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Abstract

In this paper, we use the representation theory of the group Spin(m) to
develop aspects of the global symbolic calculus of pseudo-differential opera-
tors on Spin(3) and Spin(4) in the sense of Ruzhansky-Turunen-Wirth. A
detailed study of Spin(3) and Spin(4)-representations is made including recur-
rence relations and natural differential operators acting on matrix coefficients.
We establish the calculus of left-invariant differential operators and of difference
operators on the group Spin(4) and apply this to give criteria for the subellip-
ticity and the global hypoellipticity of pseudo-differential operators in terms of
their matrix-valued full symbols. Several examples of first and second order glob-
ally hypoelliptic differential operators are given, including some that are locally
neither invertible nor hypoelliptic.

The paper presents a particular case study for higher dimensional spin groups.
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1 Introduction

The classic principal calculus of L. Hormander over manifolds, which is based on the
notion of the symbol via localizations, has several limitations such as in the charac-
terisation of global and local hypoellipticity. This is due to the fact that one uses local
Euclidean Fourier analysis on manifolds which makes only the principal part of a sym-
bol to be coordinate-invariant. But in the case of Lie groups one has another approach
based on harmonic analysis over these groups which allows for a global approach. For
instance, S. Zelditch [29] used the non-Euclidean harmonic analysis of Helgason to
replace the local Euclidean Fourier analysis to obtain a pseudo-differential calculus on
hyperbolic surfaces in the plane. Hereby, Helgason’s non-Euclidean harmonic analysis
is based on a Fourier transform given by eigenfunctions of the invariant Laplacian over
a suitable homogeneous space which has its own drawbacks. For a detailed descrip-
tion on the historic development of calculi of pseudo-differential operators we refer
to [21, 26].

During the last decade, a new and full symbol calculus over compact groups was
developed by M. Ruzhansky, V. Turunen, and J. Wirth which represents a non-
commutative extension of the classical Kohn-Nirenberg quantization. This calculus
has several advantages over the classic principal calculus of L. Hérmander. Given
a Lie group G one makes full use of its representation theory and the correspond-
ing harmonic analysis to create a global Fourier transform which allows the study of
matrix-valued symbols defined on G x G and their characterisation using results from
harmonic analysis on phase space. This full symbol calculus has been extended to the
case of type-1 groups [18] and, recently, to a subelliptic pseudo-differential calculus on
compact Lie group [2] as well as to the case of nilpotent groups [9, 20].

As with all these abstract approaches there appears always the question of its
realization in concrete cases. The full symbol calculus over compact groups has been
explicitly worked out in the case of the n-dimensional torus and the case of SU(2).
But it also raises the question of how this calculus would look like in one of the most
important cases of compact groups, the case of Spin(m). The classic approach to a
Fourier symbol calculus over Spin(m), i.e., the case of spinor-valued functions, consists
in constructing Gelfand pairs and employing the spherical Dirac or Laplace operator,
see the classic work by J. Dieudonné [7]. Naturally, these approaches restrict also the
class of pseudo-differential operator symbols which can be considered and to overcome
this problem a full symbol calculus in the sense of M. Ruzhansky, V. Turunen, and
J. Wirth becomes even more important. In this paper, we are going to establish this
calculus for the group Spin(4). This choice is based on two reasons. First of all the
structure of group representations of Spin(m) makes it difficult to obtain explicit
formulae in the general case so that the case of Spin(4) will provide further insight into
the general case. Secondly, the case of Spin(4) is important by itself in applications.
For instance, Spin(4) is the translation group on the three-sphere which appears in
the study of diffraction tomography and the construction of wavelet and Gabor frames
over the three-sphere [3]. While classically diffraction tomography is used to establish
the so-called orientation density function of a fixed specimen, recent advances have
also created new interests in time-dependent versions of diffraction tomography in
structural analysis. Furthermore, discussion of perturbations of wavelet and Gabor



frames over the three-sphere will require the study of pseudo-differential operators
over Spin(4) in the same way as in the classic case. Additionally, Spin(4) also appears
in quantum gravity (see, e.g., in Spin(4) BF models [19]). Among other things, these
investigations require tools for the study of symbols of pseudo-differential operators
and global hypoellipticity of differential operators defined over function spaces on
Spin(4).

After recalling some necessary facts about the abstract case of the full symbol cal-
culus by M. Ruzhansky, V. Turunen, and J. Wirth and Spin(3)-representations, we
are going to study Spin(4)-representations and their connections with harmonic and
spinor-valued monogenic polynomials. Hereby, we establish the necessary tools for a
full symbol calculus like matrix-coefficients, recurrence relations and difference oper-
ators acting on them. This will allow us to work out details of the Fourier transform
on Spin(4), which in turn gives rise to the full symbol calculus. Furthermore, we are
going to obtain conditions on ellipticity and hypoellipticity.

In the end we provide some examples of differential operators to show the symbol
calculus in action.

2 Preliminaries on the harmonic analysis for
compact groups

We start with some basic notations and results about harmonic analysis of a compact
Lie group. Let G be a compact Lie group of real dimension n with unit element e. A
finite-dimensional unitary representation £ of G is a continuous group homomorphism
&:G — U(de) of G into the group of unitary matrices of a certain dimension de. The
representation ¢ is irreducible if £(x)A = A¢(x) for all € G and some A € C%*de
implies A = ¢l is a multiple of the identity. This is equivalent to the statement that
C% does not have non-trivial ¢-invariant subspaces V' C C% with £(2)V C V for all
re€q.

Two representations £; and &, are equiAvalent if there exists an invertible matrix B
with & () B = Béa(x) for all z € G. Let G denote the set of all equivalence classes of
irreducible representations.

We further equip G by its normalized Haar measure. The group structure gives rise
to left and right translations, L, : ¢ — ¢(z~ ') and R, : ¢ — ¢(- ) of functions on
the group. These left- and right-translations are unitary on the Hilbert space L?(G)
of square integrable functions and therefore the translations give rise to unitary rep-
resentations z — L, and x — R, of the group G on the Hilbert space L?(G). These
representations split into irreducibles and give rise to the Peter—-Weyl Theorem in the
following form, see [10], [21], or [28].

Theorem 2.1 (Peter-Weyl). The space L2(G) decomposes as the orthogonal direct
sum of minimal bi-invariant subspaces parameterised by é, that is

L2(G) = P H°, HE = {z — tr(AL(z)) | A € Clexde}, (2.1)
lele@



The Fourier transform of f € L2(Q) is a matriz valued function on G defined by

6) = /G f(@)€(x) da (2.2)

= > de tx(g(x) f(©)). (23)
(EE
Furthermore, the following Parseval identity holds

with inverse given by

12 = D dellF©)ls (2.4)

[€leG

where ||A||}4g = tr(A*A) is the Frobenius or Hilbert-Schmidt norm of a matriz A.
On the group G the convolution of two integrable functions ¢, € L*(G) is defined
by

(6 )z /¢ (vz) dy. (2.5)

The following convolution theorem on G is well-known. Note the change in the order
of the factors. o L
Theorem 2.2. Let ¢,v € LY(G). Then ¢ x 1 € LY(G) and (¢ * ) (€) = (&) #(£).

The Laplace—Beltrami operator Lo € Diffz(G) on the group G is bi-invariant,
i.e., it commutes with all L, and R,. Therefore, all of its eigenspaces are bi-invariant
subspaces of L2(G). Since ‘H¢ are minimal bi-invariant subspaces, each of them has to
be eigenspace of L5 and we denote the corresponding eigenvalue by —)\g. Hence, we
obtain the following decomposition

Lgd=="y de N tr((2)o(€)). (2.6)

ted

The notion of Fourier series extends naturally to C°°(G) and the space of distribu-
tions D’(G) with convergence in the respective topologies. Now, any operator A on G
mapping C*(G) to D' (G) gives rise to a matrix-valued full symbol o 4(x, &) € Cde*de,
x € G defined by

oa(x,§) = &§(x)" (Af)(x) (2.7)
which can be understood either pointwise or distributionally, as the product of a
smooth matrix-valued function £*(x) with the matrix-valued distribution A&, i.e.
oa(-€) = £*AE as a distribution in the first variable, for all [¢] € G. Then it can be

shown that N
= Y de r(é(x) oala,€) (£)) (2.8)

[¢leG
holds as D’-convergent series. If it happens that the operator A maps C*°(G) to itself,
then (2.8) holds in the strong topology of C*°(G). For A and o4 related by (2.8) we
write A = Op(c4). For a comprehensive treatment of this quantization we refer to
[21] and [24].



We denote the right-convolution kernel of A by R4, so that
Af@) = [ Katwos) 50 dy = [ Ralooy™a) f) o (29)

The symbol o4 and the right-convolution kernel R4 are related by oa(x,&) =
Jo Ra(z,y)&(y)* dy.

The class ¥™(G) of Hormander’s pseudo-differential operators on G was fully
characterised in [21] and [22] using commutator properties with the vector fields in
Sobolev spaces, and in [23] by the behaviour of their matrix symbols. Before we give
a characterisation of the class U™ (G) we fix some notations.

We say that Q¢ is a difference operator of order k if it is given by ng(g ) = @ )

for a function ¢ = g € C°°(G) vanishing of order k at the identity e € G, i.e.,
(P, pg)(e) = 0 for all left-invariant differential operators P, € Diff* '(G) of order
k—1. We denote the set of all difference operators of order k as diff* (é) In the sequel,
for a function ¢ € C°*°(G) it will be also convenient to denote the associated difference
operator, acting on Fourier coefficients, by Awf(f) = 42)7 &).
Definition 2.3 (cf. [23]). Let G be a compact Lie group of dimension n with unit
element e. A collection of k > n first order difference operators Ay, ..., Ag € diffl(é)
is called admissible, if the corresponding functions ¢1, ..., @ € C*°(G) satisty dy; #
0,j = 1,...,k, and rank(dpi(e),...,dpr(e)) = n. It follows, in particular, that e
is an isolated zero of the family {¢; }?:1. An admissible collection is called strongly
admissible if N;{z € G : p;(z) =0} = {e}.

The previous definition was adapted to a collection of k > n first order difference
operators since this happens in our case. For a given admissible selection of difference
operators on a compact Lie Group GG we use the multi-index notation

Ag = AT AR and 0% (2) = pr () - pp(2) (2.10)

Furthermore, there exist corresponding differential operators o™ e Diffl*l(G) such
that the Taylor’s formula

fl@) =Y %w"‘(x’l)aia)f(e)+0(h(33)N)7 h(z) =0 (2.11)

la|<N-1

holds true for any smooth function f € C°°(G) and with h(x) the geodesic dis-
tance from x to the identity element e (see [21, Sec. 10.6]). Additionally, we introduce
operators Jy as follows. Let 9, € Diff}(G),1 < j < n = dim G, be a collection of left-
invariant first order differential operators corresponding to some linearly independent
family of the left-invariant vector fields on G. We denote 05 = g} - - - 9. The follow-
ing theorem characterises Hormander’s class of pseudo-differential operators ¥ (G)
by the behaviour of their matrix symbols.

Theorem 2.4 (cf. 23, Thm. 2.2]). Let A be a linear continuous operator from C*(G)
to D'(G). Then the following statements are equivalent:



(A) A e I™(G).
(B) For every left-invariant differential operator P, € Diffk(G) of order k and every
difference operator Q¢ € dinl(G) of order | the symbol estimate

1Q¢ Pooa(@, &)llop < Cqe.p, (€)™ (2.12)

is valid, where (£) = (14 )\2)1/2 and ,)\g are the eigenvalues of L.
(C) For an admissible selection Ay, ..., A, € diff'(G) we have

18¢ 07 74 (@, €)lop < Cayp (&)™ (2.13)

for all multi-indices o, 8. Moreover, sing supp Ra(x,-) C {e}.
(D) For a strongly admissible selection Ay, ..., A, € diff*(G) we have

1Ag 0 oa(,)llop < Cap (€)™ (2.14)

for all multi-indices «, 3.

The set of symbols 04 satisfying either of equivalent conditions (B)-(D) is also
denoted by S™(G), such that the operator quantization gives an isomorphism Op :
S™(G) — ¥™(G). The composition of pseudodifferential operators gives again a
pseudo-differential operator with a symbol, which can be expressed as an asymptotic
expansion.

Theorem 2.5 (cf. [21, Thm. 10.7.9]). If A € ¥ (G) and B € ¥"2(G) then AoB €
Ymitm2 (G satisfies

oaop(T &) ~ Z% (A?UA(x,f)) (33(50)03(95’5)) (2.15)

(e

in the sense that o aop — ZIaKN i(A?O’A) (89(5(1)03) € Smtm2=N(Q) holds true.
Note that the proof in[21] omits the crucial remainder estimates for the underlying

Taylor expansion. For a complete proof including the remainder estimates see e.g. [4,
Sections 9.5 and 9.7].

3 Irreducible representations of Spin(m)

3.1 Notation

First we introduce some basic notation about Clifford algebras. We refer to [5] for a
more detailed overview. Let (e, ..., e,,) be the standard basis of the Euclidean space
R™ and Ry ,,, be the real Clifford algebra generated by the vectors ey, ..., ey, such that
ef =—1forj=1,...,m, and e;e; = —eje;, for i,j =1,...,m, and i # j. An element
a € Ry, is of the form a = ) ,asea, as € R for ordered subsets A C {1,...,m}
and with ez = eg = 1. The k-vector part of a is given by [a]x = Z‘A‘:k apsey and

a =Y olalg. Vectors & € R™ are identified with 1-vectors z = Z;n:l zjej € Ry .



The Clifford product of two 1-vectors z and y in R™ splits in a scalar part given by
minus the inner product in R™ and the wedge product:

ry=-—z-y+zAy. (3.1)

1=

(zy —yz). These can be extended to the

N[

It holds —z-y = 2 (zy+yz) and z Ay =
whole Clifford algebra by setting

—e; - lalx = [ejlalklk—1 %(ej[a]k + (=1)" alxey) (3.2)

&5 Aalk = leslalidin = gleslali — (~1)*alsey). (33)

The Dirac operator on R™ is given by 0, = €10y, + ...+ €,,0;,, and its null solutions
are called (left) monogenic functions. Right monogenic functions can also be defined
considering the multiplication of the partial derivatives by the basis elements on the
right.

The complex Clifford algebra C,, is the complexification of Rg ,, i.e. C,, = C®
Rg . The main anti-involution in C,, is defined by

a= Y @ica,  ©C; =06, &=-—¢, € =c (3.4)

The complex Clifford algebra is equipped with the Clifford inner product defined by

m

(a,b)c,, = [ablo = > (~1)lazba. (3.5)
|A]=0

We will frequently use the Witt basis vectors
1 . ¥ 1 . )
Tj = 5(62]'_1 7162]‘), Tj = 75(623‘_1 +162j), ] = l,M (36)

for M = |%|. They satisfy T? = 0 = (] )? together with 7;7j = —T;T; and T,T =
—TJTE for i # j and TZ-T;f + T;Ti = 1. For even m they generate all of C,,.

Later on we will use spaces of C,,-valued polynomials on R™. For this, we recall
the Fischer inner product

(P,Q) = [P(32)Q(2)lo = [(P0x)Q)(0)]o (3.7)

z=0

defined for two such polynomials P and ). This definition implies immediately that
homogeneous polynomials of different degree are Fischer orthogonal. The multiplica-
tion by the variable x; and the derivative d,, are Fischer-adjoint while the generators



e; of the Clifford algebra C,,, are skew-adjoint
<J}iP, Q> = <P7 8£1Q>v <eipa Q> = _<P’ eZQ> (38)

3.2 The spin group and H- and L-representations

The spin group Spin(m) is realised as the set of even products of unit vectors, that is,

2k
Spin(m) = {H sj|s; €R™, |s;| =1, ke N} C Ry, (3.9)
j=1

where R{,, = spang{ea | |A| even} denotes the even subalgebra of Ro,,. The spin
group is a double covering of SO(m) as seen by the group action R™ > z — szs € R™
on vectors. There are two distinguished representations of the spin group on C,,,-valued
functions on C,,, defined by

H(s)f(z) = sf(sxs)s and L(s)f(x) = sf(sxs), (3.10)

where z € C,,, s € Spin(m), and f : C,, — C,,. The H-representation corresponds
to the standard representation of SO(m) on scalar-valued functions f € L2(S™~1),
while the L-representation corresponds to the half-spin representations. Models for all
irreducible representations arise from decomposing H and L into irreducibles. Although
spin representations are an old topic (see [1]), here we follow [27] which construct
representation models based on simplicial harmonic and monogenic polynomials, i.e.,
harmonic and monogenic polynomials of simplicial variables. This is an extension of
the work in [11], where the authors consider simplicial harmonic polynomials which
provide only models for irreducible representations with integer weight of the SO(m)
group.
The Lie algebra spin(m) can be realised as the space

1 1
spin(m) 2 R, = span {iem = e ‘ i<jij=1,... ,m} (3.11)
of bivectors in Rg ,,,. The Cartan subalgebra b C spin(m) is given by

m

h= span{%egj,l,gj ’ j=1,...,M= bJ } (3.12)

The exponential of b yields the maximal torus T C Spin(m)

1 1 m
T = {S = exp (§t161,2> - exp (itM egjy[_LQ]\/[) ’ t; € [0,27‘(’[}, M = \‘ 5 J, (3.13)

from which we can label all the unitary irreducible spin representations. Any represen-
tation R : Spin(m) — Aut(V') of Spin(m) on some vector space V' is determined by the



restriction to the maximal torus and any representation of the maximal torus invari-
ant under the adjoint action of the group comes from a representation of the group
itself. The space V splits into subspaces generated by weight vectors v € V satisfying

M

1 1 .

dR(§ﬁ1€12 +-F §tM eQM—1,2M)U = (lzgljtJ)U (3.14)
9=

for the derived representation dR : spin(m) — Aut(V) and with weights [ =

(l1,...,lp) consisting entirely of either integer or half integer numbers. Factoring out
the action of the Weyl group, we obtain the highest weights given by the ordering

l:(ll,...,lj\/[):llZZQZ...ZZMZO if m=2M +1, (315)
l > > || if m=2M, '

where all [; € Z or all [; € Z + %

3.3 Explicit models

To construct explicit models for irreducible representations of Spin(m) we follow [27]
and consider k < m vector variables z,, ..., x;, where z, = Z;’;l x;5€; and C,,-valued
polynomials in these k vector variables. A polynomial P(zy,2; AZgy ..., 23 A... AZy)
depending on the simplicial variables x; A... A g, is called a simplicial polynomial. A
harmonic simplicial polynomial P is a simplicial polynomial satisfying

Ay P(zy,2y N2y ocszy Ao Azy,) =0, i=1,... k. (3.16)

The space of these polynomials is denoted by H(zq,...,z;). It is invariant under the
H-action. A monogenic simplicial polynomial P is characterised by the condition

Op P(xy,21 NZg,.. .,z Ao ANy) =0, i=1,... k. (3.17)

The space of monogenic simplicial polynomials is denoted by M(zq,...,z;) and is
invariant under the L-action.

Different to the notation from [27] we will parameterise representations and repre-
sentation spaces by their weights and not by degrees of homogeneity of the polynomials
in the representation spaces.!

Case 1. For the highest weight (I1,...,ln—1,l0m), l; € Ng, we take the highest weight
vector

w(llwwalﬂl)($17 cee a@M)

= (2, T2y Ay, TI AT (g A Ay, TE A ATy )™ (3.18)
L1541 ga) Lo, 11 2 ) zy, Th . »”

1 Although both parameterisations of representations have their own merits, we will always use weights
as parameters later on. This allows for direct comparison to abstract results on compact groups as used in
[23], [25] or [17], [2].

10



and let Spin(m) act by the H-representation on it. We recall that for s € Spin(m) the
H-representation on simplicial functions is given by

H($)F(zqy,...,x; A . ANxpyy) =sF(Bxys,...,82 Ao A2y S)S. (3.19)
We denote the resulting representation space by

Hy,..in)R™) = span{H(s)w(, .1, | s € Spin(m)}. (3.20)

Case 2. For the highest weight (I1,...,Ip—1,—Ia), l; € No, we have to consider the
H-action on the highest weight vector

w(llw--a_ll\l)(gl’ cee ,&M)
= <§1uT1>l1—12<£1 /\£2,T1 /\T2>l2—l3 . <£1 A /\QMaTl Ao ANTa—q /\T]1\./[>ZM'
(3.21)

The resulting representation space will be denoted by H;, ... —s,)(R™).
For half-integer weights we have to realise the representations in the spinor space
of the complex Clifford algebra C,,. We distinguish between even and odd m. For
1

even m = 2M we use the pairwise commuting idempotents Z; = TjTjT = 5(1 -

iegj_1e95),j =1,..., M, together with 7}, = T;&TM = 2(1+ieg;_1ez;), to construct
the primitive idempotents

I,=T,-Iy and TI_=Ty - -Iy_1Ty. (3.22)

and define
St=Ctzy, S, =CrT_. (3.23)
They are both Spin(m)-invariant, minimal and inequivalent.
In the odd dimensional case m = 2M + 1 there is up to equivalence only one spinor

space and we use
S§S=8.,=Ch T,. (3.24)

Case 3. For the highest weight (I1,...,lp—1,00), Ii € No + %, we take the highest
weight vector

w(lly---JM)(ll’ cee alM)
= <£17T1>l17l2 @1 A £27T1 A T2>l2713 - @1 A /\inTl AA TM>l]Mi%I+7
(3.25)

and let Spin(m) act by the L-representation on it. We recall that for s € Spin(m) the
L-representation on simplicial spinor functions is given by

L(S)F(Zq,---yzy Ao . AZpy) =SF(Szy8,..., STy Ao AZps S). (3.26)

11



We denote the resulting representation space by

My (R™) = span{L(s)wq,...1,,) | 5 € Spin(m)}. (3.27)

Case 4. For the highest weight (I1,...,lp—1, —ln), li € No + %, we have to consider
the L-action on the highest weight vector

w(ll,u-ﬁlM)(ila e aEM) =
<£17T1>l1—l2 <£1 A£25T1 A T2>l2—l3 - <£1 A /\QM,T1 A A TMfl A TX/IVM_%Z;_
(3.28)

The resulting representation space will be denoted by M, .. ) (R™).

To summarize, in the odd dimensional case (m = 2M + 1) the irreducible repre-
sentations of Spin(m) are obtained considering the H- and L-actions on the weight
vectors (3.18) and (3.25), correspondingly. In the even dimensional case (m = 2M)
all the irreducible representations of Spin(m) are obtained considering the H-action
on the weight vectors (3.18) and (3.21), and the L-action on the weight vectors (3.25)
and (3.28).

4 Spin(3) representations

In this section we collect results on Spin(3)-representations, in particular constructing
the irreducible modules from the theory explained in Section 3. These turn out to be
also important in the construction of Spin(4)-representations later on.

The group Spin(3) is the universal cover of SO(3) and can be realised inside the
even Clifford algebra R;. Moreover, it is isomorphic to the special unitary group SU(2)
and also isomorphic to the unit 3-sphere S? understood as the group of unit length
quaternions, i.e.

Spin(3) = {a € R{3 : |a| = 1} = §* = SU(2). (4.1)

We want to make these isomorphisms explicit for later use. An element of Spin(3) is
of the form s = ag +aje12 +aze13 +azeqs such that [s|? = a2 +a? +a3+a3 = 1. It acts
on vectors & = xi€1 + Toes + zses € R3 by z +— szs and this mapping is represented
by the SO(3) rotation matrix

1—2a2 —2a3  2(apa; — azaz) 2(apas + ajas)
—2(agay + azaz) 1—2a% —2a3 2(apaz — ajas) (4.2)
—2(agaz — araz) —2(apaz + ajaz) 1 —2a3 — 2a3

as a straightforward calculation within Ry 3 shows. Identifying e;2 = i, e13 = j und
eo3 = k with the quaternion units yields an isomorphism RS’B =~ H and identifies the
spin group with the group of unit length quaternions. We identify H = C? by writing
q = ag+aii+asj+ask =q+qj with ¢ = ag+1ia; € C and g3 = as +1iaz € C. Then

12



in particular § = g1 — ¢2j is the quaternion conjugation and quaternion multiplication
corresponds to matrix multiplication for the associated matrices

( - Zf) , (4.3)

which belong to SU(2) whenever |g| = 1. This completes the isomorphisms in (4.1). We
rewrite the rotation matrix (4.2) in these complex coordinates for Spin(3). This yields

| (@ - BT -B) iCd+ G+ - 5) A0l T 1)
G +a -0 %) (G+E+T+DB) 20T -~ D) | - (4.4)
—2(0,32 + 0192) 2(qig2 — 01G)  2la]* — 2|g2f?
For later calculations we need the H-action on the polynomials z; = x1 + ixg, Z1 =

x1 — ize and 3. Using the rotation matrix (4.4) applied to x = (1, 22, 73) € R® we
obtain

H(q) z1 = @i 21 + 20,9273 — 43 71, (4.5a)
H(g)Z1 = — 21 + 201G573 + ¢F 71, (4.5b)
H(q) z3 = —q1G221 + (|a1]? = [@2[*) 73 — 19271 (4.5¢)

4.1 Representations of S C H

Before explicitly giving irreducible Spin(3)-representations based on the general theory
of Section 3, we will recall the closely related irreducible S3-representations from [13,
21] (see also [10, 23, 28]). Since the quaternionic unit sphere S* can be viewed as a
subset of C? through S® = {(z1,22) € C?: |21]? + |22|> = 1} we write the quaternion
multiplication and conjugation in S? as

(21,22) ® (w1, ws) = (21wW1 — 29Wa, 21W3 + 22W1 ), (4.6a)
(21,22)" = (21, —22). (4.6b)

Let P be the space of all polynomials P(z,w) = ¢;j x2w" in two complex variables,
and let P,, C P be the space of homogeneous polynomials of degree m

m

P = {P(z,w) = chzjwmfj

=0

quj:Q“Wm} (4.7)

An orthonormal basis of P, with respect to the Fischer inner product (or equivalently,
with respect to the normalised L? inner product) consists of the set of functions

1
P (z1,22) = mekk  0<k<m, meN. (4.8)

NG
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The group S? naturally acts on P, by right translation Rw, wo) [ (21, 22) = f((21, 22) @
(w1, w2)). Next, we follow [13] and express the linear map Ry, w,) : Pm — Pm with
respect to the orthonormal basis P}, j = 0,..., m. By straightforward computations
we have

V (m 7])' \/ﬁR(whwz)ij(zh'ZQ)
= /(m =)'/ P (21, 22) ® (w1, w2))

= (z1w1 — 22W2)™ " (21wa + 20707 )

B (T:i; (mk_j) (lel)m_j_k(—zwz)k) (g G) (Z1w2)j_l(22w1)l>
e

. z* Vo= (" ) (2 g

k=max(0,i—j)

Hence, for each j =0,..., m, we obtain

min(i,m—j)

ks m—j—k ik itk — \k
R(wl,wQ)P 21722 § P 21732 § Ci,j,mwl wy Wy (_wQ)

1=0 k=max(0,i—j)

() ()00 o

and, therefore, the matrix elements of the unitary representation

where

€. :SU2)=S* - Um+1) (4.12)
are given by
min(i,m—j)
é.m(wl?wQ)i,j = Z Clkjm K kmll b % Z+k( w?)kv 0 S Za.] <m.
k=max(0,i—7)
(4.13)
In particular, the first row contains the holomorphic polynomials, i.e.
my. om—j_ j ;
(Wi, w2)o,; = <j>w1 wy, 0<j<m, (4.14)



while the first column contains polynomials of the form
m . X .
Em(wl,wQ)w = ( . >w{” Z(—EQ)Z, 0<i<m. (415)
)

The following recurrence relations are taken from [13] and follow easily by direct

computation.
Theorem 4.1 (cf. [13]). For every m € Ny and all 0 < 4,5 < m the following

recurrence relations hold

Vivi

m+1

VmF1l—iym+1—j
m—+1

21 Sm(zhzz)i,j = §m+1(21722)i,j + €m71(2172‘2)i71,j71

(4.16a)

o—— Ent1(21522)i+1 — o

Em_1(21,22)i-15

(4.16D)

Z2 sm(zlu ZQ)i,j -

_ Vvi+1y3+1 vm —iym—j
Z1 €m(21,22)i,j = 7£m+1(21722)i+17j+1 + m——i-l

] Em_1(21,22)i 5

(4.16c)
Vit Iym+1—] vm —iVj

—Z2 €m(21a22)i,j = €m+1(21122)i+1,j - m1

o Em_1(21,22)i 51

(4.16d)

where every expression out of domain is interpreted as zero.

The previous recurrence relations can be written in matrix form using suitable
matrices filled up with zeros and suitable weights in their entries.
Definition 4.2 (cf. [13]). For m > 0 we define the matrices a_(m),ay(m) €
R(m+1)><(m+2) by

vm—+1 0 --- 0 0

1 T
— O vm (4.17a)
: L. 000
0 e 0 ﬁ()
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0v1 0 -« 0

ar(m) = —— |90 \/5 L (4.17b)

Lo .o 0
00 -+ 0 vm+1

For m > 1 we define the matrices b_(m), by (m) € RimTUxm by

0 0 0
V1 0 0
1 . .
b_(m) = — 0 V2 . (4.18a)
S0
0 -~ 0 m
vm 0 0
1 0 m-—1 .
b.,.(m):\/m : o | (4.18b)
0 0 V1
0 0 0

and for convenience, we set b_(0) = b4.(0) = 0.
Theorem 4.3 (cf. [13]). For every m € Ny the following recurrence relations hold

21€,,(21,22) = a_(m)€, 41 (21, 22)a—(m) " +b_(m)€,,_1 (21, 22)b_(m) ", (4.19a)
22€,,(21,22) = a_(m)&,,, 1 (21, 22)ar (m) " —b_(m)&,, 1(21,22)by (m) ", (4.19b)
—Z2§,,(21,22) = a (M)€,, 41 (21, 22)a—(m) " = by (m)&,,,_1(21,22)b-(m) ", (4.19¢)
21 &, (215 22) = ap (M)€41 (21, 22)as (M) T+ by (M), (21, 22)by (m) . (4.19d)

It is possible to define shift operators acting on the matrix coefficients of a
given representation. They are related to left- respectively right-invariant differential
operators on S3.

Definition 4.4 (cf. [13]). For differentiable functions S® 3 (21, 22) — f(z1,22) € C
we define the following differential operators

6+ = —22821 +Zl&z27 o_ = Eg&zl - 21822, (420&)
8t =718, — 720.,, ' = 210z, + 200,. (4.20b)
It is easy to see that the operators 0+ and 81 are linear combination of rota-

tional derivatives. The operators 0+ are left invariant and the operators 81 are right
invariant. This means that

R(Uh,wg)ajtf(zl? 22) = ajl:R(wl,wz)f(Zla ZQ)v (4213)
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L(w17w2)6if(zl, ZQ) = Cr):tL(wth)f(Zl, ZQ) (4.21b)

holds true for the right translation Ry, w,)f(21,22) = f((21,22) ® (w1, w2)) and the
left translation Ly, w,)f(21,22) = f((w1,w2) ™' @ (21,22)) = f((W1, —w2) ® (21, 22))
on the group S3.

Theorem 4.5 (cf. [13]). For every m € Ny and 0 < i,j < m the following relations
hold

ai(&?n)i,j = Vm—iVi+1(£,)is1 (4.22a)
ot (&) = Vm+1—iVi(&,)i 1, (4.22D)
0r(€)ig = —Vm—3\i+1(&)i 41, (4.22¢)
O (&n)is = —Vm+1—j i€, (4.22d)

where every matrix coefficient outside of the matriz is understood as zero.

The previous relations can be written in matrix form using two special matrices
o+ (m/2) and o_(m/2) defined as follows. The use of m/2 instead of m as argument is
related to the parametrisation of representations by weights instead of by homogeneity
used later on.

Definition 4.6 (cf. [13]). For m > 0 we define the matrices o4 (m/2),0_(m/2) €
R(m+1)x(m+1) by

0 0 0 O
—Jm 0 0 0
or(m/2)=| 0 —2m-1) " = |, (4.23a)
; ' 0 0
0 0 —/m 0
0 —m 0 0
0 0 —y2(m-1)
o_(m/2) = . 0 (4.23b)
0 0 0 —m
0 0 0 0

They satisfy oy (m/2) =o_(m/2)7.

Corollary 4.7 (cf. [13]). For every m € Ny the following relations hold
01&(21,22) = &,(21,22) 04 (m/2), (4.24a)
0-&,,(z1,22) = &,,(21,22) 0-(m/2), (4.24b)
615771(2:1’ Z2) = O-TF (m/z) £m(zla 22), (4240)
5’15m(21,22) = GT—(m/2)€m(zl722)a (4.24d)
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where ol (m/2) = —oy(m/2)T = —o_(m/2) and o' (m/2) = —a_(m/2)T =

—o4(m/2).
Remark 4.8. The matrices o4 (m/2) can be obtained as

o4 (m/2) = 0+&,,|1,0 and o_(m/2) =0-&,,|1,0) (4.25)

where we apply the operators entrywise and use the point evaluation at (1,0). Thus,
they are the matrix-valued symbols of the left-invariant differental operators 01 €
Diff(S?) in the sense of Section 2.

4.2 H-representations: spherical harmonics in R3

We follow the approach of Section 3. By (3.18) and (3.5) the weight vector w;(z) for
l € Ny is given by

wi(z) = (z, 1) = (“_Tw)l - (%)l. (4.26)

We renormalise the weight vector considering 27; instead of 77 obtaining the
polynomial Z!. To perform the H-action on w;(z) we consider (4.5b) and we get

H(q)Z) = (qzq,2Th)" = (41 21 + 201023 — 33 1) (4.27)

Using multi-index notation a = (a1,a9,a3) € N3, |a| = a1 + az + a3, and a! =
aqlaglag!, and the multinomial theorem to further expand (4.27) we obtain

! .
Hig)zh = Y~ (@t 2)® Qo)™ (~3320)

|| =1

21

i I

= Z(ﬁ T (—3)’ Z 1 zi (—223) "2 (—21)™°

j=0 la|=t
az+2a3=j

(4.28)

where in the last line we put as 4+ 2a3 = j, which yields 2«1 + s = 21— j from |a| = 1.
The 2l + 1 polynomials given by

N . ,
P;(zhzl,xg) = E afl Y(=2w5)*%(—21)*, 5=0,...,2l, (4.29)
le]=1
a2f2a3:j

suffice to build the representation space from the weight vector. As the dimension
of the representation to weight [ is 2/ + 1, the polynomials must also belong to the
representation space and form a basis. The polynomials are orthogonal with respect
to the Fischer inner product (3.7)

<P;a Pli> = [P}(Q&Zu282178003)P1i(21721’1'3)]0|217?1,933:0 =0, J#k, (4'30)
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due to the non-matching orders of the monomials and in order to calculate their norm,
we use

_ B (1?2
<Pj’P;> = [P;(Q&ZnQaZu8$3)P]l’(zlﬂZ17x3)}0‘21,51,13:0 = Z 72l+a2 =Cj-
|| =1 ’
as+2az=j
(4.31)
The inner product is calculated using the Fischer duality z; — 20%,, z1 — 20,,, and
P d 8953 .

The following lemma provides a relation between trinomial and binomial coeffi-
cients.
Lemma 4.9. For a = (a1, az,a3) € N3 it holds

S Mg <2j> (4.32)

|a]=l
az+2a3=j

Proof. Multiplication by z7 = x%2729 and summing over j yields
2 I ) i )
I S OF

‘ aqlas!as!
=0 Jaj= laj=t 1023

axt2as=j (4.33)
2 o
= (1422 +2%) = (1 +2)* Z( ,)xj

=0 \J

based on the multinomial theorem. Comparing powers of x yields the desired result.

O
Using Lemma 4.9 we can write the normalising constants ¢; ; as
21
aj= ( ,>2ll!, j=0,...,2 (4.34)
J

and obtain 2/ + 1 orthonormal spherical harmonics (4.29) on R? spanning the rep-
resentation space H;(R3) for the given weight [ € N. It remains to express H(q) in
this basis in order to obtain the matrix coefficients and to obtain the relation to the
representations constructed in Section 4.1.

For this, we consider the H-action on the orthogonal polynomials P; . For each
j=0,...,2l, we use first the actions (4.5a)-(4.5¢) and then the multinomial theorem
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to obtain

l
H(q)Pj(z1,%1,23) = Y (a> (¢i%1 + 21Gpw5 — G521) 1272
|| =1
az+2az=j

X (q192Z1 — (\611|2

— g2 s + ©17221)** (371 — 24,25 — G 21) ™

ISP b o 331111 6ol [ 09 e

[Bl=a1 |v|=az |§]=a3 n=0
012+2a3—J

2B14+P2+v1+n—=y3+024+203+n _yi1+v2—n+251+92 4+2B834~34+~v2—n
X qi 7 @ ( Ty )52 Ba+vs+72

% §f1+71+51(_2x3)52+"/2+52 ( zl),@3+73+53 i

(4.35)

Putting Bx + va +0x = €x, A = 1,2,3 and since |a| =1, || = a1, |7] = az, |0] = a3
we obtain that |e] = €1 + €3 + €3 = . Moreover, putting €3 4+ 2e3 = ¢ and 2 + 203 +
v3 +v2 —n = k and since ag + 2a3 = |y| + 2|d| = j we obtain the following identities

20+ B+ +n=21—j—k,
73+52+253+n:i—k, (436)
MmF+Y+20+dh—n=7—i+k.

Since 20 —j—k >0,i—k >0, and j —i+ k > 0 we get that max(0,i —j) < k <
min(i, 2] — j). Therefore, (4.35) can be written as

min(¢,20—j)

1 l—j—k —i ki —
— H(q)Pj(21,%1,73) Z S i d TS TG )"
V&L i=0 k=max(0,i—j)

= T ()

€x+2e3=1

(4.37)
X

for some coefficients tﬁj,zr Comparing (4.37) with (4.10), we must have the following
identifications between the matrix coefficients (4.10) and (4.37): m — 2, wy — ¢1, and
wg — g2. Thus, the matrix coefficients related to the (normalised) basis of harmonic
polynomials Pf associated with the weight | € Ny are given by

min(%,21—j)
Spin(3 20—j—k —i ki — .
@)y = Y. CF a7 TFETRG T (), =02
k=max(0,i—j)
(4.38)
where C{fﬂl is given by (4.11) with m = 2. Therefore, it holds tf,ml = Cik,j,Ql' Con-
sequently, the relationship between these H-representations and the representations
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constructed in Section 4.1 is given by

ﬁlSpin(g)(lh, Q2) = 521(917 Q2)- (4-39>

Next we give two examples. For [ = 1, the module H;(R?) has dimension 3 and an
orthonormal basis is given by {%21, —xs3, 7%21}. The matrix coefficients associated
to this basis are

Spin(3) qi V2qige 5

1mn

&P (qr,q2) = \fcnqz g1 = |g2? V2G1q2 | - (4.40)
7 V24,49, @

For [ = 2, the module Hz(R?) has dimension 5 and an orthonormal basis is given
by

1 1
Z{, ——=Z1Z3, 202 — 17 —x321, 4.41
{2\/> 1 \/* 2\/*( 3 ) \/‘ 2\/’ } ( )
The matrix coeflicients §2pm(3)(q1, g2) associated to this basis are

gi , 2de Veaiey L 2qa a5 ,
29195 qi (|1l —i’;lqzl ) , \/éqlqz(lql\ —IQQIQ) ) a3 (3|1 —\qzl) 2611122
x/éqﬁg f\/52q162(\2q1| *|2q2| ) (lgal? = la2*)? 72\q1| |2¢I2| \fqlqz(lqﬂ qul ) fqlqg
—2010; 73 (3|a1] *ngl) *\/>(I1QQ(“11| — lg2|%) 7i(|la *3\q2|) 2q1q2

q2 —2q,q5 V63133 2357, a1
(4.42)

4.3 L-representations: spinor-valued monogenics in R3

In the 3-dimensional case there is only one basic spinor representation & = Sj' =
CiZ, =spang{l,e;3}Z, where the idempotent Z, is given in terms of the Witt basis
elements (as introduced in Section 3)

1 . 1 .
T1 = 5(81 — 182), T2 = 5(63 — 164),
) ) (4.43)
TlT :—5(61—1—162), ng—5(63+ie4),

by Z, = 1 Iy, with Z; = T1T1Jr and 7, = Tng. For z € S we put z = (2+,27) € C?
such that z = 27Z, — 27e13Z,. Now, considering the left multiplication by ¢ =
a1 + azeis + ases + agez3 € Spin(3) on the spinor representation Sj we obtain

+

q(z" — 27 e13) Iy

= (ao + arein + asers + agess) (2 — 27 e13) Iy
= ((ao +iar)zt + (ag +ia3)z™ — (—(az —asi)z™ + (ap — ia1)27)613)1+,

(4.44)
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where we have used the multiplication rules of the Clifford algebra and the identities
e1oZ, = iZ, and ey3Z, = —ieys3Z; following from the basic rules exZ, = —ie;Z
and esZ; = —ie3Z;. The linear transformation (4.44) can again be written as an

SU(2)-action given by
+
(‘h QQ) <Z> (4.45)
42 91/ \*

where q; = ag +ia; and g2 = as +iaz and z = 277, — 27e;37, .
_1

Next, we perform the L-action on the weight vector w;(z) = Ell 27, forl e Ng+ %
to obtain the representation space for the half-integer weight. Based on (4.5b), (4.45),
and (4.28), we get

_ _1
L(g)wi(z) = q(qzq,2Th) "2 T,
1 _ o _ _ _1
= [0(371 + 201023 — T3 21)' 72 — (—Ga(63%1 + 21023 — T521)' 7 )ers] Iy

2l-1 2l—-1
—i N B S _ 1 _
= {Z(ﬁl ](*QQ)ij ? (21,21, 23) — (Z 21 J JHP 2(21,2’1,I3))€13:|I+
§=0

20—-1

{qu ] q jp %(21721@3 (ZQQI J q ]P 1%(21751,$3))613}I+

1

20— _ -1 _ - _
—Zq () |:Pj 2(21721,5U3)*Pj_f(zl,zlax?y)els} 7.
(4.46)
. -1 _ -1 _
where we set for convenience P_,?(21,%1,23) = Py, *(21,%1,23) = 0. Therefore, we

have obtained the 21 + 1 S; -valued monogenic polynomials

~ 11

P;(21721,I3) = [PJ

1—1

E(?51,51,553) —ijf(zl,il,zg)ew]lﬁ j= 0,...,21L. (447)

As this is the dimension of the representation space, we know that they are indeed
linearly independent and thus must form a basis. Note that for j = 0 we obtain
ﬁ(l)(zl,él, x3) = Elf% Z.,i.e. the weight vector, while for j = 21 we get 15211(21,21, x3) =
—(—21) " Fens Ty

To obtain an orthonormal basis for M;(R?), we still need to compute the Fischer
inner products (3.7) of the polynomials. By (4.30)

(Pl Py = (P!~ TH =0, 4k (4.48)

22



follows and the normalizing constants

o~ -1 -1 -1 -1 20\ -1 1
= PP = (P e A ey ey = ()2 0o
(4.49)

are obtained for j = 0,...,2l. We will endow the representation space M;(R?) with
the basis obtained by normalising ]Sjl

To obtain the matrix coefficients associated to (4.47), we calculate the L-action on
these orthogonal polynomials ]S]l Using (4.45) we obtain for each j =0,...,2l

L(q)Pj(z) =q P!(qzq)
=[P 2(@(1)+q2P ~2 (qzq) + (QQP;_%(@(J)—%P]l:f(@q))em]h.

(4.50)
Using (4.37) we see that the maximal exponents of ¢; and g2 are qflij ~% and q2 —itk,
Therefore, we can write (4.50) using the renormalised basis (4.47) in the form
1 min(z,21—j) . i
—i—k Jj—1 -
d Z Z tk:] adl T g ()"
»J =0 k=max(0,i—7) (451)

1 -1, -1 _
X (Pi *(21,Z1,03) — P,_ 7 (21721’$3)613)I+7

Vi

for some still to be determined coefficients ti‘c,j,zr Comparing (4.51) with (4.10), we
must have the identifications m — 2I, w; — q1, and wg +— g2 between the matrix
coefficients (4.10) and (4.51). Therefore, the matrix coefficients related to the basis of

monogenic polynomials P; associated with the weight | € Ny + % are given by

min(%,21—j)

Spin(3 20—j—k —i—k j—itk, —
(@p ()((11,Q2))i,j = Z Czk,j,zz q1 ! q1 kf]% * (—Q2)k, (4.52)

k=max(0,i—j)
for i,5 = 0,...,2] and with Cﬁj,m given by (4.11) for m = 2[. Thus, tf,j,zl = Cik,j,2l

and consequently, the relationship between the spinor-valued representations and the
representations constructed in Section 4.1 is

Spin(3
&" ( )(q17QQ) =&ulq, a2)- (4.53)
Next we give two examples. For [ = %, the representation space ./\/l% (R?) has dimen-

sion 2 and an orthonormal basis is given by {Z;, —ej3Z+}. The matrix coefficients
associated to this basis are

q2 4

zpin(3)(ql’q2) _ (_‘11 QQ) . (4.5)
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For | = 3, the module M 3 (R?) has dimension 4 and an orthonormal basis is given by

1 1
{721.Z+, 7(—2£C3 — 51613)1'4”

V2 V6

The associated matrix coefficients are

1 1
%(—21 + 2%3613)I+, \ﬁzlelgLr}. (455)

4 V3aig V3q1q3 4
S (g oy | V36T ol ~20el) eClaf ~lel’) V3nag | -, g
3 V3a@ —2lq1 12 — |¢2?) @ (Ja1]? — 2|g2?) V3Tige

-5 V30,3 —V37q, 7

5 Spin(4) representations

5.1 Prerequisites

We start by recalling the notation from Section 3. We use an orthonormal basis
{e1,e2,e3,e4} of R* and denote by Rg 4 the real 2*-dimensional Clifford algebra over
R* generated by the relations e? = —1,i=1,...,4 and e;e; = —e;e;, i # j. The group
Spin(4) consists of even products of unit vectors

2k
Spin(4) = {[[ s;:s; € R, |s;| =1, k € N} C R, (5.1)

j=1

Later on we will make use of the isomorphism Spin(4) 2 Spin(3) x Spin(3) following
from the identifications Rai 1 = Ro 3 = He H, which we recall next. Due to [5, Section
0.5.4] we can write a € R(J{A in the form ¢ = wiay +w_a_ with ax € Rg)?) =
span{l,ejo,e13,e03} = H and wy = %(1 + e1234). These elements wy are mutually
annihilating idempotents satisfying

wi = ws, wWiw_ =w_wy =0, wi +w_ =1, Wy = w4. (5.2)

As wy commute with a4 and a_ we can also write a = ayw, + a_w_. Applying this
decomposition to elements s € Spin(4) we obtain

S = swy + qu_ with ¢, s € Spin(3) (5.3)
together with
ss’ = ss'w, +qq'w_ for 8 =sw, +qw_ with ¢, s’ € Spin(3) (5.4)

making the isomorphism explicit. For an arbitrary element z € R?* putting z =
2?21 x;e; and observing that for each ¢ = 1,...,4 it holds wye; = e;w_ and
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w_e; = e;wy we obtain

Szs= (Swy +qw-_) z (swy + qu_)
= Szsw_w, + 3zqw? + grswi + qrqwiw_ (5.5)

=Srquw_ +qrswy,

which describes a rotation in R* induced by (q,s) € Spin(3) x Spin(3). Due to the
isomorphism Spin(3) 22 S? and the identification of R* with C? we can write the action
sz s inside C2. Putting ¢ = (q1,¢2),s = (s1,82) € S3, and z = (21, 22) € C? yields
after a lengthy calculation

sSxs = (61(5121 + 5222) + q2(51%2 — 8251)) + (61(8122 —5221) — q2(5171 +§2§2))j
(5.6)
identifying C? with H. Next, we describe the Spin(4) action on the spinor spaces Sf.

A realisation of S, was already described in Section 4.3. Considering s = sw, + qu_
with ¢, s € Spin(3) we obtain for S; the half-spin action
(swi +qw_) (2" — z7e13) Ty = (2" — 27 e13)Ty (5.7)

as wyZy = 0, w. I, = I, and wy, w_ commute with e;3. Thus on S, the action
corresponds to the left multiplication by ¢ € Spin(3) = S* and hence by (4.45) also to

the matrix multiplication
ql CI2 Z+ (5 8)
—Ga 1) \z ) .

For S, we get the half-spin action
(swy +qu_)(zt —27e3)T_ =s(zt —27e3)T_. (5.9)

Thus, this action corresponds to the left multiplication by s € Spin(3) =2 S3 and as in
(4.45) we see that it corresponds to the matrix-multiplication

(L (). (5.10)

5.2 H-representations: spherical harmonics in R*

Following Section 3, we construct explicitly the representations associated to the
weights (I1,12), with I1,lo € Np, and 0 < Iy < [;. Considering z = Zle i€,
Y= Z?:l yie; by (3.18) the (normalised) weight vector is given by

Wity 1) (@, y) = (@, 2T T2 (2 Ay, ATy A T)2 = 2071 (2100 — Wi 7)™, (5.11)

25



where 21 = x1 +ix2, 29 = 3+ ixg, w1 = Y1 + iy2 and wy = y3 + iys. Representing an
element s = sw, +qw_ € Spin(4) by two unit quaternions ¢ = (q1,q2),s = (s1, s2) € S?
and using complex coordinates for z = (21, 22), y = (w1, w2) € C? equation (5.6) yields

(s28,2T1) = q151Z1 + 15222 + Q5122 — Go5221 = q1 (5121 + 52%2) — Qs (5221 — 5122)

Q1 Q2
(5.12)

and

(szAys, 4Ty NTs) = ((Szs) A (Sys),4T1 N'1T3)

= Q% (Z1Wa — ZoW1) —q1Gs (Z1wi — 21W1 + Zowa — 22W2) +§§ (z1w2 — zown) .
(S —

Qs Qa4 Qs
(5.13)

Thus, we obtain for the H-action on the weight vector w(, ;,)(z,y) and by using
shorthand notations @); for the terms marked above

H(s)w(lhlz)(g, y) = (Szs, 2T1>l1712 (szAys,4T1 A T2>l2

1i—ls 21,
=12\ 1mtamiy = \i Al—la—i fyi 2As—j/ — \j lo!
(T e e Y ewy X ererer
i=0 =0 lal=l>
az+2az=j
hole 2 IS
1702\ lidtla—i—j ; = \itj Ali—la—i i 2!
-3 Y (M et Y Barares
i=0 j=0 lo|=la
as+2a3=j
(5.14)
Collecting the powers of ¢ this can be written as
ek b=l - lo!
H(s)wi ) (zy) = Y ot v%)Ej(i wal% Y. Sereres
k=0 i+i=k || =12 )
as+2a3=j
(5.15)

The terms @3, Q4 and @5 are independent of the spinor s = sw; + qw_. For @; and
Q2 we extract the dependence on s and obtain (with | =1y — I5)

QlfiQé = (5171 +§252)l_i(§221 — 5129)"

1 min(i,m) . .
—m( = \m 4 l—1 Y\ l—i—m+n_n_i-n = \m—n
S sremr S () ()R

m=0 n=max(0,m+i—l)
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Thus, defining the following polynomials

min(i,m) . .
% ! l—i Y\ l—i—m4n_n_ji—n ([ = \m-n
$u@=C0() X () (C)Ema e

n=max(0,m+i—1)

(5.17)
l ! (e} « Qs
Q?(Z/\w) Z 5 3 Q1°Q5°, (5.18)
loj=tz
as+2az=j

where z = ZlTl — flTlT + ZQTQ — §2T2T and w = w1T1 — ElTlT + ’LU2T2 — EQTQT are the
Hermitian variables constructed from z and y, we can write (5.15) as

11+1o 1—12
H(s)w(, 1) (2, y) Z gt F (=) Z st TP (=m)™ Y SR (2) QR (z Aw).
i+j=k
(5.19)

From (5.19) the tensor product structure of the Spin(4)-representations of weight
(I1,12), l; € Ng, I3 > la can be seen.
Lemma 5.1. Let l1,ls € Ng with Iy > ls. Then the polynomials

> SR (2) QR (z A w), (5.20)

i+j=k

fork=0,...)l1 +1ls and m =0,...,l; — la, form an orthogonal basis of H(lhlz)(R‘l),
In particular the dimension of the (I1,l3)-representation is (I3 + 1o + 1)(l1 — l2 + 1).

Proof. By construction, these polynomials generate the representation space
7-[(11712)(}1%4). To obtain orthogonality with respect to the Fischer inner product we
consider their degrees of homogeneity in certain sets of variables. First we distin-
guish holomorphic variables zy, zo,w;,ws from their antiholomorphic counterparts
Z1,Z2, W1, ws. Then due to (5.18) the polynomial Sl1 l2( ) is of holomorphic degree ¢

and of antiholomorphic degree I3 — I — i, while Qé? (g Aw) is of holomorphic degree j
and antiholomorphic degree 2l5 — j. Thus, the polynomials (5.20) are holomorphic of
degree k and antiholomorphic of degree Iy + Io — k.

Next we consider a mixed form of degree, considering the variables z1,Zs, w1, wWs
the mixed degree of the polynomial Sl1 iz (z) is of degree m and Qé"‘ (z A w) of mixed
degree [, and thus the above polynomlals (5.20) are of mixed degree m + ls.

It follows that for given l; and ly and different k£ and m the polynomials (5.20)
have different homogeneities and are thus Fischer orthogonal. O

Next, we construct the representations associated to the weights (11, l2) with l;,ls €
Z and l; > —ly > 0. By (3.21) the corresponding (normalised) weight vector is given

27



by
W(ll’b)(g, y) = <§7 2T1>l1+l2 <§/\y7 —4T1 A T2T>_l2 = Ell1+lz (ngl — leg)_h. (521)

Using again ¢ = (q1,q2),s = (s1,52) € S? to describe elements of the spin group and
z = (21,22), y = (w1, ws) € C? as complex coordinates, equation (5.6) yields again

(5zs,2T1) = 51 (171 + Goz2) —52 (Go21 — 1Z2)

(5.22)

Q1 Q2
and now

BzAys, —4TIAT]) = (Gzs) A (Sys), —4T1 AT3)

= 57 (Z1wa — 22W1) —8152 (F1w1 — 21W1 + 22Wa — ZowWs) +33 (21Wa — Zow1 ) .

Qs Qa Qs
(5.23)

Using these short-hand notations we compute the H-action on the weight vector
Wiy 15) (2, y) following the lines of (5.14) as

H(s)w(, 1) (@, y) = (Sas,201)" 2 (Sz Ays, —4Ty ATY) "
l1—l2

=3 s gym <l1+l2>Ql1+12 9y Y |l;| 0z o
m=0 ’

i+j=m jal=lia|
as+2az=j
l1+1s l1—12
— Z ql1+l2 k — Z Sll —l2— m = m Z Sl1+l2 z (Z/\M)
k=0 i+j=m

(5.24)

with
g —(_1) ! "L L=\ (P \oiiktn nei-n k=n (595
Lo =0 () X (i) ()semsmn o, Gm)

and obtained from S,lC ;(z) by complex conjugating z, and

l «
Qranw= Y ERgpapay (5.26)
ai=lbl
[e2) a3=]

obtained from Q‘jbl (z A w) by complex conjugating zo and ws.
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Lemma 5.2. Let ly,ly € Z with Iy > —ly > 0. Then the polynomials

> 5 (2) QR (z A w), (5.27)

i+j=m

fork=0,...)l1 +1ls and m =0,...,ly — la, form an orthogonal basis of ’H(lhlz)(R‘l).
Proof. The proof follows again by considering holomorphic, antiholomorphic and
mixed degrees of the polynomials. O
5.3 L-representations: spinor-valued monogenics in R*

In this section we construct the representations associated to the weights (ll, 12) with
Lil,eZ+1 5, and [1 > [l3|. First we consider the case l; > 0 and the corresponding

L—representatlon on the space of S, -valued simplicial monogenic polynomials. From
(5.7), (5.8), and (5.19) we obtain

L(s)w, 15)(z,y) = q(Bxs, 2T1>ll_l2 (szAys,4T1 A T2>l2_% i

li+12—1 li—l2 .
_ _ _ lo—5
_ [(h Z ghHa—k-1 Z sh=le=m(_g,ym Z Sfrll’ilg(é)Q; 52 Aw)
k=0 i+j=k
l1+12—1 ll la 1
3 T ) X ) S @ & A
k=0 i+j=k
ll+lz ll l2
_ E ql11+12 k q E Sll lo— m §2)m
k=0 m=0
511*12 la—3 Sllflz la—73 T
x| Y SRR Q  FzAw) — D mi (2)Q; *(zAw)eis|T;.
itj=k itj=k—1

(5.28)

lo—2 [
where we used Zzﬂfq Sll lg( )QJ *(zhw) = Zi+j:ll+12 Spi(z )Q] *(zAw) =

mz

0. Due to the orthogonahty between our basis functions of H;, ;,)(R*) we conclude:
Corollary 5.3. Let l,l5 € Ny + % with [y > ly. Then the monogenic polynomaials

(> st teaw - > ShiP@QT  eawen|Te (5.29)

i+j=k itj=k—1

fork=0,...l1 +ls and m =0,...,ly —ly form an orthogonal basis ofM(ll’lz)(R‘*).
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The calculations for the representations of weight (ll, 12) with l1,lo € Z + % and
ly > —ls > 0 on the space of S -valued polynomials are similar. Indeed,

L(s)w(lhlz)(g,y) =s(szs, 2T1>l1+l2 (szAys,—4T1 A T;L)*l?*% T_

l1+12 ll_l2 1 . ~ 1
= |51 > i () Z sl =)™ S S () Q7 (2 Aw)
k=0 iti=m
li+lo l1 Io—1
15 qu1+l2 k q Z Sll lo—m— 1 = Z Sl1+l2 l2+2(2’/\ﬂ)613:|1_
k=0 i+j=m
l1+1s li—12

Z ql1+l2 k q Z Sll —lo— m 52)7’”

[ Z Sll+l2 12+2( /\M) _ Z Sl1+l2 12+2 (Z /\M)elii}I—

i+j=m i+j=m—1

(5.30)

Qli+o Al2tg Qli+lo ~latg
where we used >3, ;1 S} (2) Q) P (2Aw) =30, 0, 4, S () Q) (2Aw) =
0. Again we conclude:
Corollary 5.4. Letlq,ls € Z—&—% with Iy > —ly > 0. Then the monogenic polynomials

[ > SO erw - Y S@ET  eawes|T (53
i+j=m i+j=m-—1
fork=0,...)l1 +ls and m =0,...,l; —ly form an orthogonal basis of M(ZIJQ)(RZL),

5.4 Matrix coefficients

To describe all Spin(4) representations &, ;,), we consider the lattice

Lspinay = {(l1, o) € Z° U (Z + )2 |1y > |lo|} (5.32)

consisting of pairs of integers and pairs of half-integers. In Sections 5.2 and 5.3 we
constructed orthogonal bases for the representation spaces of the Spin(4) representa-
tions &, 1,y for all (I1,12) € I'gpincay. This choice of bases allows to make direct use of
the tensor product structure of these representations. By construction, we have

Spin Spin
§(11712)(5) = g(ll’lz)(qﬂs) = @3)( q) ® lep 123)( ) = €l1+l2 () ® 511—52 (s), (5.33)

where s = sw; + qw_ and ® denotes the Kronecker product of the matrices. Each
§(11,12)(8) is a unitary matrix of dimension

d(ll,lz) = d$d11;zz =l +l+ D)l —l+1). (5.34)
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Figure 1 shows the infinite triangle of Spin(4) representations acting on harmonic

modules H and monogenic modules M. At the borders of the infinite triangle, we can

Spin(3

jeg
2

observe the Spin(3) representations & ®1 in red and the Spin(3) representations

1® §§fi?2(3) in blue.

2

Hoo M, Haw) Men) Hew Men) Hes

(3.3)
(35)
(2,2) (3,2)
(1,1) <2 ) (2,1) ( ) (3,1)
11 31 51
(0,0) <2 2> (1,0) (2 2) (2,0) (2 2) (3,0)
1 _1 3 _1 5 _1
(3-3) . (3-3) - (5-3) .
3 _3 5 _3
(2 2) (27 _2) 2 2 (3’ _2)
(3-3)
(3,-3)

Fig. 1 Harmonic and monogenic modules of Spin(4) representations &ty ,la)-

5.5 Recurrence relations

In the following two sections we discuss the general structure of matrix coefficients
of the representations we have constructed. First, we prove recurrence relations for
the matrix coefficients and then we define differential operators corresponding (up to
factors) to shifts in the matrix coefficients of a given representation.

Definition 5.5. For all (I1,12) € 'spin) we define the following matrices:

As(l,lz) = ax(ly +12) @I g4,
Bi(li,l) = b (li +12) @ Ij; —gp41,
Ci(ly,l2) = Iy 41,41 ®ax(ly — 12),
Di(li,l2) = Ty 1p11 ®@ b (I — 12),

where a4 (l; £15) and b1 (l; + 1) are the matrices given in Definition 4.2.
Using the matrices just defined we can transfer the recurrence relations given in
Theorem 4.3 to the Spin(4) case. To simplify the expressions we use Ay instead of
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A4 (l1,12) and the same for the other matrices. The notation introduced will also be
used later on when dealing with difference operators and the group Fourier transform.
Theorem 5.6. For all (I1,l2) € U'spinea) the three term recurrence relations

0 €a12)(0,5) = A€t 4 (@,9) AL + Bog -~ (q,5) B, (5.35a)
0 &011,1)(0,8) = A= €t 4(0:5) AL — B-§— - (a.5) B, (5.35D)
02 80,.02)(0:8) = Ap &t 14 (0:9) Al — B, €z (4:9) BT, (5.35¢)
T &) (@:8) = A€ 1 (0,8) AL + By - (a,9) B, (5.35d)
$16(11,1)(48) = C= &t = (4,8) CL + D_ & 1 (¢,5) DL, (5.35¢)
528(11,12)(48) = C- €t = (@,8) L — D_ € 1(¢,5) DY, (5.35f)
—528(1,.1)(4:8) = O § = (4:9) ¢l - Dy §um (@) D', (5.35g)
51600)(4:8) = Cy €t (0:8) OF + Dy €= 1(g,5) D (5.35h)
hold true, where we used the notation
l;':lj—&—l and 17 :lj—l, j=12. (5.36)
2 J 2

for the neighbouring weights in the weight lattice.
Proof. Theorem 4.3 together with the mixed product property (A ® B)(C' ® D) =
(AC) ® (BD) of the Kronecker product yields
01€(1,,12)(a:8) = 1€, 41, (0) ® &, 1, (5)
= (a-(h + 1) &1y @ a- (i +12)T) © 8,4, (5)
+ (b—(ll +12) &1, 41,-1(0) b (1 + 12)T) ® &, _1,(5)
= (a-(h +12) @1y —p41) (€1 41011(0) @ &1, _1,(5)) (a—(l +1o) T @ 1y —p11)
(0=l +12) @11y —1511) (€1, 40,-1(0) @ &, 1, (5)) (0= (L + 1) T @ L1y —iy41)
_ T T
=A_ f(lj’,l;’)(q’ s)A_ + B_ 5(11—712—)((], s)B_
(5.37)
and thus the first identity follows. The remaining identities are proved analogously.

Note that for the last four formulas the sum of the weights stays the same while the
difference is altered by +1. O

Ezxample 5.7. The matrix recurrence relations yield three term relations for coefficients.
We provide one example obtained by plugging in the definition of the matrices a+ and
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by from (4.2). It follows that

V- Li/er\/T — Li/p] €t i) (@5)ig
NIV,

r

q18(1,,15) (45 8)ij = (5.38)

)11’]20

withr=04 +ls+1landp=1; — o+ 1.

The next theorem provides second order recurrence relations following from
Theorem 5.6.
Corollary 5.8. For all (I1,12) € T'spinga) the following matriz recurrence relations
hold

0151 €13 1) (0, 8) = (a— (1 +12) @ a—(l1 — 12)) €y +1,00) (0, 8) (a— (I + I2) @ a—(Iy — l2))T
+ (a—(lh +12) @b_(l1 — 12)) €y 1a+1) (0, 8) (a— (L + I2) @ b_ (I — l2))T
+ (b=l 1) @ a— (I — 12)) €y p—1) (@ 8) (0—(l + 12) ® a_ (I — 1))
+ (bl + 1) @b_(ly = 12)) €, —1,5) (¢, 8) (- (I + 12) @ b_ (I — 12))T7
(5.39a)
G252 €011 1) (@, 8) = (a (1 +12) @ ac (I — 12)) €, 4105 (4 8) (as (h + 1) @ ag (I — 1))
—(a-(lh + 1) ®@b_(I1 = 12)) &y 1041) (5 8) (a4 (I +12) @D (11 — 12))T
— (b=l +12) @ as (I — 1)) €0 1) (4 8) (b3 (L + 12) @ @y (I — 1))
+ (-(h+12) @b (l = 12)) €1, —15) (4, 8) (by (4 12) @ b (lh — lz))T7

(5.39b)

G252 E(1,00)(0,5) = (aq- (I + 12) @ ag (I — 12)) €y 41,00) (@5 8) (a— (lh + 1) @ a_ (I — 12))T

— (a4 (lh +12) @by (Ih = 12)) &0 1041) (@5 8) (a— (I + 12) @ b_ (11 — 12))—r
— (b (b +12) @ ay (lh = 12)) €y 1,-1)(¢58) (0 (I + lo) @ a(h — 12))T
+ (bl +12) @by (= 12)) 1, —1,15) (4, 8) (b (I + 12) @ b (1 — 12))T,

(5.39¢)
_ T
7151 £ 100 (0, 8) = (ag- (I 4+ 12) @ ay (b — 12)) €1 +1,10) (05 8) (av (I + 1) ® ay (lh — 12))

+ (ay(lh +12) @ by (I — 12)) €y 1a41) (@, 9) (ag (n + 12) @ by (Iy — 12))—r
+ (b (h + o) @ ag (lh — 12)) €y 1a—1) (g, 8) (by (l + 12) © ay (I — 52))T
+ (b (b +12) @ by (I = 19))Eqty 100 (@, 8) (b (0 + L) @ by (1 — 1))

(5.39d)

where every expression out of domain is interpreted as zero.
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5.6 Differential relations for matrix coeflicients

The matrix coefficients of the Spin(4) representations can be generated using particular
first order differential operators. This is a consequence of Theorem 4.5, for which we
provide the details now. We use again a pair ¢ = (q1,¢2) € S* and s = (s1,52) € S? of
unit quaternions as coordinates for s = sw; + qw_ € Spin(4), cf. Section 5.

Definition 5.9. On Spin(4) we define the following first order differential operators

aq—&- = QZaql - 618527 8s+ = 52831 - §16§27
aQ* = _62861 + Chaq2, 887 = _§2851 + 818527
a;+ = _alaqz +§26q17 6:9r+ - _§1632 +§28517
Ol_ = q10, — 4205, Ol = 5105, — 5205,

These operators are complex linear combinations of rotational derivatives and,
moreover, are left or right invariant operators.

Let s,s0 € Spin(4) be given by s = swy + qw— and sy = Spwi + gow—_ with
q,5,q0,50 € S®. Then by the properties of the idempotents w4 it is easy to see that
the left translation on Spin(4) is given by sals = 505wt + Gpqw—, while the right
translation is given by ssg = ssg w4 + qqo w—. Consequently, left and right translations
for functions f(q, s) are given by

L(Qo,so)f(Q7 5) = f(q()q?§05)7 (540&)
R(gy,50)f(a,5) = f(aq0, 550) (5.40D)

in these coordinates. The following statement follows by direct calculation similar to
(4.21).

Theorem 5.10. The operators Oy+,0s+ are left invariant and the operators a;i, [“)Zi
are right invariant on Spin(4), that is,

Ligo,50) © Oqt = Ogzt © L(gy,50) Ligo.s0) © Ost = 05 © Ligq,50) (5.41a)
together with

Raq.50) © O = 04 © Riaguso)s Rian,sn) © 0l = 0l © Rigos0)- (5.41b)

We now determine derivatives of our representations. Using the matrix relations

(4.24a)-(4.24d) we can obtain the following differential relations.
Theorem 5.11. For all (I1,12) € U'spin(a)y the following identities

I +1
Oy €y (a,8) = (oh (= 5 2) @ Ty —141) €011 1) (€5 5) (5.42a)
1 +1
Ot €t 1) (@5 8) = €1 1) (@ 8) (0 ( ! 5 e Ly —t341), (5.42b)
1 —1
Oy €011 (@,8) = (Ittn 1 © 0k (F52))E001) (0, 5), (5.42c)

2
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i —1
as:l: §(l17l2)(q7 S) = §(l17l2)(q7 S) (Ill +lo+1 @ Gi(%)) (542d)

hold true with

l1+1 l1+1
L) = —0e(22) and L2 = o (P2). (5.43)

and for o1 given by (4.23).

Proof. We prove only the identity for (‘3; 1, the remaining ones are obtained analo-
gously. By using (5.33), (4.24¢), and the mixed-product property for the Kronecker
product, we obtain

q+§l1,12 q,s ( o+ &1, 41, (@ )®511 15(8)
= (0 ll —HQ )€1, (g )) ® &, 1, (5)
) l1+12 (5.44)
= (0 ) @1, - 12+1> (511+12(Q) ®511712(5)>
= (0 l1+l2 )L, - 12+1) §(11,12) (@5 9)-
O]

Ezample 5.12. On the level of matrix coefficients this allows to switch around between
different indices. We only give some formulas

Oy €anan (@ 9)iy = Vr—0% = [i/p] /]i/p] + 0% €4y10) (0 9)isp s (5.45)

Oyt €1100)(0:5)is = =1 — 6% = 1j/p] V13/P) + 6% €0400)(0:8)i g (5.46)
where r =l +lo+1,p=1; —lo+ 1,67 =1, 6 = 0, and every expression out of
domain is interpreted as zero.

Corollary 5.13. For all (I1,l2) € Ispin(a) the following relations hold

oL Ol (e 9) = (LT @0l (s, (5470
Ol 0l (a9 = (0L (S 0ol (S0 (@s),  (5.47)
00t Ors €1, (4:9) = Eu i (0:9) (04 (E2) 90 (P5R)), (5470
Og— Osx £, 1) (45 8) = €(1,.10) (@, 5)(0—(Z1 ;rlQ) ® Ui(ll g 12)) (5.474d)

for o1 and th given by (4.23).
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6 Calculus

6.1 Left invariant differential operators

The differential operators 0y+, Os1 appearing in the recurrence relations for matrix
coefficients allow to construct all left-invariant differential operators. To see this, we
first provide a basis for the space of left-invariant vector fields on Spin(4), i.e. for the
Lie algebra spin(4).

Note, that the differential operators 0,+ and 0,1+ are complex derivatives and
that on a formal level 97, = —d,-. To obtain elements of the Lie algebra, we form
combinations of them.

Definition 6.1. We define the left invariant differential operators

Dig = —5 (0 +0y1), Dy, = =3 (0 +01t) (6.1a)
1 1

Dog = 5(8q— — Og+), Dgs = 5(33— — 0s4) (6.1b)

Diy = D1y, Dag] = ~5[0p+:95-], Daw = DDl = —5[0. 0] (6.10)

Remark 6.2. The operators d,4 and O are sometimes called creation operators, while
the operators J,— and OJs_ are called annihilator operators (cf. [23, Remark 12.2.3.]
where the operators are denoted by 04 and 0_, and [28, p. 140] where the operators
are denoted by ﬁ+ and ﬁ_) It is also customary to define

1
90 = 5[8q+7 9q-] (6.2)

and denote this as the neutral operator. The operator D3, can thus be written as
D3y = —i040.
Proposition 6.3. The commutator relations hold

[quv D2q] = D3q7 [D2qa D3q] = quv [D3q7D1q] = ng, (6-33)
[D137 DQS] = D3S7 [Dst D3S] = Dlsa [D3S’ DlS] = D287 (63b)

together with [Dyq,D,s] for all p,v € {1,2,3}. Furthermore, the set {D,q,Dys | p,v =
1,2,3} forms an (orthonormal) basis of the Lie algebra spin(4).

Proof. The last identity follows from the direct product decomposition of Spin(4). For
the remaining identities we are concentrating on derivatives with respect to the compo-
nent ¢, the remaining ones are obtained similarly. The first commutator relation holds
by definition. For the second commutator relation we observe that by straightforward
calculation

[0+, 04-] = —q10q, + 4204, + 103, — T20g, (6.4)
such that

Ot (040411 = ~20, and [0, [0,+,0,-)] = 20, (6.5)
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Therefore, we obtain
i i
[ng, D3q] = _1([(‘%77 [anra qu]]_ [aq+7 [8q+»aqf]]) = _1(28q7+28q+) = qu (6‘6)
together with

1 1
[Dququ] = _[D1q7D3q] = Z([aqﬂ [5q+,3q,ﬂ+[({“)q+7 [8q+,aqf]]) = Z(2aq*_28q+) = DQq'

(6.7)
O
The Laplace—Beltrami operator £ on Spin(4) is given by
L =D}, + D3, + D3, + D3, + D3, + D3,
1 s oo (6.8)
= 75(6‘#&1_ + 04— 0g+ + 05405 + 05-0s4) — 959 — O5p-

If we denote by H(/2) the complex linear span of the matrix coefficients of §(11,02)5
HER) = span{s = &1, 1,)(8)ij 1 0 < 4,5 < d, 1y — 1}, (6.9)

the following theorem holds true.
Theorem 6.4. The space H112) is an eigenspace of L with eigenvalue

L+l +1+2)  (h—l)(i—l+2 13+20 +13
)\11712:_((1 D tlt2)  (h—b)h -l )):_1 1+l 640
4 4 2
Proof. This follows directly from (6.8) in combination with the formulas of
Theorem 4.5 for the matrix coefficients of the Spin(3)-representation. O

For later use we define

S — B +13
<€l17l2> =4y1- /\ll,lz =4/14+1+ L B 2 (611)

6.2 The group Fourier transform on Spin(4)

First, we introduce notation and recall some basic facts. Then the characterisations of
function spaces on Spin(4) follows from abstract arguments, as presented in [21] and
[23]. See also [16] for the relation between certain function spaces on direct products
of groups.
The group Fourier transform on Spin(4) is given in terms of all equivalence classes
of irreducible representations
vy (51 +aw-) = €707 (0) © €77 (s). (6.12)

2
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For an integrable function f € L!(Spin(4)) we define
Fltnt) = [ 7)€ (5)" ds (613)
Spin(4)

where we integrate with respect to the normalised Haar measure on the group Spin(4).
Note that by uniqueness of the Haar measure and by the direct product structure
Spin(4) ~ Spin(3) x Spin(3) the Haar measure on Spin(4) is also the tensor product
of the normalised Haar measures on both factors.

The Fourier transform maps L?(Spin(4)) unitarily onto a sequence space. For this

we define £2 := (2 (Sm)) to be the space of all sequences
(o FSpin(4) = (ll,lg) — O'(h,lg) S (Cd(ll’l?)Xd(ll’lQ) (614)

such that
lollzz= > duanllolin,b)lffs < oo (6.15)
(11,l2) €T spin(a)
This space is clearly a Hilbert space and we endow it with its natural inner product.
Now, Peter—-Weyl Theorem 2.1 implies

Theorem 6.5. The Fourier transform is unitary from L2(Spin(4)) to EQ(Sm)) with
mverse

~

f(S) = Z ll l2) ( (l17 l2)§(11,l2)(s>) (616)
(11,02) €T s pin(a)
and Plancherel identity

IflZ2spineay = D A £ 12) s (6.17)

(11,12)ETspin(a)

Remark 6.6. In the particular case f(swy +qw_) = f1(q)f2(s) with f; € L2(Spin(3)),
the Kronecker product representation of the Fourier coefficients

flrt) = [ ) € (o) ds

- / F(@) €70 () dg ® / R €O (s ds (6.18)
Spin(3) 2 Spin(3) 2

lh—1a
2

~ l1+lg

= h(=2) @ fal

).
in terms of the Spin(3) Fourier transforms imply

flowp+qu)= > (2my+1)tr (fi(my) €2 (g))

my € %No

XY (@ma+ 1)t (fa(ma) GO (s)).

TYLQE%NO

(6.19)
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Here we made use of tr(A ® B) = tr(A) tr(B) together with (5.34). This also allows
to split the Plancherel formula into a double sum

£ 2spimcay = D @mi+DIAm)lEs Y. (@ma+ 1) f2(ma)llfs  (6.20)

m1€3Ng ma€ 3No

based on the product formula ||A ® B|lus = ||Allus||B||lus for Hilbert-Schmidt norms.

The group Fourier transform extends naturally to distributions. The space
D'(Spin(4)) of distributions is the topological dual space of smooth functions
C®°(Spin(4)). As usual for a function f € L*(Spin(4)) and ¢ € C°>°(Spin(4)) we define
Ty € D'(Spin(4)) by

Trol= [ Fsel)ds (6.21)
Spin(4)
and use the same notation for the dual pairing between distributions and functions.

For a distribution T € D’/(Spin(4)) its Fourier transform 7 is defined by T(ly,1y) =
<Ta 52}1 12)>'

6.3 Function spaces

Sobolev spaces are characterised in terms of the Laplacian. Thus, for » € R the space
H"(Spin(4)) has the familiar characterisation

feH(Spin(4)) <= (=L)"f € L’(Spin(4)) <= (£(,1))" Fl1,12) € €(Spin(4))
(6.22)
in terms of the group Fourier transform. This allows to characterise spaces of smooth
functions and of distributions. In the following, we denote by s := s(Spin(4)) the space
of rapidly decaying matrix sequences

p: Tspin(a) — U Ccdxd (6.23)
d

such that the dimension of p(l1,l2) equals d(, 1,y = (l1 + 12 + 1)(ly —l2 + 1) and

sup  [lp(l, lo)|[us (€ 1)) < 00 (6.24)
(l1,12) €T spin(a)

for any number N. The particular choice of matrix norm does not matter due to
the polynomial growth of (£, ;,)) in the dimension d;, ;,). We also denote by &’ :=

—

s'(Spin(4)) the space of all such matrix sequences with

sup  [lp(lh, I2) s €ty 1)) < 00 (6.25)
(I1,12) €T spin(a)

for one number N. Both are equipped with their natural locally convex topology

arising from (6.24) and (6.25), respectively. Using this topology the spaces s and s’
are dual to each other.
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Theorem 6.7. The Fourier transform provides isomorphisms

1. F:C>(Spin(4)) — s
2. F:D'(Spin(4)) — ¢

and thus characterises smooth functions in terms of rapidly decaying sequences of
Fourier coefficients and distributions in terms of moderately growing sequences of
Fourier coefficients.

6.4 Differential and pseudo-differential operators on Spin(4)

In a next step we provide details on the differential and pseudo-differential calculus
on the group Spin(4).

6.4.1 Symbolic calculus of invariant operators

Now, we discuss the symbolic calculus for operators on Spin(4). We recall from
Section 2 that an operator A : O — D’ is said to be left-invariant if it commutes
with left translations, i.e. if Ao Lg, = Ls, 0 A for any sgp = qow+ + Sow— with L given
by (5.40a). Any such operator A can be expressed in terms of a left-symbol o4 in the
form of a Fourier multiplier

Afs) = > dyay tr(oalln,lo) Fl1,12) Euy 10 (S)). (6.26)

(11,12) €T spin(a)

Similarly, right invariant operators B : C* — D’ with B o Rg, = Rs, o B correspond

to right multiplication of the Fourier coefficients by a right-symbol a;rg

-~

Bf(s)= > duuy r(Fll, 1) oh (1) €, (9))- (6.27)

(11,12) €T spin(a)

It is important to distinguish between left and right-symbols here, right-invariant
operators also posses (variable coefficient) left-symbols.

In Table 1 and Table 2 we present symbols for some left-invariant respectively right-
invariant differential operators on Spin(4). The formulas for symbols are a consequence
of Theorem 5.11 and Corollary 5.13 and given in terms of o4 from (4.23) and with
0o = [o4,0_], Le. with o9(m/2);; = 2(m — 24)d;; for every m € Ng and 0 < 4,5 < m.

Mapping properties of left-invariant operators are characterised in terms of differ-
ence operators acting on their symbols. We recall the definition first before providing
properties of the difference operators of our choice. A difference operator A : s — &'
acting on moderate matrix sequences is defined in terms of a function ¢ € C'*°(Spin(4))
via Af = Ef using the group Fourier transform f of distributions f € D’ (Spin(4)). If
 vanishes to first order at the identity, we call A a first order difference operator.

There are different ways to construct first-order difference operators. At first glance
the concept of difference operators introduced in [8] seems to be a natural choice for
difference operators defined over tensor products of compact Lie groups, but it has
a major drawback. In general, arbitrary tensor products of representations are not
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left-invariant right-invariant
operator left symbol operator right symbol
1141 141
Oq+ o1(H52)® L, 1,41 o5 —ox(352)® T, 111
141 L1+l
8q0 oo(BE2)® Ty, 1511 350 —oo(ME2) ® Ty, 1511
11—l 11—l
Os+ Ly i1 ® 0 (F52) ol Ly t1p+1 ® o (F52)
l1—1 I1—1
90 Ly 1541 ® 00(H52) o, =l 41,41 ® 00(H52)
Table 1 Symbols for some left and right invariant first order differential
operators.
left-invariant right-invariant
operator left symbol operator right symbol

Oyt Oz | o4(B52) 0 02(952) || 01, 0L, | o-(AF2) @03 (H5)

1141 -1 141 -1
89— 05z | o (1FR)@ox(152) || 0] 0Ly | op(P52) ® ox(152)
Table 2 Symbols for some left and right invariant second order differential
operators.

irreducible and require another decomposition making the construction of an admis-
sible collection rather difficult. In the present case this approach leads to the same
difference operators which we introduce here in a more direct way.

We use particular difference operators related to the matrix entries of the represen-
tations & 11y As pointed out in [23] this construction leads to difference operators
satisfying a finite Leibniz rule. To fix notation, we collect them in Table 3.

difference operator | associated function difference operator | associated function
Ay w(g,s) =q1 —1 AT p(g,8) =s1—1
A" o(a:8) = g2 ALt ¢(q,5) = s2
AgT ©(g;8) = —q Al ©(g,8) = —32
Aq++ p(g,8) =g, — 1 ATt »(g,s8) =351 — 1

Table 3 Difference operators of order 1 for s = sw4 + qw— € Spin(4).

We recall the following result from [25]. We will use multi-index notation for dif-
ference operators and write A* = (A_ ")t - (AfT)* for a € Nj and formulate the
multiplier theorem [25, Theorem 3.5] for the particular case of Spin(4).

Theorem 6.8 (Multiplier theorem, [25]). Let A : C*°(Spin(4)) — D’(Spin(4)) be a
left-invariant operator on Spin(4) with left-symbol o4 satisfying

lloa(li,i2)]lop+ Z (5(11,12)>‘Q|HA0‘0A(11,lz)||op+<fll,lz>4Hz&0A(l1,12)||0p < C (6.28)
la|<3

with the particular second order difference & = AFT + Ay~ + AFT + A7™ €

difo(Sm)). Then A is bounded on LP(Spin(4)) for 1 < p < oo and of weak type
(1,1).
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Explicit formulas for the difference operators from Table 3 follow from the
recurrence relations given in Theorem 5.6.
Theorem 6.9. The difference operators of order 1 given in Table 3 are explicitly given

by
L+ 1o T - o
= Al ol ) Ax(y k)
Litls+2
li+1ls+1
AT o(ily) =l A = T o ) A IS
q ‘7(1’2)—m 1(172) 0(172) ﬂF(ug)
b2
li1+1ls+1

A;ti U(ll, lg)
(6.29a)
B (5, 155) o (67, 15) B (17, 15) = o, o),

(6.29b)
B (i, 13) To (1 ,13) B (1, 1),
1 —1 _ _ _
A;ti U(l1’l2) :éci(lf_’& )Tg(lf"l2 )Ci(l?_JQ )
i —lg+1
i —1la+2 _ _ _
+ == D (7,1 "o (U, 1) D (7, 1) — o(, o),
i1 —1ls+1
(6.29¢)
1 — s _ _ _
:mCi(lf—,ZQ )Tg(lfalz )Ci(lihlz )
-~ 1 —1la+2
[+1

A;‘::F O'(ll, 12)
(6.29d)
De(ly ) T o7, 135) D17, 1) .

Proof. We consider the first difference operator A ~. By using the first matrix
recurrence relation from Theorem 5.6 and the cyclic property of the trace, we obtain

af(s) = Z day iy tr (Fll1le) a1 € i)(s))

(11,12)ETspin(a)

= ST duyy tr (1) A—(lhb)f(llﬂl;)(S)A—(ll,lz)T)

(11,12)ETspin(a)

> du tr(F(l) Bo( 1) € - o (s) B- (I o))

(11,12) ETspin(a)

= > A= gz 0 (FUT 1) A (75 15) €10 () A7, 1) T)
(llwIQ)GFSpin(ﬁl)""(%v%)
+ Z d(lj‘,l;) tr(A(li‘_,l;_)B*(G‘_al;)g(h,lz)(s) B*(l?_al;_)—r)

(11,12) €T spin(a)—(3,3)
= Z d(l;’lz_) tr(A—(ll_aZQ_)T f(ll_vlQ_)A—(ll_le_)E(h,lz)(s))
(11,12) € spin(a)+(3,3)
+ Z d(ﬁ l+) tr( B,(l?_,l;—)—r f(l?_vl;_) B*(lf’l;—)f(ll,lz)(s))'

(l17l2)€FSpin(4)_(%7%)
(6.30)
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As for indices just outside I'gpin(4) the matrices Ay and B. vanish, the last sums can
be rewritten as sums over I'gpin(4). Making use of the identities

d(lf‘,l;") . lh+1+2

d,— -

(7)) b+l (6.31)

d(l1,l2) o ll + lQ + ].’

d(lhl‘z) - ll + l2 +1

and subtracting by o (l1, l2) we obtain the expression for A_~. The remaining formulas

are obtained similarly from Theorem 5.6.

Corollary 6.10. When o(l1,l2) = p(%) ®

O

7(8512) is of tensor product form, the

difference operators of order 1 given in Table 3 are explicitly given by

a1 o (128 o (axt ) (128 o (100, (6:322)
a1y o (Bl - atm ) W By () (o)
arep (o Wty Bty g (A (B2l (6
e e e e =
where
A1) = 52 s (217) o) 0w (217) + 2 b (21N Tp(F) b (21F) — pl0),
(6.33a)
A1) = 52 @ (207) o7 a(207) = 2 b (20F) pl) b (217)
(6.33D)

are the difference operators on Spin(3) given in terms of ax and by from Definition 4.2.
Corollary 6.11. A matriz sequence is of the form o(ly,ls) = p(AE2) @ 1), _y, 41 if
and only if

Ao = AFFo =0. (6.34)
Similarly, it is of the form o(l1,12) =1, 1,41 ® T(%) if and only if
ATFo=ATTo=0. (6.35)

In Table 4 we show the difference operators applied to the symbols of the elemen-
tary first order differential operators 0y, Osp, v, 1t € {0, 4, —} and the Laplacian £ on
the group. The table can be computed using Corollary 6.10 in combination with the
first columns of [23, Table 1], the symbol of the Laplacian is corrected here.

By construction, difference operators are mutually commuting operators. Differ-
ences acting on symbols of differential operators are best calculated using the Leibniz
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016(10 98¢+ | 994 9L . 9950 99.4 | 985 9L
Ag | 3l 0 0 —0o0 —3la || AT~ | Sla 0 0 —00. — 3la
AT 0 I, 0 —0o,_ AST 0 I 0 —oa,_
N 0 0 I, —00,, AT~ 0 0 I, —0o,.,
ATT ] =11, 0 0 Tog — 51 ATT [ -114 0 0 0o — 514

Table 4 Difference operators acting on some symbols.

rule for difference operators combined with Table 4. From [23] it follows that

Aflj(ar) = (Asz‘)T + U(AZjT) — Z (Azka)(A];jT), i,je{+, -} (6.36)
ke{+,—}

and similarly for A%. We show how to apply this to compute the difference operators
acting on the symbol of the partial Laplacians

1
Ls= —%(85+85,+85,85+)—8§0 and Ly= _5(3%&17"'8!1*3%)_830 (6.37)

and thus the Laplacian £. As oz, = (—3(040_ + 0_04) — 0d) ® L it follows that

—2A7 or, = (AT (0r0- +0_0p +207)) © 1ty —ip 1

= (@ oo +ou(@to )+ Y (AT (Ao )+

je{""v_}
+(A o Yo +o (Ao )+ Y (AYe ) (Ao )+
j€{+,*}
+ 2((A++0'0)0'0 + O'()(AJFJrO'Q + Z (A+j00)(Aj+Uo))) ® 1117124,1
j€{+,—}

(A0 )(A o)) +2((A% o0)on + o0(A Fon) + (A* o) (AT o)) ) @1

1
= (I 41,41 — 200 + §Ill+zz+1) @Iy —1p41
(6.38)

where we made use of ATTo, = 0 and AT 0y = 0 to simplify the expression. The

calculation for the remaining differences Ajztia[;q and A¥*o,_ is similar and due to
Afiagq = A;‘Eiogs = 0 the formulas for differences applied to o, follow.

6.4.2 Symbolic calculus of pseudodifferential operators

A continuous linear operator A mapping C°°(Spin(4)) to D’'(Spin(4)) can be charac-
terised by its matrix-valued full left-symbol

o4 Spin(4) X Tspineay 3 (8,11, 12) = 0a(s, 11, l2) € CHuri *dariz) (6.39)
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defined by

oa(s,l1,12) = &, 15)(8) (A&, 10)) (8)- (6.40)
By definition

~

Af(s) = S day tr(oa(s.hil2) f(ln 1) €y (9)) (6.41)

(11,12) €T spin(a)

holds true as D’-convergent series. For A and o4 related by (6.41) we write A =
Op(UA).

In [21], [23] the Hormander class U¥(G) of pseudo-differential operators of order
k on a compact Lie group G was characterised in terms of these full symbols, also
(p, §)-classes \I/k have been introduced there. We recall this and the resulting char-
acterisations of elhpt1c1ty and hypoellipticity of operators for the particular case of
Spin(4).

Adapted to the difference operators A%, o € N§, we find left-invariant differential
operators 9(®) of order |a| such that Taylor’s formula (2.11) and Theorem 2.5 hold
true. Although these differential operators play a crucial role for the calculus, we will
use a different set of differential operators for our purposes. We use the multi-index
notation

07 = (9q+)"(940)"(84-) (954)7*(0) (85— ), B € NG, (6.42)

and point out that 9% # 9(®) are different operators. However, 9(® is a complex linear
combination of 9% with 3| < |a.

Theorem 6.12 ([23, Theorems 2.2 and 2.6]). Let A be a linear continuous oper-
ator from C°(Spin(4)) to D’'(Spin(4)) with matriz-valued full symbol oa(s,l1,l2) €
Claran*dan) . Then A € WF(Spin(4)) if and only if

1A%0% oa(s, 11, 1)llop < Cap(€y 1)) ! (6.43)

for all multi-indices o and B uniformly in s € Spin(4) and (I1,12) € Tspin(a)-
Moreover, the rapid off-diagonal decay property of the symbol

1A% ga(s, 11, 12)i 4] < Capn (L4 10— )N (€))7 (6.44)

holds true uniformly in s € Spin(4), (I1,l2) € Tspingay and 0 < 4,5 < dq, 1,)-

In order to obtain symbolic estimates for the (multiplicative) inverse of a symbol
o = o(s,l1,lz) we will use the following result taking from [23]. It implies ellipticity
and also hypoellipticity of certain operators within the calculus.
Lemma 6.13 ([23, Lem. 4.5]). Let k > ko and 0 < 6 < p < 1. Let the matriz symbol
o(s,l1,12) satisfy the (p,0)-estimates of order k

1A0%0(5, I, 12)llop < Co s (Ety oy E=P1 01 (6.45)

for all multi-indices o and B and uniformly in s € Spin(4) and (I1,l2) € Tspin(a)-
Assume further that o(s,l1,l2) is invertible for all s € Spin(4) and (I1,l2) € Tspin(a)
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and satisfies
lo (s, 11, 12) " lop < C €y 000~ (6.46)
for all s € Spin(4) and (I1,12) € Tspin(ay and if kg < k in addition that
pin(4)

”U(Sv l17 l2)_1 (Aaaﬁa(sv llv 12)) HOP <C <§(l1,l2)>_p|a‘+6|ﬁ| (6-47)

for all s € Spin(4) and (I1,12) € Tspin(a)-

Then the symbol o= (s,l1,12) = o(s,l1,l2) ™! satisfies the (p,§)-estimates of order

—ko
18055 s, 11, Lo)llop < Chy 5 (€, 137) 00121015 (6.43)
for all multi-indices o and B and uniformly in s € Spin(4) and (l1,12) € Tspin(a)-

As consequence, one obtains combined with Theorem 2.5 and the standard con-
struction of parametrices within the calculus characterisations of ellipticity and local
hypoellipticity. We recall these theorems before giving examples on Spin(4) later on.
First we give a characterisation of the elliptic operators in W*(Spin(4)) in terms of
their global symbols.

Theorem 6.14. [23, Thm. 4.1] An operator A € U*(Spin(4)) is elliptic if and only
if its matriz valued symbol o A(s,l1,12) is invertible for all but finitely many (11,13) €
Lspin(a) and for all such (l1,12) satisfies

loxt (s, 11, 02) lop < C (Eaty 1)) ™" (6.49)

uniformly in s € Spin(4).

We say that a symbol o4 belongs to the symbol class Sﬁ’a(Spin(él)) if estimate

(6.45) holds true for all multi-indices «, 8 and uniformly in the remaining variables.
We recall the existence of parametrices for operators with such symbols under suitable
conditions on the multiplicative inverse of the symbol. It is again taken from [23]
and provides an analogue of the well-known hypoellipticity result of Hérmander [15],
requiring conditions on lower order terms of the symbol.
Theorem 6.15 ([23, Thm. 5.1.]). Let k > ko and 1 > p > § > 0. Let
A€ Op(Sf;yé(Spin(él))) be a pseudo-differential operator with the matriz-valued sym-
bol o4 = oa(s,ly,la) € Sﬁ’é(Spin(él)) which is invertible for all but finitely many
(I1,12) € Tspingay and satisfies for all such (ly,12)

loa(s,lisla) " lop < C €y ia)) " (6.50)
uniformly in s € Spin(4). Assume further that
1o (5,01, 12) (A%0% 0.a (5,11, 12)) lop < C (€1 1)) 7101 (6.51)
for all multi-indices « and 8, all s € Spin(4), and all but finitely many (11,12). Then
there exists an operator B € Op(S;g“O (Spin(4)) such that AB — I and BA — I map
D'(Spin(4)) to C*°(Spin(4)).
Consequently, A is locally hypoelliptic and

sing supp Au = singsuppu  for all u € D'(Spin(4)). (6.52)
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Note, that the parametrix B provided by this theorem satisfies the subelliptic
estimates ||Bf || g < || f]l gr+r0 with ko independent of r € R.

7 Examples

To conclude this paper we provide examples of operators on Spin(4) having interesting
ellipticity and hypoellipticity properties.

Ezample 7.1 (See [23, Example 5.2]). Consider the operator Dg,+c, with ¢ € C. Using
the identity D3, = —iaqo and the symbols given in Table 1, we have

2
i lh +1
Dy, +e(l1,12) = ¢ = S00( - 5 2) @11y —ta41
i (7.1)
—(1e—ta 1—2'5,) I,
([C 2( 1+l = 2))]0y (l1+l2+1)><(l1+l2+1)® hieletd

and this symbol is invertible for all (l1,l3)-representations if and only if ic ¢ $Z. The
inverse satisfies (Dsq +¢)~" € Op(SQ o(Spin(4))) since

A‘Z__O-(D3q+c)71 = U(ng-i-c—&-%)—la
A;+U(Dsq+c)71 = O(Dagte—i)-1s (7.2)

AT 70Dyt = AT 0Dy, 101 =0

together with

A;io'(Dg)quc)fl = A:+O—(D3q+c)*1 = Ajio'(D&erc)fl = A;+0—(D3q+c)7l =0 (7.3

by using Corollary 6.10. Therefore, the operators D34 4 ¢ satisfy subelliptic estimates
with loss of one derivative and are thus globally hypoelliptic.

Ezample 7.2. Any left-invariant vector field on Spin(4) can be conjugated by an inner
automorphism to a constant multiple of

X = D3q + x#Ds3s (74)

with parameter s € R. We investigate this in dependence of s. Considering the symbol
of the operator we obtain

li1+ 19
2

I — 1y
2

2iox(l1,12) = oo( ) @ Ly 41 + 22 Ly 1,11 ® 00 ( )s (7.5)

where 0o(2) = 1(m — 2j)8;; = diag(—2,—% +1,...,2 — 1,2). This matrix is

diagonal with entries given as sums

(l1+l2
2

—3) +(

— k) (7.6)
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for 0 < j <li+1lyand 0 < k < [y — lo. Both terms vanish for some admissible
k and [ if both I; + Iy and [; — Iy are even. Thus, there are always infinitely many
(I1,12) € Tgpin(a)y for which ox(l1,l2) is not invertible and none of the left-invariant
vector fields on Spin(4) can be globally hypoelliptic.

This is in contrast to tori T™, where hypoelliptic left-invariant vector fields are
known to exist, see [12] and [6]. In [17] a new notion of hypoellipticity was introduced.
We say that X is hypoelliptic modulo ker X, if for f € D’ with Xf € C°° we find an
element g € ker X such that f — g € C.

The vector field X is globally hypoelliptic modulo ker X if (and only if) s is irra-
tional and non-Liouville. Indeed, such a number 3¢ can only be approximated to finite
order by rationals (cf. [14, §11.7]) and hence

L+l I — 1l
— — >
(57 ) e (2 1) e

with constants ¢ and g for all (I1,12) € I'spinay and 0 < j <l +loand 0 <k <1y — 1o
such that (£ — j) 4 s(45%2 — k) # 0. The term in parantheses on the right hand
side is clearly bounded by (£, 1,)) and thus we obtain a lower bound on the symbol
by a multiple of (£, ;,)) ™. This implies the subelliptic estimate

1 — s H
|5k (7.7)

11+52_.
2

1f = gl (spin(a)) < ClIXS a1 (spin(ay). (7.8)

where the Fourier coefficients of g equal those of f on the zeros of ox and in turn the
global hypoellipticity modulo ker X follows.
Ezample 7.3. Next, we consider the (partial) Laplacians

Lg=0¢40q— + 0q-0g1 + 830 (7.9)

and
Lo = 05105 + 05 05y + 0% (7.10)
together with the Laplacian £ = £, 4+ £,. Their symbols are given by

(h+ 1)l +12+2) (h =) —1+2)

O-ﬁq (lla 12) = - 4 17 oL, (ll? l2) = 4 I
(7.11)
and 2 _—
2
or(ly,ls) = —%I (7.12)
(see also Theorem 6.4). While the latter one is elliptic, the symbols of the two partial
Laplacians £, and £, vanish for [; = —Iy and for [; = Iz, respectively.

Clearly any combination £,+ L, with s > 0 is elliptic. For sz < 0 the behaviour of
this operator depends on number theoretic properties of sz as the next example shows.
Ezxample 7.4. The ultra-hyperbolic operator

L, — Ly (7.13)
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with 2 > 0 is hypoelliptic for irrational non-Liouville numbers 3. To see this, we
consider its symbol

(ll —+ lz)(ll —+ lg + 2) — %(ll — 12)(11 — lQ + 2)
4

OLy—sc.(l1,l2) = — L (7.14)

This is clearly invertible for irrational s and (I1,13) # (0,0). Furthermore, if 5 is non-
Liouville we find a maximal approximation order and hence there is a number p such
that s can not be rationally approximated to this order (see e.g. [14, Chapter §11.4
und §11.7]) and hence there is a constant C' > 0 such that there are at most finitely
many couples (l1,l2) with 1 # I3 and

(lh+ 1)l + 15+ 2) 1
“ (h—=1l2)(lh =12 +2) < C((h — 1)l — o+ 2)) (7.15)

Thus, apart from those (I1,l2), it follows that
loz 'z (12 lop < AC(L —1)(h—1a42)"" < Cleui)®2, L 1Lz (7.16)

together with the estimate

_ 1
||O-L',ql—%£s (l,l)”op S m, ll = l2 = l 7é O (717)

Thus, the operator satisfies the subelliptic estimate

/]

Hr(spin(4)) < CllLqf — 5L fllmr+zu—2(spin(a)) (7.18)

between Sobolev spaces with loss of 2u derivatives. We leave it open whether the
parametrix to this operator is pseudodifferential in our calculus.
Ezample 7.5. We consider the following sub-Laplacian on Spin(4)

»Csub - D%q + ng + D%s + D%s + Dgs
1 (7.19)

= 5000y + 0y-0yp + 0oy D+ 0-0sy) — .

with symbol given by the diagonal matrix

Iy + 1y — 20)%2 — (202 + 414 + 212
Uﬁsub(llvb):(((l 2 ) 4( ! : 2) i QI —1541-
(I141l2+1)x (l1+1241)

(7.20)
As all the entries are non-zero, we conclude that the operator Lg, has trivial null
space. As symbol of a second order differential operator it belongs to the class
S?(Spin(4)) and thus satisfies the norm estimate

1A% 0z, (11, 12)llop < Ca (€13 00))% (7.21)
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for all multi-indices «. The operator is not elliptic, but it is subelliptic with loss of
one derivative. We are going to show this next by appealing to Theorem 6.14. The
pointwise inverse of the symbol satisfies the norm estimate

4
1 1
o 1, 0)|lop = <C 7.22
|| L‘,S“b( 1y 2)” 1% l% 211(2 ZQ) l% s <€(l11l2)> ( )

for all admissible (I;,l3) with C = /7 being the sharp constant. In particular, we
obtain the subelliptic estimate

Hf||H7'(Spin(4)) < C1||£subf||H’”*1(Spin(4)) (723)

for all Sobolev regularities r» € R.

The condition (6.51) of Theorem 6.14 is satisfied with p = § and for @ = 0 or
|a] > 2. Hence, it remains to check the case of first order differences. For this we use
A "or,, =AfTor,,, = —3la together with

ozt (1 1) [AF 0z (1 1) lop = llozl (11, 12) oo, (11, 12)][lop

AW+ 1, )
= <
Br2h2—l)+2 = C{€a112))

(7.24)

[N

and an analogous statement for Aq_"’. Concerning the differences in s we can make use
of the relations A~z = 0o, — 31a, A Tor,, =00, —31a, AT "0,

S sub

and A; o, = —0p,_ directly arising from the partial Laplacian.

= —009,4>
Hence, Lqy1, has a pseudo-differential parametrix Egub € Op(S’glo(Spin(zl))).

PR
Further examples can be constructed along the lines of [23, Section 5]. As proofs

are similar, we only provide the results.
Ezample 7.6. The following analogue of the heat operator on Spin(4)

H =D, — D}, — D3, — D, — D3, — D3, = D3, — Laup (7.25)

has a parametrix H € Op(S ;B(Spin(él))) and, consequently, it satisfies the sub-elliptic
estimate

| fllr (spin(ayy < ClHF {57~ (Spin(a)) (7.26)
for all Sobolev regularities r € R.
Ezxample 7.7. The operators

S+ = +iDay — Leub.- (7.27)

are analogues of the Schrédinger operator on Spin(4). These operators have non-trivial
distributions in their null-spaces and can thus be not hypoelliptic.

However, the operators Sy + ¢ with ¢ € C\ R are globally hypoelliptic.

Our last example shows a differential operator with non-constant coefficients which
cannot be written as tensor product of Spin(3) operators.
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Example 7.8. Let us consider the operator
A = a(s)(D7, + D3,) + b(s)(D3, + D3,) (7.28)
with a,b € C*°(Spin(4)) such that R(fa(s)) > ¢, > 0 and R(0b(s)) > ¢, > 0 for

all s € Spin(4) and for a fixed complex number § € C\ {0}. The full symbol of the
operator A can be written as the Kronecker sum

O'A(S, ll, lg) =CopD=0® 111_124_1 + Il1+l2+1 ® D (729)
with
52
4 4 (li+l2+1)x (I +l2+1) (7 30)
]y —94)2 _ _ ’
o (b(s) ((z1 b2 (-l b+ 2)) %) |
4 4 (llfl2+1)><(l1712+1)

Since R(fa) and R(0b) are both positive and (I —25)% —1(1+2) < —2l and 0 < j <1
and every [ € Ny, we conclude that the symbol is invertible for all s € Spin(4) and all
(I1,12) € T'spin(a) \ {(0,0)} with eigenvalues satisfying

R(OSpecoa(s,li,lz)) > R(Oa(s))(l1 + l2) + R(Ob(s)) (1 — I2), (7.31)

where Speco 4 denotes the spectrum of the matrix 4. As symbol of a second order
differential operator we also know that os € S%(Spin(4)) and it remains to ask for
symbolic properties of o'(s,l1,l2) for (I1,12) # (0,0). As the absolutely smallest
eigenvalue corresponds to the operator norm of the inverse, we observe

2
|Ca(ll + lQ) -+ Cb(ll — 12)|

loa(s, b, 12) ™ lop = < C 6wy (7.32)

for all (I1,l2) € T'gpincay \ {(0,0)}. Hence, condition (6.51) of Theorem 6.15 holds

with p = % and 0 = 0. Thus, the operator A has a pseudo-differential parametrix
Ab ¢ Op(SIlo(Spin(él))) and therefore satisfies the subelliptic estimate
PR
£l 22 (spinay) < CllASflmrs-1(spin(ay) (7.33)
for all s € R.
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A

We comment on some choices of bases used in this paper and their relation to the
irreducible representations constructed here.

A.1 Representations of S® and identification of C? with H

The representations of the quaternionic unit sphere S* C H quoted from [13] fix
an isomorphism between S* and SU(2). This choice is reflected in our identification
between H and C2.

A.2 Representations of Spin(3) and the identification of ]R{a:?,
with C? and H

The representation with weight () fixes an isomorphism of Spin(3) and SU(2). This
is made explicit by the choice of isomorphism between R;;O and C? and thus also
between RF, and H.

A.3 Representations of Spin(4) and choice of bases for the
spin modules Sf

The representation (4, 1) specifies the choice of the basis for S; such that the left
multiplication with spinors on Sj is given in this basis by the SU(2) representation
of Spin(3).

The (1,0) representation of Spin(4) gives an embedding of Spin(4) into unitary
4 x 4 matrices or better into unitary linear maps on C2®C? and thus H®H. Fixing the
form of the (1,0) representation specifies an isomorphism between the even Clifford
algebra Rg’ , and H ® H and gives thus an identification of basis elements.

Our choice was based on the identification of the representations (1,0) = (3, 3) ®

(%7 _%)
A.4 Fixing the bases in representation spaces

The bases in the spin modules #H;(R3) and M;(R3) were done in such a way that
the neutral differential operator dy is represented by a diagonal matrix. Similarly for
H 1, 10)(R*) and My, 1,)(R*) and the neutral operator 9,0 ® 9s.0.

A.5 Choice of difference operators

The choice of the admissible selection of difference operators on Spin(3) and on Spin(4)
is based on the matrix coefficients of the root representations. For Spin(3) this is
the (3)-representation and for Spin(4) the representations to weights (3,=+3). This is
compatible with the choices in [23] and [25].
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