
(m+s)d
Um+s)d ;
: . 1
md+s(d+1)—2 md+s(d+1)—2 1
B a(m+s)d T amd+s(d+1)—2 A
md+s—1 md+s—1 T
Ay T Apdts—1 1
(m+s)d—2 1
m+s)d—2 y
(m+s)d—1 . (m+s)d—1 m+s)d—1 (m+s)d—1
pnd Crndys—1 T a(m+s)d72 a(ers)dfl
md+s(d+1)-2 md+s(d+1)—2 md+s(d+1)—2 md+s(d+1) 2
i @y a(m—l—s)d—l T a’(m—f—s)d—Q (m+s)d 1
a/md+sfl . amd+571
(m—s)d md—1

md+s(1+d)—2
And—1

Proof: Taking into account the (s(d + 1) + 1)-term recurrence relation we
obtain the matrix identity given by
Bn Bn+sd Bn ansd
z’ s = a3’ : + B : + s
Bn—l—sd—l Bn+2sd—1 Bn+sd—1 Bn—l
where the matrix coefficients g,i’d, @i’d and li[d are respectively given by:
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1
n+sd ..
Apysd : ;
: . 1
n+s(d+1)—2 n+s(d+1)—2 1
n+sd an+s(d+1)—2 i
n+s—1 n+s—1 ]
a; . ap a1 1
n+sd—2 n+sd—2 n+sd—2 .
an+ d—1 o anisd_ll - an—i_sgll_% +1d 1 7
n+sd— n+sd— n+sa— n+sd—
Ay, T Apts—1 T Gyt sd—2 Gy sd—1
n+ts(d+1)-2 n+s(d+1)—2 o n+s(d+1)—2  n+s(d+1)-2
| y, (pys—1 Gy sd—2 Ayt sd—1
n+s—1 n+s—1
Gp—sd T Ap—1
n+s(1+d)—2
n—1
Taking n = md we obtain a three-term recurrence relation for vectors of
polynomials {B,,} where B,, = [ Bysa -+ Bmi1)sa—1 17, m € N, given by

s s,d s,d s,d _
x Bm:am Bm+1+ﬁm Bm+7m By-1, m=0,1,...
with initial conditions B_; = 04x1 and By, and matrix coefficients ozf;Ld =
s,d s, d __ s,d s, d _ _sd < e :
g Byt =0 and ;% =~ The converse is immediate. |

3. Matrix interpretation of type II multi-orthogonality

In this section we present a matrix interpretation of the type II ortogonality
conditions of a sequence of monic polynomials { B, }, given in the Theorem 1,
with respect to the regular system of linear functionals {u', ..., u?} and fam-
ily of quasi-diagonal multi-indices, J .

Let us consider the sequence of vectors of polynomials that we denote by

Pl ={[P -+ Py :PeP},
We denote by Mixsq the set of sd x sd matrices with entries in C.

Let {P;} be a sequence of vectors of polynomials given by

Pr= [ . gUtLT e, (®)

Let {B,,} be a sequence of polynomials, deg B,, = n, n € N and {8, } where
Bn = [ and T B(n+1)sd—1 ]Ta n € N.
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It is easy to see that

n
B,=> B!'P;, B} € My,
=0
where the matrix coefficients B}, j =0,1,...,n are uniquely determined.
Taking into account (8) we have that P; = (2*)P,, j € N. Therefore,
B, = V,,(2*1) Py, where V,, is a matrix polynomial of degree n and dimension

sd, given by V() = Z Bf:l;‘j, B} € Msixsa -

=0
Definition 4. Let v/ : P — C with j = 1,...,sd be linear functionals.
We define the vector of functionals U = [ v --- ©v*¢]T acting in P*? over
MSdXSd7 by
ol(P) e 0P

UP) = UPHT = : : :

Ul(PSd) cet USd(Psd)
means the symbolic product of the vectors U and P7.

W

where

Now we define an operation called left multiplication of a vector of func-
tionals by a polynomaial.
!
Definition 5. Let A = Z Ay, ¥ be a matrix polynomial of degree | where

k=0
A € Mggxsa and U a vector of linear functionals. We define the vector of

linear functionals, left multiplication of U by a polynomial A\, and denote it
by AU, to the map of P*? to Myxsq, defined by:
!

(AU)(P) = (AUPTT =Y " (FU)(P) (A" .

k=0
Theorem 4. A sequence of monic polynomials { B}, is type 11 multiple or-
thogonal with respect to the reqular system of linear functionals {ul, ey ud}
and family of quasi-diagonal multi-indices J if, and only if, the vector se-
quence of polynomials associated to {B,,} given by (7) verifies:

D) (U (B) = Osaxsas, k=0,1,...,m—1 (9)
ii) ((2°)"U)(Bu) = A,

where U = [vl T ]T, v/, j =1,...,sd are defined by the algorithm,
and A, 1s a reqular upper triangular sd X sd matriz.
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Proof: By Definition 4, we have

'Ul((xs)kBmsd) T 'USd((IS)kBmsd)
((z*)*U)(Byn) = : - :
Ul((xs)kB(m—i-l)sd—l) T USd((xS)kB(m—f—l)sd—l)
Using the ortogonality conditions of type II in Theorem 1 we have the con-
ditions (9), and reciprocally. m

Definition 6. Let {B,,} be a vector sequence of polynomials where each
i

B, = [Bmi ... Busd®, m € N, such that B, = ZB}”PJ where B]" €
=0

Mgxsqg and let U = [0 - v*? ]T be the vector of linear functionals. We

say that {B,,} is type II multiple orthogonal with respect to the vector of

linear functionals U if

((xszk )(B )—OstSd, k=0,1,...m—1

i) ()" U) (By) = A, (10)

where A,, is a regular sd X sd matrix.

Lemma 1. Let {B,,} be a vector sequence of polynomials where each B, =
m

[ Bna -+ Bmsd |7, m €N, such that B,, = Z B}nPj where Bjm € Mixsd-
=0

If B is a regular matriz, for a m € N, then the set of polynomials { By, 1, - . .,

By.sa} is linearly independent.

Proof: Let a; € R, i =1,2,...,sd, such that

Bm,l
a1Bpni+ -+ QB =0, ie, o - ag] E =0.
Bm,sd
And so, a3, =0, with a = [ag ... ay]. Hence,
aZBijj =0, ie., ZozB}”Pj =0.
=0 =0
As {1,...,xm*Ds11 §g 4 linearly independent set of functions, we have

aB!"=0, j=0,1,...,m
If B) is a regular matrix then o = 0144, as was our purpose to show. [
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Lemma 2. Let {B,,} be a vector sequence of polynomials where each B, =
m

[ B -+ Bmsa T, m €N, such that B, = B}'P; where B]' € Muaxsa.
§=0

If B is a reqular matriz, for all m € N, then the set of polynomials

{Bnj.j=1,...,sd,m € N}, is linearly independent.

Proof: It is sufficient to prove for each m € N that the set of polynomials
{Bij,j=1,...,8d,k=0,1,...,m} is linearly independent. Let

a:[ozl ozsd],aiER
62[5 - B ], BieR
vy=[m - %], neER.

We have

ZQZB(M +Zﬁz m— 1z+Z’YZ mz: )

B+ - B B,
a(ByPy) + -+ + BBy~ 1790 + o B P, 1)
+Y(ByPo+ -+ BPn) =
(aBy + -+ BBy +~yBI")Py + - - -
+ (BB + 7B )Pt + VB P = 0.
As{l,z,..., x(mH)Sd*l} is a 1inearly independent set of functions, we have
aBO + BB+ B =

ﬁBm } + ’}/Bm 1=

vB" = 0.
Using the regularity of the matrices By, . .., B” we obtain that 7 = 01,4, 3 =
O1xsds - - -, @ = 01550 and so the set of polynomials {By;,j = 1,...,sd, k =
0,1,...,m} is linearly independent. [

Definition 7. Let {B,,} be a vector sequence of polynomials where B,, =
m

(B - ijsd]T, m € N, such that B, = ZB;”P]' where B]m € Mixsd-
=0

We say that {B,,} is a free vector sequence if B, is a regular matrix for

m € N.

Lemma 3. Let {B,,} be a vector type II multiple orthogonal polynomials
sequence, with respect to the vector of linear functionals U. Let us consider
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Qm = CuB,,, m € N where Cp,, are sd x sd reqular matrices. Then {Q,,}
18 also type II multiple orthogonal polynomial sequence, with respect to the
vector of linear functionals U.

Proof: Let {B,,} be a vector type II multiple orthogonal polynomials se-
quence, with respect to the vector of linear functionals U, i.e.,
(U (B) = A, k=0,1,....,m, meN,
where A,, is a regular sd x sd matrix. From
(@) U)(Bin) = (%) U)(Cr) " CuBin) = (€)M () UN(Qun)
we have
(C) () U (Q) = A, E=0,1,...,m, meN,
hence
()*U)(Qm) = CnA O, k=0,1,....,m, meN,
where C,,A,, is a regular sd x sd matrix. Hence, the vector sequence of poly-
nomials, {9,,}, is type II multiple orthogonal with respect to the vector of
linear functionals U. |

Ezample 3. Let {B,,} be a vector type II multiple orthogonal polynomials
sequence, with respect to the vector of linear functionals ¢/ and {gm} a vector
sequence of polynomials with l/g\m = (38 ) 'B,,, m € N, where the matrix 38 is
such that By = Bg Py. The vector sequence of polynomials {gm} is also type II
multiple orthogonal with respect to the vector of linear functionals /. In fact,
being {B,,} a vector sequence type II multiple orthogonal polynomials, with
respect to the vector of linear functionals ¢/, we have
(*U)(B) = Apbpm, k=0,1,....,m, m N,

where A,, is a regular sd X sd matrix , i.e.,

(@**U)(B,) = (BY) ' Apbrm, k=0,1,...,m, meN,
where (B)) A, is a regular sd x sd matrix. Hence, the vector sequence of
polynomials {l/g\m} is type II multiple orthogonal with respect to the vector
of linear functionals U.

Ezxample 4. Let {B,,} be a vector sequence type II multiple orthogonal poly-
nomials, with respect to the vector of linear functionals ¢/ and {l’;’m} a vector
sequence of polynomials with B, = A;lle, m € N. The vector sequence
of polynomials {Bm} is also type II multiple orthogonal, with respect to the
vector of linear functionals Y. In fact, being {B,,} a vector sequence type II
multiple orthogonal polynomials, with respect to the vector of linear func-
tionals U, we have
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((z*)*U)(B) = Alkm, k=0,1,...,m, meN,
where A,, is a regular sd x sd matrix, i.e.,
((xs)kU)(ém) = desdék‘,ﬂu k = O, 1, ..,m, mE N,
and so the vector sequence of polynomials, {Bm}, is type II multiple orthog-
onal with respect to the vector of linear functionals /.

Now we introduce the notions of moments and Hankel matrices by blocks
associated to the vector of linear functionals /.

Definition 8. We define the the moments of order j € N associated to the
vector of linear functionals (%), by
,Ul(xjsd—i-ks) . Usd(xjsd+ks)

Ut = ((z°)U)(P;) = : : . (11)

J vl(x(j%—l')sd—i-ks—l) vsd(x(j+i)sd+ks—1)

Definition 9. We define Hankel matrices by
z/{(()) e Uy
Hyp=1:+ . |, meN, (12)
z/{% e UYm

where L{]’-“ are the moments of order j associated to the vector of linear func-
tionals (2°)*U given by (11).

Definition 10. The vector of linear functionals U is said to be regular if
det H,, # 0, m € N, where H,, is given by (12).

Theorem 5. Let U be a vector of linear functionals. Then U is reqular if,
and only if, given a sequence of reqular sd x sd matrices, (A,,), there is a
unique free vector sequence {By,} where By, = [ B -+ Bmsa]t, m €N,
such that

i) (()U)(B) = Osansa, k=0,1,...,m—1

i) ((2°)"U)(Bn) = A,
i.e, {B,.} is type Il multiple orthogonal polynomial sequence, with respect to
the vector of linear functionals U.

Proof: Let {B,,}, By, = Bma -+ Bmsd I”, m € N, be a vector sequence
of polynomials, such that B,, = ZB;-”Pj where BY* € Mixsa- By the
j=0

multi-orthogonality conditions (10) the vector sequence of polynomials {5, }
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is type II multiple orthogonal with respect to the vector of linear functionals

Uiffor k=0,...,m—1
(") U)(B) = ((ws)ku)(z Bj"Pj) = Z By ((x*)*U)(P;) = Osixsa

and for all m € N,

()" U)(Bo) = ()" U)(D_ BI'Py) = ) B} ()" U)(P)) = A (13)
j=0 =0
In matrix form we have,
ug U
[Bén B;Z] :[Osdxsd Osdxsd Am]
ugl UM
Supposing the regularity of the vector of linear functionals ¢/, we have
uoour
[ Bi" -+ Bl ] =] 0sxsa - Osawxsa Am ]| © :
ng UM
Therefore,
U o ur 1 P
By = Osaxsa -+ Osaxsd Dm ]| : :
ul Uy P

Taking m = 0 in (13), we have ByU) = Ay .
Using the regularity of the matrices L{S and Ay we have that Bg is a regular
matrix. Similarly, taking m = 1 in (13), we have
1740 1740 _
{ gg Zgl i gil Zil _ OAfXd e, BIUY — UL US) T 'U) = Ay

Using the regularity of the U and by the triangular structure by blocks, we
have det(U; — U (US) 'Uy) # 0, and so By is a regular matrix.

Using the same argument we can conclude that B, is a regular matrix and
so {B,,} is a free vector sequence.

Reciprocally and in a similar way if B,, m € N, is regular we obtain a
regularity of the U. |

In section 2 we have proved that a sequence of monic type II multiple
orthogonal polynomials, {B,,}, with respect to the regular system of linear
functionals {ul, . ud} and quasi-diagonal multi-index J verify a (s(d+1)+
1)-term recurrence relation and we rewrote this recurrence relation in matrix
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form, obtaining a three-term recurrence relation for vector polynomials with
matrix coefficients. Now we prove the converse of this result which is called
the Favard type theorem.

Theorem 6. Let {B,} be a sequence of monic type II multiple orthogonal
polynomials, with respect to a regqular system of linear functionals {u', . . ., ud}
and quasi-diagonal multi-index J and let U = [v' ... v*|T be the vector of
linear functionals where v/, j = 1,.. ., sd are defined by the algorithm. Then,
the following conditions are equivalent:

a) The vector sequence of polynomials {B,,} is type II multiple orthogonal
with respect to the vector of linear functionals U, 1.e.,

((2*)*U)(Bm) = D Sy k=0,1,....,m, meN, (14)
where A, s a reqular upper triangular sd X sd matriz given by
Am :’yad“'fy{f’dAOa m = 1)27"'7
and Ag is an upper triangular sd x sd matrix.
b) There exist sequences of sd x sd matrices (a5%), (85Y) and (v5%), m € N,

with %r; reqular upper triangular matriz such that B, is defined by the three-
term recurrence relation with sd x sd matrix coefficients given by

2* B (1) = a2 By (2) + B30 B(x) + 750 Byy_1(x), m=0,1,... (15)
with B_1 = 04x1 and By given.

Proof: a) = b). It proven in the Theorem 3.
b) = a). We build a vector of linear functionals U that verifies (14) defined
uniquely taking into account its moments L{fl from the conditions:

U(By) = Ao, UDB;) = 0saxsas J=1,2,.... (16)
As {P,,} is a basis of P*/, for each m € N, there is an unique sequence

(B}") C Myaxsa, such that, B, = Z B"P;.
§=0
e Let £k = 0. We have
U(By) = BYU(Py) and so L[O = ( )_11/{(80)
e Let k=1,2,.... Using (15) we have
(ilfs)kB _ as d$ (k_1)8m+1 + ﬁs%dxs(k—l)gm ‘i‘”)/,i{dzrs(k_l)lgmfl .
For m = 0 we have

U((2*)By) = oy Uz *DBy) + By Uz D By),
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le.,
U = (B x |aj"BIE "V + (oY + 65 BE) | v
For m = 1 we have
U((z°)*B1) = o U YBy) + 80U VB 4 47 U (22 Y By)

ie.,
uf = (BN [ar B + (a1 BY + 67 BhU Y|
+ (B [(Of?dBo + Bf’dBo + 71’dBo)us(k ! Béuﬂ :

For m < k, we have
U((@") B) = U@ Brus) + B U@EVB) + U@ B ),

m—+1
(( )kBTn _astBm—l—luk 1+6stBmuk 1+’YdeBm luk 1
Jj=0 j=0

m—1

Z sdBm—H +ﬁfﬁdByl+'}/£%dB?_l)uk_l

J
J=

(5B BB+ g B
Taking into account that,

m—1
U(2*)*B,,) 5y Z BI'"P;) = BIUE, + Z BI'ur,

we have
m—1

Mj%: (B:nn)—l ( SdBm—’_l-l—ﬁSdBm-l—’}/SdBm l)ujk 1

|
o

J
+(By) (o' Bt + B B + s By ZB’”U’“

For m = k we have o .
U((2°) Br) = 7"ty - 1By

and so,
k—1
s,d _s,d s,d
U = (BY) (it BoU = > B .
j=0
For m > k we have M((a:s)kBm) = Ogdxsd, 1.€.,
m—1
Uy => —(By) 'BIU; .
j=0

Therefore, the moments associated to the vector of linear functionals U are
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uniquely determined from (16) and considering the fact that B is regular
we obtain the regularity of the vector of linear functionals {/. Hence, this
result is proved. [

Note that, in matrix notation the three-term recurrence relation of the
previous Theorem, (15), is written by

J| |, |, (17)

where the tridiagonal matrix by blocks
s,d s,d T

0 Qg Osdxsd
,_ys,d s,d as,d 0 dxsd
X
J = O ! é,d é,d ’ S,j O ) (18)
sdxsd V9 2 % sdxsd

is designated by block Jacobi matriz.

4. Type II Hermite-Padé approximation

Definition 11. Let U be a vector of linear functionals. We define the matriz
generating function associated to U, F, by

e R
.7:(2) =U (z—xs) = : .. : . (19)
. I.sdfl y I.sdfl
) )
Being,
1 1 /25\F
=1 (D) o < 20)
Z—x 2z z
k=0
0 s\ k
we have F(z) = Z ((z%) UZZLEPO(CC)) .
z
k=0

Theorem 7. Let U be a regular vector of linear functionals, {B,,} a vector
type II multiple orthogonal polynomials sequence, with respect to U, and R
the resolvent function associated to the linear operator defined by the block
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Jacobi matriz, J, given in (18), i.e
0

el J"ey T
R(z) = Z , where ey = [Lsaxsd Osdxsd =] -

Zn—H

n=0
Then, R(z) = By F(2)(U(Py)) (BY) ™", where BY is the matriz coefficient
m BO = Bg Po.

Proof: In order to determine the value of €J"¢g, n € N, we consider the
matrix identity (17), from which we can obtain,

[ By(z) | [ Bo(z) |
J Bo(z) | ~ (x?) Bo(z) | " e N. (21)
m-+n
Let (z° Z an an € Mggxsq. In particular, for m = 0
j=m-n

we have, (z*)"By(x Z n;nB

By (21), e J"e, n € N, it is given by 778,71‘ Applying the vector of linear
functionals U to both members of the previous matrix indentity, we have

Myw = ((2°)"U) (Bo) U(Bo)) ™!
Using By = Bj Py, we have n,, = Bi((x*)"U)(Po)(U(Py)) ' (By) " . Hence,
R(:) = BY {Z ()t (Pu) U P) } (B0

as we want to show. ]

Now, we present a reinterpretation of type II Hermite-Padé approximation
in terms of the matrix functions.

Definition 12. Let {B,,} be a vector sequence of polynomials and U a

regular vector of linear functionals. To the sequence of polynomials {Bg)_l}
given by
Vin(29) = Vi (2*9)

_xs

1
By, 1(2) = Us( Po(a)).
where U, represents the action of U over the variable x, we designate sequence
of polynomials associated to {B,,} and to U.
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Theorem 8. Let U be a regular vector of linear functionals, {B,,} a vec-
tor sequence of polynomials, {Bg)_l} the sequence of associated polynomials
and F the matriz generating function defined in (19). Then, {B,} is the
type II multiple orthogonal with respect to the vector of linear functionals U
iof, and only if,

1 — (@°)"Uy) (B ()
Vi) F(z) = BLy(2) = 3 S
k=m
Proof: Taking into account the Definition 12, we have
V. (24 — V. (x50 Vo (254
B, () = (LI ) < v (o)~ (2 D ),
Vm sd
ie., Vin(z)F(2) — BV (2) = ugc(% Polz)).
Taking into account (20) we have
(1) _ - ((2°)"Uy) (B ()
Vm(zd)"f(z) - Bm 1(2) - Z S+l
k=0
Hence, we get the desired result. |

References

[1] A.I. Aptekarev, Multiple orthogonal polynomials, J. Comput. Appl. Math. 99 (1998) 423-447.

[2] A.IL Aptekarev, A. Branquinho and W. Van Assche, Multiple orthogonal polynomials for clas-
sical weights, Trans. Amer. Math. Soc. 335 (2003) 3887-3914.

[3] Arvesd, J. Coussement and W. Van Assche, Some discrete multiple orthogonal polynomials, J.
Comput. Appl. Math. 153 (2003) no. 1-2, 19-45.

[4] J. Coussement and W. Van Assche, Differential equations for multiple orthogonal polynomials
with respect to classical weights: raising and lowering operators, J. Phys. A 39 (2006) no. 13,
3311-3318.

[5] K. Douak and P. Maroni, Une caractérisation des polynémes d-orthogonauz classiques, J. Ap-
prox. Th. 82 (1995) 177-204.

[6] A.J. Durén, A generalization of Favard’s theorem for polynomials satisfying a recurrence rela-
tion, J. Approx. Th. 74 (1993) 83-109.

[7] W.D. Evans, L.L. Littlejohn and F. Marcellan, On recurrence relations for Sobolev orthogonal
polynomials, STAM J. Math. Anal. 26 (1995) 446-467.

[8] M.E.H. Ismail, Classical and quantum orthogonal polynomials in one variable, Encyclopedia of
Mathematics and its Applications 98, Cambridge University Press, 2005.

[9] V. Kaliaguine, The operator moment problem, vector continued fractions and an explicit form
of the Favard theorem for vector orthogonal polynomials, J. Comput. Appl. Math. 65 (1995)
no. 1-3, 181-193.

[10] D.W. Lee, Difference equations for discrete classical multiple orthogonal polynomials, J. Ap-
prox. Th. 150 (2008) no. 2, 132-152.

[11] P. Maroni, Two-dimensional orthogonal polynomials, their associated sets and the co-recursive
sets, Numer. Algorithms 3 (1992) 299-312.



24 BRANQUINHO, COTRIM AND FOULQUIE MORENO

[12] E.M. Nikishin and V.N. Sorokin, Rational Approzimations and Orthogonality, Transl. Math.
Monographs, 92, Amer. Math. Soc. Providence RI, 1991.

[13] V.N. Sorokin and J. Van Iseghem, Algebraic aspects of matriz orthogonality for vector polyno-
mials, J. Approx. Theory 90 (1997), 97-116.

[14] W. Van Assche, Analytic number theory and approximation, Coimbra Lecture Notes on Or-
thogonal Polynomials (A. Branquinho and A.P. Foulquié Moreno, eds.), Nova Science Publish-
ers, 2007, 197-229.

[15] W. Van Assche and E. Coussement, Some classical multiple orthogonal polynomials, J. Com-
put. Appl. Math. 127 (2001), 317-347.

[16] J. Van Iseghem, Vector orthogonal relations. Vector QD-algorithm, J. Comput. Appl. Math.
19 (1987), 141-150.

A. BRANQUINHO

CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, LARGO D. Dinis, 3001-454
COIMBRA, PORTUGAL.

E-mail address: ajplb@mat.uc.pt

L. CoTRIM
SCHOOL OF TECHNOLOGY AND MANAGEMENT, POLYTECHNIC INSTITUTE OF LEIRIA, CAMPUS 2 -
MORRO DO LENA - ALTO DO VIEIRO, 2411 - 901 LEIRIA - PORTUGAL.

E-mail address: 1msc@estg.ipleiria.pt

A. FouLQUIE MORENO
DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE AVEIRO, CAMPUS DE SANTIAGO 3810, AVEIRO,
PORTUGAL.

E-mail address: foulquie@ua.pt



