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Abstract This work addresses loss characteristics associated to busy-periods of regular
and nonpreemptive oscillating M* /G /1/n systems. By taking advantage of the Markov
regenerative structure of the number of customers in the system and resorting to results on
moments of compound mixed Poisson distributions, it proposes a fast and easy to implement
recursive procedure to compute integer moments of the number of customers lost in busy-
periods initiated with multiple customers in the system.
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1 Introduction

The goal of this paper is to compute integer moments for the number of customers lost
during busy-periods of regular and nonpreemptive oscillating M /G/1/n systems. These
are queueing systems at which customers arrive in batches according to a compound Poisson
process with rate A. The sequences of batch sizes and batch interarrival times are independent,
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and the systems have finite capacity n, including the customer in service—if any. The batch
sizes, X1, X2, ..., are independent and identically distributed to a random variable X having
probability mass function ( f;);en, , with finite mean f,whereN, = {1, 2,3, ...}. The partial
blocking customer acceptance policy is considered (see, e.g., Laxmi and Gupta 2000), so that
the batches which upon arrival are unable to find enough space in the buffer to accommodate
all the customers of the batch are partially rejected. Specifically, if a batch of size [ arrives and
finds i customers in the system, then the first min(/, n — i) customers of the batch enter the
system and the remaining customers of the batch (if any) are blocked. Customers accepted in
the system are served by a single server, in a first come first served manner. In contrast with
the regular queueing systems, in the oscillating queueing systems customer service times are
not independent of each other, depending on the evolution of the number of customers in the
system, with impact on the service characteristics, as described below.

Due to the importance of customer losses for the analysis of queueing systems, customer
loss characteristics in finite capacity Markovian arrival queues have been addressed in several
works, including Abramov (1997, 2011), Al Hanbali and Boxma (2010), Ferreiraetal. (2013),
Pacheco and Ribeiro (2006, 2008), Pekoz (1999), Pekoz et al. (2003), Righter (1999), Wolff
(2002). Their analysis during busy-period cycles, i.e., during effective system utilization
periods, is relevant from the operator’s point of view, providing crucial information for the
management of congested systems. In this respect, Abramov (1997), Wolff (2002), and Pekoz
et al. (2003) showed that, in MX/G/1/n queues with unitary traffic intensity (o = 1), the
mean number of customers lost during a busy-period initiated with i customers in the system
is i (invariant with n). In addition, case p < 1 (p > 1), the mean number of customers lost
in such busy-period is smaller (greater) than i, being a decreasing (increasing) function of n,
for n > 1. The mean invariance property does not extends to general arrival processes with
unitary traffic intensity. In particular, Pekoz et al. (2003) showed that,ina GI /M /1/n system,
if the mean number of losses in a busy-period initiated with a single customer is unitary and
invariant on the system capacity, then the system must be a M /M /1/n queue with p = 1.
Moments of higher order for the number of customers lost in busy-periods of M /G /1/n and
GI/M/1/n systems were derived in Pek6z (1999). Righter (1999) showed that customer loss
probabilities in busy-periods initiated with a single customer in a M/G/1/1 system could
be used to recursively compute the mean number of losses in busy-periods of M/G/1/m
systems, m > 1, all with the same parameters except the queue capacity. Pacheco and Ribeiro
(2006, 2008) recursively compute the probability of consecutive losses in busy-periods of
G1/M(m)//n and regular and oscillating M* / G/1/n queueing systems. Recently, Ferreira
et al. (2013) evaluated the probability mass function of the number of losses in busy-periods
of MX/G/1/n queues.

Inregular MX /G /1/n systems, customer service times are independent random variables,
identically distributed to a random variable S4 having (general) distribution function A(-)
with mean 1!, and are independent of the compound Poisson customer arrival process. By
contrast, in oscillating systems the distribution of customer service times depends on the
evolution of the number of customers in the system. This evolution determines the operating
phase, 1 or 2, of the system at each time instant, according to crossings of two barriers: a
lower barrier a and an upper barrier b, with 0 < a < b < n. In particular, when the system is
empty it is (operating) under phase 1, and when the system is in phase 1 it remains in phase 1
until the number of customers in the system reaches or goes above the upper barrier b. After
that instant, and once the customer in service ends being served, the service is upgraded (in a
nonpreemptive manner) changing to operating phase 2. The system then remains in phase 2
until the subsequent moment at which the number of customers in the system falls to or below
the lower barrier a. After that instant, the service is downgraded in a nonpreemptive manner,
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changing again to operating phase 1. Service times initiated in phase 1 have duration Sy,
with distribution function A and mean ufl, and services initiated in phase 2 have duration
S4, with distribution function A, and mean ., ! usually smaller than //Ll_l. In this paper,
we denote by M*/G1—-G»/1/n system, with n = (n, a, b), the oscillating systems with the
barriers a and b.

Oscillating systems with one or more barriers are found in the queueing literature. We refer,
e.g., to Choi and Choi (1996) and Choi et al. (1999) that propose the use of oscillating systems
with a single barrier (threshold) to analyse cell-discarding schemes for voice packets in ATM
networks, by allowing dropping of low-priority (less significant) bits of information during
congestion periods. Sriram et al. (1991) modeled a cell discarding scheme as a M* /D
D> /1/(n, b — 1, b) system with D denoting a deterministic distribution. Oscillating systems
with two barriers, in which a hysteresis (retardation) in service type changes is proposed
to avoid costly oscillations around a single threshold, are considered, e.g., in Bratiychuk
and Chydzinski (2003), Chydzinski (2002, 2004), and Federgruen and Tijms (1980). We
stress that other queueing models identified in the literature as queueing systems with state
dependent parameters (cf. Dshalalow 1997) can be modeled as oscillating systems; see, for
instance, Bahary and Kolesar (1972). Similar in the spirit of improving the cost/performance
ratio of a system, reacting to changes in workload through the use of thresholds, oscillating
systems differ from threshold queues with hysteresis (see, e.g., Golubchik and Lui 2002;
Sriram and Lucantoni 1989; Yadin and Naor 1967, and references therein) in the fact that
they maintain a single server, although with changing service time distributions.

In the paper, we propose to investigate moments of the number of customers lost in
busy-periods of regular and nonpreemptive oscillating queueing systems. We consider multi
busy-periods, i.e., busy-periods initiated with multiple customers in the system. Specifically,
by a busy-period initiated by i customers we mean the period of time that starts at an arrival
instant that makes the system stay with i customers, and ends at the first subsequent time at
which the system becomes empty, with a customer initiating service after the arrival instant.
This definition is in line with that of remaining busy-period from state i given in Harris
(1971), of residual busy-period provided in Al Hanbali (2011), and of busy-period initiated
with i customers considered in Pekoz et al. (2003).

To our knowledge, apart the particular cases of queues with single arrivals (M/G/1/n
and GI/M/1/n) and queues with unitary traffic intensity (p = 1), no formulas are available
in the literature to compute moments of the mean number of customers lost in busy-periods
of regular or oscillating MX/G/1/n systems. The main contribution of this work goes in
this direction, providing an efficient recursive procedure to compute integer moments for
the number of customers lost during busy-periods initiated by multiple customers in regular
MX /G /1/n and nonpreemptive oscillating MX /G1-G2/1/n queueing systems.

The remainder of the paper is organized as follows. In Sect. 2 we address the recursive
computation of the moments of the number of customers lost in multi busy-periods of regular
MX/G/1/n systems, and in Sect. 3 we extend the results of Sect. 2 to nonpreemptive
oscillating MX /G1—-G/1/n systems. Finally, we illustrate our results by means of some
numerical examples in Sect. 4 and draw some conclusions in Sect. 5.

2 Moments of losses in a busy-period of regular systems

In this section, we propose a general procedure for the recursive evaluation of the moments
of the number of customers lost in i-busy-periods of regular MX /G/1/n systems that does
not require the computation of the loss probabilities in busy-periods.
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We let L;") denote the number of customers lost during a busy-period initiated with i
customers in the system. Due to the Markov regenerative property of MX /G /1/n systems

at service completion epochs, Ll(") satisfies (c.f. Ferreira et al. 2013)
LML VeL™ 1<i<n )

where < denotes equality in distribution, @ denotes the sum of independent random variables,
and L(()m) = 0. As a consequence, the number of losses in an i-busy-period of an MX /G /1/n
system can be expressed as a direct function of the distribution of the number of customers
lost in 1-busy-periods of M* /G /1/m systems with smaller or equal system capacity, namely
n+1—i <m < n, but otherwise with the same parameters as the former system,

n

) d (m)
"= P L.

m=n+1—i

Denoting by C4 the number of customers that arrive to the system during a customer
service time with distribution A, the distribution of the number of customers lost in 1-busy-
periods of M* /G /1/n systems conditional to the number of customers that arrive to the
system during the service of the customer that initiates that 1-busy-period verifies

0 1=0
L"icy=n< L™ l<l<n—1, forn>1. )
I—(n—1D+L™ I>n

n—1

From the total probability law, it immediately follows that the kth moment of the number of
losses in a 1-busy-period of an M* /G /1/n system is such that

. [(Lgm)k} _ Er,m) E [(L,W)k} +3 AR [(1 —-+ Li’fl)k], 3
- I=n

with r;(A) = P(C4 =) and k € N;. This enables us to propose the following recursive
procedure to compute integer moments for the number of customers lost in i-busy-periods
of MX/G/1/n systems.

Theorem 1 The integer moments of the number of customers lost in i-busy-periods of
MX /G /1/n systems are such that, for k € N,

E [(L}”)k] =u[c}] “

and, forn > 2,
k . j
(n) 1 (n,k) k—1 (k\~n(k—Jj) (n)
2| (1) ] = o (S ol + S O | (12)']) o

E [(Lf”))k] =3, (O)E [(LE’i‘l”)k_j]E [(Li"))’}, =2 ©)

where
P d;fg(7)E[(Lgp;n)u—’}E[(Lgm)f] o
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with L(()p) =0, and

q . r
WY S nia-pr=> (j)(—l)q‘qu" [E [ci]- Zl"rz(A)} . (8)
=0

I=p+1 j=0

Proof We start by noting that statement (4) trivially follows from the fact that LE]) ic As

while (6) follows directly from (1) and the fact that the binomial formula along with the
linearity of the expected value operator imply that,

E[wev)]= Zk: (IS‘) E[v"]E[v] ©)

forindependentrandom variables U and V. For the expression for the computation of T,gq) (A)
in the last part of (8) it suffices to note that, for p, g € Ny,

A= > ni-pl=> n(A)Z( )( Pl

I=p+1 [=p+1

q

Z( )( Py D n(A) - Zlfn(A)
=0 >0

ZO( )( DT p [ [ci]- Zl’rz(A)}

Additionally, from (1), (3), (6), and (9), it follows that, for k € N,

[(Lm))] Zrl(A)Z<) [(LEZIIJ)k‘f}E[(L§n>)¢]
+Zn(A)Z( )(l—(n—l))" ’Z( ) [(Lffi;l))jii]E[(Lﬁn))i]

I>n
Finally, the statement (5) follows, by taking into account (7)—(8), after separating in the

previous equation the terms for which j = k and i = k containing IE[(L(I"))"], and isolating
them in the first member of the equation. O

We note that for M /G /1/n systems the mean number of losses in 1-busy-periods obtained
in Eq. (5) agrees with the following result previously derived in Pekoz (1999):

. 1 n—1 "
]E[Lﬁ)]zm mzzzE[Lg T > nw+ X n@wa-o-n

I>n+1—m I>n

To compute the probability that exactly / customers arrive during a customer service time,
ri(A) = P(C4 = 1), wenote that C4 = Z,NZI X;, with N denoting the number of customer
batches that arrive to the system during a customer service time. Due to the compound Poisson
structure of the batch arrival process, N has a mixed-Poisson (MP) probability mass function
with rate A and mixing distribution function A(-),

aj (A EPIN=j) = /0 —“(A;) A(dr), jeNy=1{0,1,2,...}.
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In addition, conditioning on the number of batches that arrive during an interval of length
t, the probability that a total of / customers arrive during such period is given by

l

Bi(t) = P(Ca=11Sx =)= > P(Cx =IIN = )P(N = j|Sx =1)
j=0

I .
— Ze—kt ()"[)j fl(]) (10)

where fl(j ) denotes the probability that the total number of customers in j customer batches

isequal to /, i.e.,

-1
0 i i—1
fl( ) — 8()], and fl(]) — z fl(J ).fl—i (l])
i=j—1
forj e Nyand/! = j, j + 1, ..., where §;; is the Kronecker delta function, i.e., §;; = 1 if
i = [ and §;; = 0 otherwise. Therefore, the probability that exactly / customers arrive during
a customer service time is given by the compound mixed-Poisson (CMP) probabilities

71(A) = P(Cp = 1) =/ B AWD =D aj(A) £, 1 eN. (12)

0 im0
In general, it is not possible to get simple closed form expressions for the MP and CMP
probabilities (; (A) and r;(A)). Nevertheless, for a large range of mixing distributions (e.g.,
gamma, beta, Pareto, shifted Pareto, and generalized Pareto mixing distributions, among
others) this task constitutes no problem as such probabilities can be computed in a fast stable
recursive way. In this respect, Willmot (1993) proposed a general method for the derivation

of simple recursive formulas for the evaluation of MP probabilities, fttU ‘37!’1 A(dr),l €
Ny, provided that the probability density function a(-) associated with A(-), defined on
(tL,tv), 0 < tp <ty < oo, belongstothe class W (m) of absolutely continuous distributions,

i.e., verifies:

(i) for0 <t; <ty < o0,
A(tp) =0and A(ty) = 1;

(i) fortp <t <ty, )
dloga(t)  2j—onjt’ ()
dr ST Uit )
for some polynomials 1(¢) and v (¢) with coefficients n; and v¥;, j = 0, 1, ..., m, respec-
tively, where at least one of these two polynomials has degree m > 0. It is understood that
at least one of 1, and 1, is different from zero, and the numerator and the denominator in
(13) are allowed to have common factors. General recursive procedures for the evaluation of
CMP probabilities can be found in Willmot (1993) for the case of A € W(1), and in Wang
and Sobrero (1994) and Hesselager (1996) for the A € W (m) general case. We note that
there is an abundant literature on MP and CMP topics, for which Grandell (1997) offers a
good synthesis and references.

Next, based on the Chadjiconstantinidis and Antzoulakos (2002) results for the compu-
tation of moments of CMP distributions associated to mixing distributions on W (m), we
address in Lemma 1 the computation of integer moments of C. Borrowing their notation, we
consider the auxiliary functions

13)
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o
Hj(k)=/ t~'1E[c’;,|SA=t] AWdD), j=0,1,....m and k>0 (14
I3

L

recalling that,

E [cﬂgm - t] = > kB (15)
=0

Noting that, for k > 1, the conditional moment of order k of the CMP distribution of C
satisfies the recursion (c.f. De Pril 1986)

k—1
k—1
E [CZISA = t] - Z( )M E[X”‘]E[C’;;S—HSA = z] (16)
s=0 §
we can now assert the following recursive scheme to compute
E[Ch]=Hotw, kemo. (17)

Lemmal For m > 0, the functions {Hy(k), Hi(k), ..., Hy(k)},k > 0, and hence the
moments E [Cﬁ] = Hy(k) of the CMP distribution C 4, in the case where the mixing density
a(-) belongs to W (m), can be evaluated recursively as follows.

As

HiO=E[s}]. j=0.1.....m

it holds that, for j =0,1,...,m — 1l and k > 1,

k—1
k—1
H; (k) =AZ( ] )IE[XH'I]HjH(k—s— 1 (18)
s=0
and, for n, # 0and k > 0,
m—1
N Hon (k) = Vi, (k) = Vi, (k) = D~ [G+ D + ;] Hjk)

Jj=0

m k
k

— 2 Y 2 (S)E[Xs] Hjk —s) (19)

Jj=0 s=1

whereas, for n, = 0 and k > 0,

E[X] [m—1 + (m +k + D | AHy (k) = Vi (k + 1) = Vi, (k + 1)

m—2 m—1 k+1 k+1

_ Z [(j + Drj +nj]Hj(k+ 1) — ZWJZ( s )E[xf]yj(k—er 1)
j=0 j=0 s=1
A k k+1

— D E[X|Hyk —s+1)2 [(nm_l +mwm)(s B 1) - wm( ) )] (20)
s=2

where, for k > 0,
Vi (k) =E[C§|SA =z] an) >y, 1)
j=0
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ALGORITHM 1
Input: n, A\, m, K, (fi)i<i<cn—1, E[X"Dics<ryi, ton, tu, (at))i=tp .ty
(5, %5)o<j<m, (B [534] Jo<j<m (@ (A))o<i<n—1
Forl=0,1,...,n—1
For j=0,1,...,1
Compute fl(]) using (11)
Compute r;(A) using (12)
For j=0,1,...,m
H;(0) =E [sﬂ
Compute Vi, (1) and Vi, (1) using (16) and (21)
Fork=1,...,. K
Forj=0,1,...,m—1
Compute H;(k) using (18)
Compute Vi, (k+ 1) and Vi, (k + 1) using (16) and (21)
Compute Hyy, (k) from (19) or (20) depending wether 7y, # 0 or nm, = 0, respectively
E {(Lﬁ”)k} .= Ho(k) (from (4) and (17))
Forp=2,3,...,n
Compute Téﬁ)l (A) using (8)
Forl=1,...,p—1
Compute 45l<p’k> using (7)
Compute E [(L(lp))k] using (5)
Fori=2,...,p
Compute E [(Ll(p))k] using (6)

Output: (IEI [(LE"))I@D

1<i<n, 1<k<K

Fig. 1 Algorithm to compute the moments of the number of customers lost in busy-periods of MX /G /1/n
systems

The proof follows as that of Theorem 2.1 from Chadjiconstantinidis and Antzoulakos
(2002) and will thus be omitted. Capitalizing on the previous recursive schemes, Algorithm 1
in Fig. 1 can be used to compute the kth moments of the number of customers lost in i-busy-
periods of MX /G/1/n systems with service time S4 having distribution A € W (m),

S

forl <i<nandl <k <K, given afixed K € Ny.

3 Moments of losses in a busy-period of oscillating systems

In this section, we address the recursive evaluation of the moments of the number of customers
lost in multi busy-periods of MX /G -G, /1/n systems withn = (n, a, b).

As mentioned, in the oscillating systems with lower barrier a and upper barrier b, service
times oscillate between two forms depending on the evolution of the number of customers in
the system. In particular, if the system is empty it is under (operating) phase 1, and it remains
in phase 1 until the subsequent moment at which the number of customers in the system
reaches or goes above the upper barrier b. After that instant, the service is upgraded in a
nonpreemptive manner, changing to operating phase 2. The system then remains in phase 2
until the subsequent moment at which the number of customers in the system falls to or below
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the lower barrier a. After that instant, the service is downgraded in a nonpreemptive manner,
changing to operating phase 1. Services initiated in phase 1 have duration with distribution
function A1, and services initiated in phase 2 have duration with distribution function A5.

In what follows we admit that the distribution functions A, ¢ = 1, 2, belong to the class
W (my), so that for some 0 < t1, < tyy < 00, Ay(try) = 0 and Ay(tyy) = 1, and, for
ILgq <t= tug,

dlogag () 2jlong
dr Z;@o Yy it
The M* /G1-G,/1/n state process is modelled by the continuous-time bivariate process
X = (X(1))=0 = (X1(1), X2(2))r>0, where X (¢) denotes the number of customers in the

system at time 7 and X»(¢) denotes the phase of the system (i.e., the phase the system is
operating under) at time 7. We note that X is a Markov regenerative process with state space

E"={(01):0<i<b-1}U{(,2):a+1<i<n}

associated to the renewal sequence of customer post-departure epochs.

Similarly to the regular systems, we let L?i P denote the number of customers lost in an

(i, j)-busy-period of the MX / G|-G>/1/n system, i.e., a busy-period initiated in state (i, j)
with a customer initiating service at that instant and finishing at the subsequent instant at
which the system becomes empty.

Next, we address the computation of moments of the number of customers lost in busy-
periods of MX/G1-G,/1/(n, a, b) systems, starting by the cases where the lower barrier a
is equal to zero, MX /G1-G»/1/(n, 0, b) systems.

We start by noting that, in a MX/G1-G,/1/(n, 0, b) system, when a busy-period starts
with the system operating in phase 2, the system remains in phase 2 during the entire busy-
period and its duration does not depend on the upper barrier, b. As a consequence, and taking
into account that an MX/G1—-G»/1/(n,0, 1) system behaves as a regular MX/G»/1/n
system,

@
with Ll(") denoting the number of customers lost during an i-busy-period of a regular system
with service time distribution A5.

In addition, when a busy-period starts with the system operating in phase 1, the distribution
of the number of customers lost in an (i, 1)-busy-period of the MX/G1-G>/1/(n, 0, b)
system, with 1 <i < b — 1, given the number of customer arrivals during the service time
of the customer that initiates the busy-period, Cy,, verifies:

(n,0,b) .
" ; L(Hé‘zl,l) 0<l<b-—i
(LGP 1Ca =0= LGS ) b—i<l<n—i. (23)

. ,0,b .
l_(”_’)_"LEZ—I,%) [l>n—i

We are now in position to compute the moments of the number of customers lost in (i, j)-
busy-periods of MX/G1-G»/1/(n, 0, b), with b > 1.

Theorem 2 The moments of the number of customers lost in (i, j)-busy-periods of MX ] G1—
G2 /1/(n, 0, b) systems with b > 1, are such that, for k € N4,

k k
.0.6) ,0.1)
E[(L(jfz) ) ]:E[(L(Zz) ) } (24)
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for1 <i <n,and
(n,0,b) k (k) (k) E(gk)
E[(Laflf ) ]=§i RG] (25)
0

for1 <i <b-—1,with S;Sk,)] =0and r,:li)l =1, and

k b—i—1 k .
w &0 angl_ — b

£ _ (26)
il ro(Ap)
*)  b—iel *)
& L~ =1 n(ADTL
t® = 27)
ro(Ar)
where
- w0t VT L () et 1.0.5) \*
. n,0, ) n,u,
cik = rz(Al)lE[(L(H,-_LZ)) }+Z(S)rn_,. ApE[(Len)] @9
I=b—i s=0

with Y7 (A1) as defined in (8).

Proof We begin the proof by noting that statement (24) trivially follows from (22). From
(23), the total probability law leads to

bi—1
k k k

(n,0,b) (n,0,b) (n,0,b)
E[(L(?,l) ) } =ro(ADE [(L(?—Ll)) :|+ Z r(ApDE |:<L(;’+i—1,l)) ]

=1
n—i k
(1.0,b)
+ Z r1(AE |:(L(l+i71,2)) }
I1=b—i

> nAE[C— -+ L0 )]
I>n—i+1

for 1 <i < b — 1. Thus, using (8) and (9), we get
AnE | (@00 Kl g | (000 k - AnE | (1000 k
ro(A1) (i-1,1) = (i,1) - Z ri(Ar) (I+i—1,1)
=1
n—i b k
- 3 e | (£i) |

I=b—i
R »\*
(k—s) (n,0,b)
S ()]
s=0

which asserts that the moments of the number of customers lost in (i — 1, 1)-busy-periods
can be computed recursively from moments of the number of customers lost in busy-periods
initiated with i or more customers in system. After some algebraic manipulation, this implies

k
that we may write E [(L("'O’b) ) ] in the form

b 1

1)
gl (L 0on Kl w O | (005 k 29
(.1 =&+ (b-1,1) 29)
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ALGORITHM 2
Input: n, A, K, b, (fi)i<i<n—1, (E[X®])1<s<K+1
Input (for q=1,2): my, lrg, tugs aq(tLq)7 all(th)7 (nq,jqu,j)ogjgmq»
(E[S%, Do<j<my» (a1(Ag))o<i<n—1
Fork:l,...,K
Fori=1,...
Compute IE[(LE:L 0) 1)) | using Algorithm 1 with service time distribution Az

E[(L{ ) ")E] = E[(L{ )]

k k
€)= (0,1)
Forj=b—-1,b—2,...,1

Compute (5““)1, J( )1) using (26)—(28)
Compute E[(LE” 0, b)) ] using (25)

Output: (& (L) b)) ]>(z‘,j)eE(”»0"’), -

Fig. 2 Algorithm to compute moments of the number of customers lost in busy-periods of MX /G-
G2/1/(n, 0, b) systems

satisfying the backward Egs. (26)—(27). Choosing élgk) = 0 and r(k) = 1, we get
B[O ] = EO(M using the factthat0 = E [ (L (1" = &+ B [ {01 ]
This, in turn, leads to (25) in view of (29). O

Based in Theorem 2, we propose the use of Algorithm 2 in Fig. 2 to recursively compute
the moments of the number of customers lost in busy-periods of M*X/G-G»/1/(n, 0, b)
systems.

For the computation of the moments of the number of customers lost in (i, j)-busy-
periods of MX/G1-G2/1/(n, a, b) systems, with a > 0, we start by noting that an
MX/G1-G2/1/(n,n — 1,n) system always operates in phase 1, thus behaving as a reg-
ular MX /G /1/n system with customer service time distribution A1. In such case,

]E[(Lg‘l") ) ] E[(Lf’”)k], keNy

as LE? 1") tm 4 L(”) with ng") denoting the number of customers lost during an i-busy-

period of an M* /G /1/n regular system.

Now, to address the computation of (E[(LEZ’;l)’b))k])l({ij;;E,, for MX/G1-G2/1/(n, a, b)
systems, with 0 < a < n — 1, we resort to the Markov regenerative structure of oscillating
systems in order to relate the number of customers lost during an (7, j)-busy-period, in
systems with fixed capacity and barriers, with busy-periods of systems with smaller or equal
capacity and barriers, and initiated with fewer customers.

In fact, supposing that we take out of consideration one of the customers initially present
in the MX /G1-G»/1/n system and assuming that such a customer will start being served
only when being alone in the system, the Markov regenerative property guarantees that in
any (i, j)-busy-period starting at time zero ({X (0) = (7, j), X(07) # (i, j)}, with i > 1)
the time the system takes to reach state (1, 1)—from state (i, j)—has the same distribution
as the duration of an (i — 1, j)-busy-period of an M*/G1-G»/1/n — 1, wheren — 1 =
(n—1,a—1,b—1). As a consequence, for (i, j) € E"and0 <a <n — 1,

4 rn—1
LG j = L “1Lpy @ Lty (30)
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with LI(IO,I) = 0. Thus, letting 1 = (1, 1, 1), it simply follows by induction that, for / <
min(i, a),

-1
d -1 —ml
Lt jy = LG [@ L ] G
m=0

This asserts that the number of customers lost in an (i, j)-busy-period of an MX /G -G2/1/n
system, 1 < a < i, may be expressed as the sum of the number of customers lostina (i —a, j)-
busy-period of an MX /G1-G»/1/(n —a, 0, b — a) system and the number of customers lost
in multiple (1, 1)-busy-periods of MX/Gl—Gz/l/n — 1 systems, 0 <[ < a, with smaller
capacities and barriers than the original system, but otherwise with the same parameters.

Denoting by 1{;) the indicator function of the statement z, the distribution of the number
of customers lost during an (1, 1)-busy-period of the MX /G1-G,/1/n system, with 0 <
a < n — 1, conditional to the number of customer arrivals during the service time of the
customer that initiates the (1, 1)-busy-period, Ca,, verifies

0 I=0
LGy l<l<b-2
d ,
[LOpICay =10= LG 14100 I=b-1 . (32)

LG b<l=<n-1
l_("_1)+L?n_1,2) [>n

which enables us to compute moments of the number of customers lost in (i, j)-busy-periods
of MX/G-G2/1/nsystems, with0 < a <n — 1.

Theorem 3 Let, for (i, j) € E"\{(0, 1)} and u € Ny,
5 [ w1 \" n )
Vi =2 (S)E [(L(i—l,p) ]E [(L(m)) ] 33)
s=0
and TIE‘” (A1) as defined in (8). Then, the integer moments of the number of customers lost

in (i, j)-busy-periods of MX | G1-G2/1/n systems, with lower barrier a,0 < a < n — 1,
are such that, for k € N4,

b—2

k 1 (n,k) (n,k)

E[( ?W) ] = (A (Zrl(Al)Wa',ll) o (ADYEY gy
=2

k—1
(k) kY o ntk—s) s
+ ZFI(AI)W(r,rllin(l,n—l),Z) + Z (S)Tnfls (ADE I:(L?nfl,Z)) ]
s=0

1>b
(34)

Moreover, if (i, j) € E", then

E [(L'fi,j))k] = s; (];)E [(L?'fill,j>>k_s] E [(L'fl,l))s] : (33)
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Proof We first note that, for (i, j) € E™, (35) follows trivially from (30) and (9)

e [(LE ]))k} £ [(L?z Ly ® LG, 1))k]
> (e[ Jelen)] e

By separating in (36) the term for which s = k from the remaining terms we obtain

E [( I(‘Lj))k] =E [(L?u))k] + ¥ 37

with @™ as defined in (33). Then, as from (32), (9), and (37),

E [(L'(‘m))k] - rl(Al)E[(L?] ]))k} Zn(m)[ [(L';m)k] T+ }
+r,,,1(A1)[E[(LH))] Vo it })]
+ nz_in(m) [JE [(L‘(‘l’l))k} + w(gnzﬂ

- Zrz(Al)Z( )(l—m—l))"—s [E[(z8.) ]+ey ] 69

I>n

(34) is obtained by separating in (38) the term for which s = k from the remaining terms
and taking into account (8). O

Based on the previous results, we present, in Fig. 3, an algorithm to compute integer
moments of the number of customers lostin (i, j)-busy-periods of MX /G1-G5/1/n systems
with 0 < a < b < n. We start with the computation of the moments of the number of losses
in busy-periods of systems with capacity n — a, lower barrier O and upper barrier b — a
according to Algorithm 2. Then, by successively adding one unit to the system capacity
and barriers, we compute for such systems the moments of the number of customers lost in
(i, j)-busy-periods, until the system achieves the desired capacity and barriers a and b.

4 Numerical illustration

In this section, using the above-derived results, we compute moments of the number of cus-
tomers lost in busy-periods of regular and nonpreemptive oscillating systems that will be
denoted here by M*X/G(w)/1/n and MX /G (1) — G(u2)/1/n, respectively. We analyze
their sensitivity with respect to the traffic intensity, the batch size and service time distri-
butions, and the number of customers that start the busy-periods. To this purpose, several
different batch size and service time distributions have been considered. Specifically, it is
assumed that customers arrive in batches with the following size distributions, with common
mean f: D(f)—deterministic with constant value f; Geo(1/ f)—geometric with success
probability 1/ f; 1 4+ B(c, (f — 1)/c)—shifted binomial, a binomial with ¢ trials and suc-
cess probability (f — 1)/c, added of one unit; and U{1, ..., 2f — 1}—uniform discrete on
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ALGORITHM 3
Input: n, A\, K, a, b, (fi)i<i<n—1, E[X*)1<s<r 11
Input  (for a=1,2): mg, trg tue aq(tre), aq(tue), (g,5,%ai)o<i<my
(E[S%, Do<jsmyg» (@1(Ag))o<i<n—1
For k=1,2,.... K
For (i,j) € En~**
Compute ]E[(LE?]._)QI))’“}, using Algorithm 2
Forl=1,2,...,a
For k=1,2,..., K
Compute E[(L?ljl()afl)l)k} using (34), (33) and (8)
Fori=1,2,...;b—a+1—-1
—(a—0)1 .
Compute ]E[(Lal()a ) )¥] using (35)
Fori=1+1,14+2,...,n—a+1
Compute E[(Ln_(a_l)l)k] using (35)

(i,2)
Output: E [(L“*“*”l)k} for 0 <1< a, (i,7) € E*~(e=D1 and 1 < k < K

(4,3)

Fig.3 Algorithm to compute moments of the number of customers lost in busy-periods of M X /G1-G2/1/n
systems

the set {1,2,...,2f — 1}. We also consider the following service time distributions with
mean u~ 1 M (u)—exponential with rate p; U (0, 2/pu)—uniform on the interval (0, 2/1);
G P (k, 0, B)—generalized Pareto with parameters «, 6 and B, with = (« — 1)/(up); and
S P (x, 6)—shifted Pareto with parameters « and 0, with 0 = (k — 1)/« .

At this point it should be noted that the mean duration of busy periods in different systems
could vary significantly, and therefore the results on busy periods can not be extended to the
long-run system behavior without additional arguments. The figures presented in this section
have markers identifying a particular system placed at points calculated by the algorithms
derived in the paper, and include curves that are drawn by connecting successive points with
a given marker using linear interpolation.

Figure 4 depicts the sensitivity of the number of customers lost during a busy-period with
respect to the traffic intensity and the batch size and service time distributions. As expected, the
results show that, among the service times and batch size distributions considered, the mean
and standard deviation of the number of customers lost during a busy-period increase with the
traffic intensity. Small mean number of customers lost during a busy-period are observed for
small traffic intensities, with small differences between the studied systems being registered.
As the traffic load increases, the mean number of customer losses in a busy-period rapidly
increases and large differences arise among systems with different service time or batch size
distributions. In such load traffic situations, the numbers of customers lost in busy-periods of
systems with (heavy tailed) generalized Pareto service time distributions have smaller mean
and standard deviation than those of systems with any of the other considered service time
distributions. In addition, among the studied systems, we observe that the oscillating systems
experience smaller mean and standard deviation of the number of customer losses during
a busy-period than regular systems having for service time distribution the phase 1 service
time of the oscillating systems. This was expected as the oscillating systems were designed
to reduce the system overflow by forcing the server to increase temporarily its service rate
whenever the number of customers in the queue is high.

Figure 5 exhibits the mean and standard deviation of the number of customers lost during a
(1,1)-busy-period, as a function of the mean batch size for M* /G (0.9)-G (1.1)/1/(10, 6, 8)

@ Springer



205

191211

Ann Oper Res (2017) 252

Y ‘ojel [eAly

€ UBQW [JIM SUOTINQLIISIP 9ZIS [[OJq OLIJOWI0AT UL ‘9)oIdSIp WLIOJIUN ‘ONSTUTULIANAP JOJ ‘D)Ll [BALLIE
ay) jo uonouny e se SWISAS (89 °01)/1/(T OO/ W PUe 01/1/(1)D/ y W J0 spoLdad-ASng-¢ Ul 1S0] SISWOISND JO JQUINY A} JO UONEBIASP PIEPUEIS PUE UBIN § “BLI

Y ‘ol [eAly

Y ‘ol [eALY

S90 90 S§0 S0 S0 ¥0 SE0 €0 SZ0  Z0 S90 90 S§0 S0 S0 ¥0 SE0 €0 SZ0 &0 S90 90 S§0 S0 S0 ¥0 SE0 €0 SZ0 &0
o for o
[ 0z o 0z
1) 1 o
¢ & 08 o v 3
a a o v B
ov m ov m o & ov
5 § 5 o A
(70'12)dD-(70'1'2)dD A |foc & (70'12)dD-(70'1'2)dD A |foc & A 9 (‘70’1 2)dD-(v0'1e)dD A oo
(0'L'E)dO-("7'0''E)dD - 0 w (701 '€)dO~("0'1'E)dD - o w A #70'1'e)dO-('v0'1'e)dD - 0
OW-0OW -9 = v = OW-0OW - v
(“12)ds _gmw o [199 m * m A v (“1o)ds-(1 *[1%°
n-(n--a o o o ) a
(v0'12)do—a—flos ¢ ¢ (*70'r2)dD —a— oz
(701 e)do —e— (701 e)d —e— (70’1 e)do —e—
(N —— 08 (N —— o8 v (N —— o8
(1'2)dS —+— (1'2)dS —+— (1'2)dS —+—
(n—e— (n—e— * (n—e—
(8'9'0L)/1/(& O~(1)D/ g/, 0ag PUB OL/L(L)D gy )0a0 W (8'9°0L/L/(E O~(1)D/igryrgeze N PUE OL/ (D giyrgi g (8'9'01)/1/(2 1)9=(1)D/ g PUB OL/L/(1)D/g)qIN
Y ‘erel [eAuly Y ‘erel [eAuly Y ‘erel [eAuly
S90 90 SS0 S0 S0  ¥0 SE0 €0 S0 N._w S90 90 S50 S0 S0  ¥0 SE0 €0 S0 S90 90 S50 S0 S0  ¥0 SE0 €0 S0 N.m
4 H H
o o o
EI= EI= el
] ]
0z 5 0z 5 0z
c c
3 3
EA EA s
(70'12)dD~("y0'1'2)dD - & S '1'2)do-("7'01'2)dD - A S (7°0°1'2)do~( IS
(701 e)dD~(y o foe = (701D~ 01 EdD o Jlog = (7°0°1'€)dO~( o Hoe
v m ON-0n v m v
(“12)ds-( » @ (“12)dS-(“1'2)ds - @ (“12)ds-( -
On-on--a | @ On-on--a | @ on-on-a ||
(7'0'1'2)dD —A— (7'0'1'2)dD —A— (7'0'1'2)dD —A—
vo'1e)ldo—e— |7 vo'1e)ldo—e— || -
N —— (N —5—
(“1'2)ds —— [[S¥ (“Fo)ds —— [|57
f (n—e— ¢ (n—e—

(8'9°0L)/1/(@ L)D~(1)D/(gy )0ag N PUE OL/L/(L)D gy 006N

(8'9'0L)L(& DD~/ gy gzl PUB OL/ LD gz g

(8'9°01)/1/(2 O~(1)D/gyqIN PUE OL/H/(1)D) gy N

S9SSO] JO UONEIAGP PIEPUE]S

$9SS0] JO Jaquinu uea|y

pringer

Qs



191-211

Ann Oper Res (2017) 252

206

9215 yojeq uedy
(o) 6 8 L 9 S 4 € 4

SUOTINQINSIP JZIS YOJeq JLIOWOST PUE ‘9)IOSTP ULIOJTUN ‘TeTWOUIq PAYIYS ONSTUTULINAP I0]
‘9718 YOIBq UBAW 3y} JO UONDUNJ € St SWAISAS (89 ‘01)/1/(1'1)D—(6'0)D/ y A J0 POLIad-ASnq-3[SUIS & UT ISO[ SIOWOISND JO JAQUINU dY) JO UOIBIAIP PIEPUEIS PUE UBSN & “SId

5218 Yojeq Ueajy
(o8 6 8 L 9 S i4

5218 yojeq Ueajy
(8 6 8 L 9 S 4

0, 0t 4, ot
by g5
3 3
0e § 0z § [u4
Q Q
8 )
e e 0e
B )
S S
o7 o o7 o [ug
3 3
2 2
0s 3 05 3 0g
e g
3 a
(Joan 109 g (Joso——[[® & ()oep ——[|»°
“iun——|| g ihun | 8 (g hun ——
(“znugsL - - |04 (“ghugst - - |04 (“zh)ugst - - |04
()g—=— ()g—=— ()a—
, M M , 08 , , M s , , M s
(8'9'01)/1/(2/5'7'0' 1 '2)dD~(81/S5' 0L '2)dD/ I (8'90L/L(L N6 0)WAN (8'9'0L)/1/(11/02'0)N=(6/02 0N/ N
9zIS Ydjeq ues|y 9IS Ydjeq ues|y 9zIS Ydjeq ues|y
00 6 8 L 9 § ¥ & 2 00 6 8 L 9 & ¢ 2
s S
o1 o1
< <
(] [
E g1 5 Sl
=] =]
E E
3 3
0z g 0z 5 02
g g
ey ey 4
A A
8 3
(Josn— ¢ (Josp—]|% (Josp——]|™*
(g N —— (g un—— (2 Hun——
(“ghug+L - - |[%€ (“ghug+t - - |[%€ (“ghug+L - - ||%€
(Ja—=- (Ja—=— (Ja—=—
oy oy oy

(8'9'01)/H(2/5'7 0L 2)dD-(81/SSY0'1'2)dO N

(8'9'01)/L/(L IN-(6 0N

(8'9'01)/H/(11/02 0N=(6/02'0)/, N

S9SSO| JO JOqWINU JO UOHEBIASP PJEPUB)S

S8SS0| JO Jaquinu ueapy

pringer

as



Ann Oper Res (2017) 252:191-211 207

systems with: uniform, exponential, and generalized Pareto service time distributions; and
deterministic, shifted binomial, uniform discrete, and geometric batch size distributions with
arrival rate . = 1/3. We observe that the mean and standard deviation of the number of
customers lost during a busy-period increase with the mean batch size, which corresponds to
an increase of the traffic intensity. For small traffic intensities, corresponding to mean batch
size smaller than »~! in the systems presented in Fig. 5, we observe a weak effect of the
batch size distribution, with all systems exhibiting small mean and standard deviation of the
number of customer losses in a busy-period. Such measures shows a tendency to rapidly
increase for larger traffic intensities and batch size distributions with smaller variability. In
fact, among the service times and the batch size distributions considered, we observe that, for
systems sharing the same mean batch size, the ones with deterministic batch size distributions
experience a larger mean number of customers lost in a busy-period. By contrast, systems
with geometric batch size distribution present the smallest mean number of customer losses
during a busy-period. According to the observed in Fig. 4 and independently of the batch
size distribution, the systems with Pareto service time distributions, which are heavy tailed,
experience smaller mean number of customers lost during a busy-period.

Figures 6 and 7 address the sensitivity of the mean number of customers lost during a
multi busy-period on the number of customers that initiated the busy-period. Figure 6 gives
the mean number of customers lost in (i, 1)-busy-periods as a function of the arrival rate
for MP® /G (1)-G(1.2)/1/(10, 6, 8) systems with uniform, exponential, and generalized
Pareto service time distributions. Figure 7 presents the mean number of customers lost in
(i, 1)-busy-periods as a function of the mean batch size for MX / G(0.9)—G(1.1)/1/(10, 6, 8)
systems with uniform and generalized Pareto service time distributions, deterministic, uni-
form discrete, and geometric batch size distributions, and arrival rate . = 1/3. As expected,
the mean number of customers lost in (i, 1)-busy-periods increases with the number of cus-
tomers that start the busy-period, i, in a concave fashion. That is, the increment on the mean
number of customer lost during an (i, 1)-busy-period obtained from increasing by one unit
the value of i decreases as i increases.

5 Conclusions

This paper analyzes regular and nonpreemptive oscillating MX /G /1/n systems. A recursive
scheme on the queue capacity was presented to compute the moments of the number of losses
in busy-periods starting with an arbitrary number of customers in the system. The recursive
scheme takes advantage of the Markov regenerative structure of these systems, expressing the
number of customer losses in busy-periods initiated by multiple customers as the convolution
of the number of customers lost in busy-periods initiated with fewer customers in systems
with capacities not exceeding that of the original system and the number of customers lost
in busy-periods initiated by a single customer in the original system.

The derived computational procedure is fast and easy to implement, requiring only as
a starting point mixed-Poisson probabilities and moments associated with the service time
distributions of the oscillating systems under consideration. Numerical examples have been
carried out to study the influence of the traffic intensity, batch size and service time distrib-
utions, and the number of customers initiating the busy-period on the number of customers
lost during a busy-period.

By changing the service time distribution according to the evolution of the number of
customers in the system, the oscillating systems considered may be used to achieve high

@ Springer



Ann Oper Res (2017) 252:191-211

208

QJel [BALLIR QU JO UONOUNJ B SB SWAISAS (8 ‘9 ‘01)/1/(T1)O—(1)D/ © g o sporad-Asng-(] ‘7) Ul JSO[ SIQWOISND JO JoqUINU UBSA 9 *SI

Y ‘ejel [eALy \ ‘eyed [eAly \ ‘ejes [eAly

S0 Sp0 70 SE0 €0 520 20 S0 Sp'0 70 SE'0 €0 520 29 S0 70 0 SE0 €0 520 20

S {s
< < <
[} [ [
O 1Y QO
3 3 3
S o 5 Jo+ 5
c c c
3 3 3
o o o
e Q Q
3 =3 =3
I St 5 195
13 7] 7]
13 o 1%
[} ] []
2 2] 12

02 02

/7 — s p—
(8'9'0L)/1/(ve/SS 70" 2)dD~(v/L 'Y 0 'L '2)dD/ gy g (80L& IIN=(DIW/ gy g (8'9'0L)/1/(e/s 0N-(20)N/gy W

pringer

as



209

191211

Ann Oper Res (2017) 252

ULIOJIUN “ONSIUIULIANOP JOJ “OZIS YdJeq UBau Sy JO uonduny & se swaisks (8 9 °01)/1/(1'DO—~(6'0)9/ y W Jo spouad

3

921S Yojeq Uea|y
9 s

218 yojeq ues|y
9 s

SUOTINQINSIP JZIS [dJeq JLNOWOT PUE ‘9)IISIP

-Asnqg-(T ‘1) Ul JSO[ SIOWOISND JO JoqUINU UBIJA £ S

8218 yoyeq ues|y
9 S

oL

6 8 L 4 € 4 ok 6 8 L 14 € 4 ot L 14 € 4
g g g
o o o
o 1 1
5 5 5
3 3 3
c c c
3 3 3
o o o
2 2 2
2 <) e
g g g
@ @ @
[ o o
& & &
(8'9'0N/H/(2/5'7'0°L'2)dO~(8L/S5Y0 ' 2)d) o0 (8'9'0/L/(2/5'7'0'1'2)dO~(8L/5570 'L 2) (8'9'0H/H(2/5'7'0') 2)dO~(81/55'Y0 "1 2)dO,
82Is yojeq ueaj\ azIs yojeq ueaj\ azIs Uyojeq ueajy
6 8 L 9 S 14 € 4 oL 6 8 L 9 S 14 € 4 3 L 9 S 4 € 4
S
oF
< < <
3 o o
o o o
= 3 Sk 3
3 3 3
2 2 2
3 3 3
g g =g
2 2 S
2 2 <2
143 143 o
[ o ©
o o o
02
E
15— 15—

(8'9'01)/1/(11/02'0)N~(6/02°0)1V 05N

(8'9'01)/H/(11/02'0IN=(6/02 0V sz

N

(8'9'01)/4/(11/02'0)N~(6/02°0)1V(y gV

pringer

Qs



210 Ann Oper Res (2017) 252:191-211

throughput with a small numbers of customer losses in busy-periods. Such results may be
used by system designers to control the quality of service with reduced costs. Moreover, the
algorithms developed in the paper allow us to test and compare different scenarios.
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