Adv. Appl. Clifford Algebras (2020) 30:3
© 2019 Springer Nature Switzerland AG
0188-7009/010001-18 .
published online November 10, 2019 Adva_nces '_n

https://doi.org/10.1007 /s00006-019-1029-1 Applied Clifford Algebras

®

Check for
updates

Fundamental Solution for Natural Powers
of the Fractional Laplace and Dirac
Operators in the Riemann—Liouville Sense

A. Di Teodoro, M. Ferreira@® and N. Vieira*

Dedicated to Professor Sirkka-Liisa Eriksson on occasion of her

60th birthday.

Abstract. In this paper, we study the fundamental solution of natural
powers of the n-parameter fractional Laplace and Dirac operators de-
fined via Riemann-Liouville fractional derivatives. To do this we use it-
eration through the fractional Poisson equation starting from the funda-
mental solutions of the fractional Laplace A7, and Dirac D} operators,
admitting a summable fractional derivative. The family of fundamental
solutions of the corresponding natural powers of fractional Laplace and
Dirac operators are expressed in operator form using the Mittag—Leffler
function.
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1. Introduction

During the last decades, the study of the so-called fractional Laplace opera-
tor has received the attention of several authors (see for example [1,14] and
references therein indicated). This operator is defined as a singular integral
operator or as a Fourier multiplier in Fourier domain and has the purpose
of extending the harmonic function theory of the Laplace operator by taking
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into account the long-range interactions that occur in a number of applica-
tions. Motivated by fractional calculus and fractional derivatives it appeared
recently new definitions for fractional Laplace operators (see [5,6]).

In this paper we consider a n-parameter fractional Laplace operator de-
fined in n-dimensional space and the associated n-parameter fractional Dirac
operator over a Clifford algebra, both defined via Riemann-Liouville frac-
tional derivatives with different fractional order of differentiation for each
direction. Previous approaches for this type of operators can be found in
[5,6]. There the authors studied eigenfunctions and fundamental solutions
for the three-parameter fractional Laplace operator defined with Caputo and
Riemann-Liouville fractional derivatives, and derived also fundamental so-
lutions for the corresponding fractional Dirac operator which factorizes the
fractional Laplace operator. In both cases, the authors applied an operational
approach via Laplace transform to construct general families of fundamental
solutions.

The aim of this paper is to present an expression for the family of fun-
damental solutions of natural powers of the n-parameter fractional Laplace
operator, as well as a family of fundamental solutions of natural powers of the
fractional Dirac operator. To do this, we use the fundamental solution of the
Laplace operator A%, and the fundamental solution of the Dirac operator
D%, and the iteration process using the fractional Poisson equation in order
to get the families of fundamental solutions expressed in operator form using
the Mittag—Leffler function.

We explain now how this paper is organized. In Sect. 2 we recall some
basic knowledge about fractional calculus and Clifford analysis. In Sect. 3 we
solve the Poisson equation for the n-parameter fractional Laplace operator,
being this the key to obtain the results, because it connects the fundamental
solution of previous order of the powers of the operator with the next order.
In Sect. 4 are presented the fundamental solutions of natural powers of the
n-parameter fractional Laplace operator together with a detailed discussion
for the integer case. To finish, in Sect. 5 we present the fundamental solutions
of natural powers of the n-parameter fractional Dirac operator.

2. Preliminaries

2.1. Fractional Calculus

Let (D2, f)(x) denote the fractional Riemann-Liouville derivative of order
a >0 (see [11])

0200 = (5) e | Gonmd @D

where m = [a] + 1, © > a, and [a] means the integer part of a. When
0 < a < 1 then (2.1) takes the form

2N = 5 e | g (2.2)
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The Riemann-Liouville fractional integral of order a > 0 is given by (see

[11])

(I8 ) (1) = = (1a> / ’ - J (tt;la i, x> a. (2.3)

We denote by I, (L1) the class of functions f represented by the fractional
integral (2.3) of a summable function, that is f = I% ¢, ¢ € Li(a,b). A
description of this class of functions was given in [13].

Theorem 2.1. A function f € I, (L1), o > 0 if and only if I\ f € AC™
(la,b]), m =[] + 1 and (I f)®(a) =0, k=0,...,m — 1.

In Theorem 2.1 AC™([a,b]) denotes the class of functions f, which are
continuously differentiable on the segment [a, b] up to order m —1 and f™~1)
is absolutely continuous on [a, b]. Removing the last condition in Theorem 2.1
we obtain the class of functions that admits a summable fractional derivative.

Definition 2.2. (See [13]) A function f € Ly(a,b) has a summable fractional
derivative (D2, f) (x) if (I"7%) (z) € AC™([a,b]), where m = [o] + 1.

If a function f admits a summable fractional derivative, then the com-
position of (2.1) and (2.3) can be written in the form (see [13, Thm. 2.4])

«a o =y (SU — a)a—k—l m—a g\ (m—k—1)
L3+ D3+ f) () = f(z) — Z TT—k) (I f) (a) (24)
k=0

with m = [a] + 1. We remark that if f € I (L1) then (2.4) reduces to
(I& Doy f)(z) = f(x). Nevertheless we note that D, I, f = f in both
cases. This is a particular case of a more general property (cf. [12, (2.114)])

(I f) =D, a=q>0. (2.5)

It is important to remark that the semigroup property for the composition of
fractional derivatives does not hold in general (see [12, Sect. 2.3.6]). In fact,
the property
D, (D3 f) =Dt f (2.6)
holds whenever
f9DT)y=0, j=01,....,m—1, (2.7)

and f € AC™ ([a,b]), f™) € Li(a,b) and m = [a] + 1. There are other
sufficient conditions that ensure the semigroup property (see [5]).

One important function used in this paper is the two-parameter Mittag—
Leffler function E,, ,,(z) [8], which is defined in terms of the power series by

o0 Zk-
E ()= ————, 0, 0, z € C. 2.8
o (2) ;F(ukw) p>0v>0, z€ (2.8)

In particular, the function E, ,(z) is entire of order p = i and type o = 1.
Two important fractional integral and differential formulae involving the two-
parametric Mittag—Leffler function are the following (see [8, pp. 87-88]
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% (0= a)" " By (b — a)")) = (@ — )™ By ia (k@ — a)))
(2.9)
foralla >0,k € C,z > a,u>0,v >0, and
D2, (& = ) By (k(x — ))) = (@ = @) B (k(z — a)")
(2.10)
forala >0,k € C,z > a,u>0,v>0,v#a—p, withp=20,....m—1,
and m = [a] + 1.

Remark 2.3. For v =a —p, with p=0,...,m —1 and m = [a] + 1 we have
that D%, ((x — a)*P~') = 0, which implies that the first term in the series
expansion of (z — a)’"*E, ,(k(z — a)*) vanishes. Therefore, the derivation
rule (2.10) must be replaced in these cases by the following derivation rule:

D2 (2~ @) Bpamy (k(a — a))
= (¢ — )" Pk By (ko — a)?), (2.11)
withp=0,...,n— 1.

The approach presented in this paper is based on the Laplace transform
and leads to the solution of a linear Abel integral equation of the second kind.

Theorem 2.4. [8, Thm. 4.2] Let f € Li[a,b],a > 0 and A € C. Then the
integral equation

= f(z A wxf a-ly x € la
ua) = 1)+ g [ @0 w0 . w € o

has a unique solution
u(z) = f(z) + A/ (=) By oMz — 1)) f(t) dt. (2.12)

2.2. Clifford Analysis

Let {e1,...,en} be the standard basis of the Euclidean vector space in R™.
The associated Clifford algebra Ry, is the free algebra generated by R™ mod-
ulo 22 = —||x||? ep, where x € R"™ and ey is the neutral element with respect

to the multiplication operation in the Clifford algebra Ry ,. The defining
relation induces the multiplication rules

eie; +eie; = —20;4, 2.13
J J J

where §;; denotes the Kronecker’s delta. In particular, e? = —1 for all i =

1,...,n. The standard basis vectors thus operate as imaginary units. A vector
space basis for Ry, is given by the set {e4 : A C {1,...,n}} with eq =
€€l -.-€,, where 1 <[j < .- <, <n, 0<1r < n,e :=¢ :=1. Each
a € Ry, can be written in the form a = ZA as ea, with ag € R. The
conjugation in the Clifford algebra Ry, is defined by @ = > , aa €4, where
es=¢€, €, ,...e,,ande;=—e;forj=1,...,n, 6 =¢€9=1.

Clifford analysis can be regarded as a higher-dimensional generalization
of complex function theory in the sense of the Riemann approach. An Ry -
valued function f over 2 C R™ has the representation f = > , eafa, with
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components fa : €2 — Ry . Properties such as continuity or differentiability
have to be understood componentwise. Next, we recall the Euclidean Dirac
operator D = Z;-L:l ej Og,, which factorizes the n-dimensional Euclidean

Laplace, i.e., D? = —A = —Z;L 1 8 . An Ry ,,-valued function f is called

left-monogenic if it satisfies Du = 0 on Q (resp. right-monogenic if it satisfies
uD =0 on ).

For more details about Clifford algebras and basic concepts of its as-
sociated function theory we refer the interested reader for example to [3,9].
Connections between Clifford analysis and fractional calculus were studied in
[5,6,10,15].

3. The Poisson Problem

Let Q = H;‘:l[aj,bj] be any bounded open rectangular domain, let o =
(a1,..., ), with a; €]0,1],4=1,...,n, and let us consider the n-parameter
fractional Laplace operator A%, defined over {2 by means of the Riemann—
Liouville fractional derivative given by

ﬁ—zﬁw (3.1)

The previous fractional operator is associated to the corresponding fractional
Dirac operator defined by

1+a

%—Z% (3.2)
1+cyj

For j = 1,...,n the partial derivatives 8 "% and 8 are the Riemann—
7

Liouville fractional derivatives (2.2) of orders 1 + «; and , with respect
to the variable z; € [a;,b;]. Like in the three- dlmensmnal case (see [5]),
under certain conditions we have A%, = —D¢, D¢, . Due to the nature of
the fundamental solutions of these operators we additionally need to consider
the variable Z = (zo,... ,2,) € Q = [Tj=sla;, b;], and the fractional Laplace
and Dirac operators acting on T defined by:

14+
a+—§8 . a+_Ee]

Consider the following Poisson problem

A% v(x) = u(z), (3.4)

1+a

(3.3)

where we suppose that v(z) = v(z1,...,2,) admits summable fractional de-
rivative 8;11'0‘111(:10) in the variable 2 and belongs to IH—% (L) in the variables
1

x;, for j = 2,...,n. Starting to apply the fractlonal integral IHO‘1 to both

sides of the previous equation and taking into account (2.4) we get
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ole) = = () (0, 2) - S (1) (00.9)

+ Z (Iilio‘l 8;;0"“11) (x) = (Iljalu) ().
k=2
Applying successively the fractional integrals I Y with j = 2,...,n, to

both sides of the previous equation, recalling that we supposed that v belongs
to I ey (L1) in the variables z;, applying Fubini’s theorem, and rearranging

the terms we obtain:

IHO‘1 ZHIHQ] () + Hliiajv (z) — Hliiaju (z)
k=2 j=2 j=2 "’ j=1 "
Gk
a1—1

(1 —a1)® [ 17 140 o (x - al 1+a, &
- - @ I J N T I J
T(a +1) 31;[2 o )@+ H fo | @),

(3.5)

where fo and f; are fractional initial conditions given by
7@ = (1770) (@), A@ = (0000) (@3, (3.6)

We observe that the fractional integrals in (3.5) are Laplace-transformable
functions. Therefore, we may apply the n-dimensional Laplace transform with
respect to xa, ..., x,, which we define by

F(8) = F(s2,...,8n)
:»C{f}(SQ,...,Sn)

o0 +o0 n
:/ / exp <—Zspa:p> flxa, ... xy)day, ... des.
as Qnp p:2

Taking into account its convolution and operational properties (see [4,11]),
we obtain the following relations for each term in (3.5) (with k =2,...,n):

cdre S L g @) = 3 T (1) @)

k=2 j=2 k=2p
J#k P

-

L { [irajv} (z1,3) = H sgl_a"V(ﬁhg),
5 Y

J

oo

syt (IHO“ u) (z1,3),

||:]:



Vol. 30 (2020) Fundamental Solution for Natural Powers Page 7 of 18 3

1 —ap)™! 14a; (z1 —a1) 1—ay
ﬁ{ F(ar +1) (HI fl)} 28 = Tlar 1) (o +1) Hsp Fi(s
(3.7)

Combining all the resulting terms and multiplying by Hp 9 s}f% we obtain

the following second kind homogeneous integral equation of Volterra type:
1 ST
V(x1,8) + ————— r —1)* V(t,5) dt
@8+ a7 2% [, wmpmves

- (F(xl, 9+ (IH‘“ u) (21, )), (3.8)
where

F(z1,5) = (z1 ;(621))“_ CFo) +

(1 —a;)™

T(a; +1) Fi(s)

and Fi(8) = L{fx} (s), with k = 0,1. Using (2.12), we have that the unique
solution of (3.8) in the class of summable functions is:

V(a1,3) = F(z1,3) + (f”alu) (z1,3)

- o n
— Z 5117+ap / (1 — zf)fﬂ![?1_~_a171_i_()[1 <—($1 _ t)a1+1 Z s;+%>
p=2 ai =
(o () )
which involves the two-parameter Mittag—Leffler function. Due the conver-

gence of the integrals and the series that appear in (3.9), we can interchange
them and rewrite (3.9) in the following way:

V($1,§) = (xl — al)’“*l E1+a1,a1 (—(Il — al)alJrl ZS;+QP> FQ(S)
p=2

+ (21— a1)™ Fritay,i4as <—(l’1 —ap)@t! Z 8117+%> Fi(s)

p=2
+oo
+ Z( (Zsl+a”)> 1000 0y 1y, 5). (310)
n=0

In order to cancel the Laplace transform, we need to take into account its
distributional form in Zemanian’s space (for more details about generalized
integral transforms see [16]) and the following relation:
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o1+irs ontir, M n
lim [T 530 Fi(s)exp | Y spay | dsn...dsy
T2,..Tn—+00 [ o . .

1T n=in =9 p=2

where k = 0, 1. Therefore, applying the multinomial theorem and after straight-
forward calculations we get the following solution of (3.4):

+oo _ k(l+0¢1)+0¢171 k
Ny k@ —ar) N -
U(I‘)i];)( 1) F((1+a1)k+a1) (Aa+) fo(x)
371 _ al)k(l-i-al)-i-al ~. k R
+Z (L +ak+ (1+a) (35) @
—~ k
+Z(— gu) ) (3.11)
k=0

From the previous calculations we obtain the following theorem, where we
describe the solution of the Poisson equation in a operator form using the
Mittag—Leffler function (2.8).

Theorem 3.1. The solution v(x) of the Poisson equation (3.4) is given in the
operator form by

v(@) = (21— @) 7 Bryaya (—(21 - @) AL fo(@)

+(x1—a1)™ Eita, 1+ (*(Zl —ap)™ ! 3%) f1(%),

+ Z( ) ”0‘1)(’““) u(x), (3.12)

where the functions fo and f1 are the Cauchy’s fractional conditions given by
(3.6).

Proof. We give a direct proof of the theorem. Since 8;}'(“ (7 —a))* 1 =0
and 8;10“@1 —a1)® = 0 we need to use the derivation rule (2.11) with
1

respect to x; for the first two terms of (3.12). Concerning the third term in
(3.12) we take into account that 81+°‘1[1+a1 = I. Therefore, applying the

operator Ay, = 81+°‘1 + A‘ﬂ to (3. 12) we obtam

AaJrU( ) = _EO‘Jr X1 — 0,1 E1+a1,a1 (—((El — a1 a1+1 Aa ) fo CL’
( ) Jo(Z)
' Eltar ita; ( Ty —ay) ! Aa+) [(Z)

flx

1 oz +1 «
T E1+a1,a1 T — CL1 ! A at

[
l>>
8°
A A
=
5
@
S
\_/\_/\_/\_/
Q

1
E1+041 14+a; a1+ AOC
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ok
+u(z) — A, Z (—A&) I{(ll++a1)(k+1)u(m)
k=0 !
o R \E (141 )(k+1)
Ag Yo (-Ag) 1l
+ at % at a;r U,(J?)

O

We remark that if u(z) = 0 then (3.12) reduces to the fundamental
solution of the fractional Laplace operator. Moreover, in the special case

a = (1,...,1), considering fo(Z) = ||Z — a||>~™ and f1(Z) = 0, the solution
of the Poisson problem Awu = v has the following representation
2-n 400 N\ 2(n+1)
v@) = o = a7+ 325% (A) " 2 u(a), (3.13)

where A = S0

4. Fundamental Solution for Natural Powers of the Fractional
Laplace Operator

Consider a function G be a fundamental solution of A, and a function G%
such that A% G$ = G§. Then G is a fundamental solution of (A%, )?, since
(A%)2GY = AY (A2.GY) = A% GY = 4. In a similar way, if G§ is such
that A%, G§ = G% then G is a fundamental solution of (A%, )3. Hence we
can deduce by induction the following theorem.

Theorem 4.1. Let G, with i € N, be a fundamental solution of (A(%)i. Then
the function G¢,, such that Ay, G, = Gf is a fundamental solution of
(A2, )i+,

Using Theorem 4.1 we can deduce an expression for G¢. First we need
the expression for the fundamental solution of A%, , which can be obtained
putting v = 0 in Theorem 3.1.

Theorem 4.2. A family of fundamental solutions for the fractional Laplace
operator A%, is given by

3 (@) = (21— @)™ ™ Bryay o (—(21 — ) * 0 A2, f10(2)
+ (21— a1)™ Bitor 14on (—(331 —ap)tt 32@) f1.1(Z),
(4.1)
where
fro(@) = (I;;QIG?) (a1,3), f11(3) = (aglic:g*) (a1,3).  (4.2)

Taking into account Theorem 3.1, Theorem 4.2, and the transition re-
lation A% G = GY, we can deduce the following expression for G§, which

is the fundamental solution of (A%, )?, in terms of G{:
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G5 (x) = (z1 — a1)™ " Erya,,a (—(901 — )t 32?) f2,0(%)

+ (01— 1) Bragicar (@1 — )™ A% ) fu(@)
[ Re \Ean) (k)

+ 3 (FAn) Kt G ), (4.3)
k=0

where f20(Z) = (Ii;:ang‘)(al,i‘\) and f2.1(7) = (3§%G‘§)(a1,§). By induc-
tion and using the transition relation A%, Gf,; = G we obtain the following
result.

Theorem 4.3. For i € N, a family of fundamental solutions Gf, for the
operator (A%, )™t is given by

21(@) = (@01 = )" 7 Bryayr (—(01 = ) B2 ) S (@)

+ (21— a1)™ Eiya, 140, (—(961 — )"t 33‘+) fir1,1(@)
+oo N k
+ z (<Ag.) i Ge () (4.4)

where fiy1,0(Z) = (1'1 G401, T), firr1(2) = (071 GEa)(a1,7), and GF

is a fundamental solutwn of (A%,)".

Ezample 4.4. Here we present another expression for G§. Substituting (4.1)
into (4.3) we have

G5(2) = (21— 1) 7 Bryayar (~(01 = a0)' " B ) f20(@)

(o1 = 01)™ Brsaytiar (—(21 = )™ A% ) f21(3)
S aa \F (e e
a a1 a;—1

>0 (Be) 1 [(@1 — an)™

k=0

X B pas,an (—(21 = a)4 A% ) f10(2)]

X qe Vo k+1
+(FB5) 1 [ -

k=0

X Eppag, o (—(o - a) 0 A2 ) fa(@)].

Making use of the integral formula (2.9) to calculate the fractional integrals
that appear in the last two terms, we obtain

G5 (@) = (@1 = @)™ Bryay a0 (—(01 = ) A2, fa0(@)

(01— @)™ Ersaytra (—(@1— )" AL ) fou(3)
+oo

+($1 _ a1)2a1 Z(xl o al)(1+a1)k (_33+)k

k=0
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X B4y 14201 +(14a1)k (—(331 —ap)tt AZ‘+) f1.0(%)
“+o0

Nk
+(21 — a1)1+2a1 Z(ml _ al)(1+a1)k (,A;_)
k=0
X Bron (ranie) (—(@1 —a) ALY fa@). (45)
Concerning the integer case, i.e. a = (1,.. ., 1), the fundamental solution

of the equation Alu = 0 which is polyharmonic of least degree [ in R™\ {a}
is given by (cf. [2]):

_ 2l—n
ul(x)zw foroddnand I =1,2,... (4.6)
Yi-1
_ 2l—n
w, for even n and [ = 1,2,,“’E_1
ul({,[;) — fylfl 2
& — al[*=" n (2 — al) ,

y forevennandl:ﬁ,ﬁ—&—l,...
V-1 272

(4.7)

where the constants v, and +] are presented in [2, p.8]. Let’s examine first
the case when n is odd. Considering the binomial series

+oo
(1—x)—8=2<5+2‘1)mk7 |z < 1

k=0

we obtain the series expansion

1 . N _n—21
w(z) = — ((x1 —ar)* + |7 —al*) " >
Yi-1
n—21
1 (v —a1)?\
_ b s (n=1) (1 T1 —ag
e (14 )
+oo 2k
1 ﬂ—l—l—k—l (xl—al)
- —1)F ( 2 > o TEEE Ty 4.8
U ) e 69

. 2
with [|Z—al|2 = Y7, (zi—a;)2, and (ﬁji fﬁ)z < 1. From (4.4) putting i+1 =

P r—a !
| with | > 2, f10(2) = w(a1,7) = % , J11(Z) = (02, w) (a1,2) = 0,
and Gj_1(z) = w# we obtain a new fundamental solution of Al given
by
+oo
1 (D" (@1 —a)* (\* o o
Gi(z) = A — "
@)= e (3) Iz -al
+oo Nk
(—A> I2R42)| g — g %2, (4.9)
— @y

k=0
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From formula (1.5) in [2] we have that

A\ k 2k _n _ 1
(A) H/x\—aHm*": 2 F(l 2+1)F(l 12) ||f,a||21*n*2k
T(-2+1-k) D11k
= 22kr(l—%+1)F(%) F(%_k)r(l_%) ||§f’d||21*”*2k
n 1 1 1
Pl=3+1-K) G-k TG I(0-5-k

k r
_T(B-I+k)TEk+1)T(3-k)T 3) I
P(2-0)T(k+1) T(3T(-3-k)
1

:(z‘lzk‘l) T(2k + 1

7— aH2l—n—2k

A g g

where the last identities follow from straightforward calculations involving
the properties of the Gamma function and the Pochhammer symbol. Putting
(4.10) in (4.9) we obtain

+o00 n B 1 o a o
Gi(x) = b (—1) (2 I+ 1> (1(2)1_1 ( )

M-t 5 g — k) 7l
1 X, ok
3 (-B) e —a)? R (4.11)
Mi-2 1

Comparing (4.8) with the first term of (4.11) we immediately see that they dif-
(3)i-1
(%ik)l—l

ator Al. Moreover, the restriction Gj(ay,7) is equal to u; (a1, )

fer from the factor , which is a constant under the action of the oper-

N

Yi-1
For the second term in (4.11) we observe that it could be omitted since the
first term corresponds to the characteristic singular solution of the equation
Aly = 0. Since Gj(x) and wu;(z) are fundamental solutions for the equation
Aly = 0 they differ from a polyharmonic function of least degree I. In fact,
putting F(x) = G(z) — w;(x) we have that G;(x) = w(z) + F(x).

We proceed now with the case when n is even. For [ < % — 1 the
fundamental solution coincide with (4.11). For I > %, considering in (4.4)

S ~12l—n P~
i+1=1with! > 2, fi0@) = w(a,z) = _llz—=aj v{,lln(”ziau)’ fia@) =

(0z,w) (a1,7) = 0, and G;_1(x) given by
|z —af~? n

’Y/%fz 2

|12 —a|*"* In(|]z —al))

!
V-2

3 l=
Gi-1(z) = (4.12)

n
, >
2

we obtain a new fundamental solution of A! given by

_ L RRED @ ) N s e s
Gilo) =~ 2 i ) (B) (17 —al*— m (@ -al))

+oo
+y (—ﬁ)k 152G, (x). (4.13)
k=0
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From formula (1.7) in [2] we have that
~\ k
(B) Iz —al™ " m (|2 - al))

_ 22kr(l_%+1) F(l_%) Hi'\*
CT(-241-k)T(-3-k)

k
x [ln(llwallHZ (21_n—2i+2 - zz—zz')]
1=1

:(212’?1) T(2k + 1)

/dH2l7nf2k

1(%)l—1 ||'/r\_a||2l7n72k
(5 o k)l—l

k
L 1 1
% lln(”x_a”HZ <2l—n—2i+2 * 21—22')] ;o (@14)
i=1

where the last identity follows from straightforward calculations involving
the properties of the Gamma function and the Pochhammer symbol. Putting
(4.14) in (4.13) we obtain a new fundamental solution for the equation
f Alu =0, as it was done in (4.11).

5. Fundamental Solution for Natural Powers of the Fractional
Dirac Operator

The line or reasoning is similar to the case of the natural powers of the
fractional Laplace operator, and we assume the conditions indicated in [5]
that ensure the semigroup property (2.6).

For the even powers of the fractional Dirac operator we have that
(D) = (=A%) = (=1)"(A%,)", with i € N, therefore the fundamen-
tal solution of (D2, )% coincide with the fundamental solution of (A% ).

For the odd case, consider a function Gf* be a fundamental solution of
D¢, and a function G5 such that A% G = Gf*. Then G5 is a fundamental
solution of (D2,)3, since (D%,)*G¢ = D% (A% GS) = D*.GF = 6. In a
similar way, if G§' is such that AZ‘+ G5 = G¢ then G§ is a fundamental solution
of (D%,). Hence we can deduce by induction the following theorem.

Theorem 5.1. Let G, with i € N, be a fundamental solution of (D% )*~1.
Then the function G¢,, such that A% G| = G is a fundamental solution
of (Dgy)* .

Using Theorem 5.1 we can deduce and expression for G*. We start
recalling the expression for the fundamental solution of D¢, deduced in [7],
which corresponds to the function Gf'.

Theorem 5.2. A family of fundamental solutions of the fractional Dirac op-
erator DY, is given by

Gt (z) = 3_e; (91); (@),
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where the function components are given by

1

(G1); (@) = (01— ) ™7 By e (=(o0 = )" A% ) (Froh (@)

ap—1

+(z1—a1) 2 E1+a1 Ltay (—(iﬂl —ap)'t 3%) (fi1)1(2),
(5.1)

and for j=2,...,n

1+oy

(G5); (@) = (21 = )™ <E+ (<1 a0 A% ) 0,2

J

) (f1.0)5 (@)

" oy
+(21 —a1)™ <E1+a1,1+a1 (—(wl —a1) A3+) 9,4 ) (f1,1); (@),
(5.2)

where (f1,0);(Z ) (I1 TG ) a1, 7), and (f12);(@) = (973 (97);) (a1, T)
with 7 =1,...

Taking into account Theorem 3.1, Theorem 5.2, and the transition re-
lation A%, G = G{', we can deduce the following expression for G5, which is
the fundamental solution of (D%,)3, in terms of G¢":

= Z@j (G3), (z)
where
(G5), () = (z1 — 1)) ' Eryay.o (*(961 — )"t 33?) (f2.0)1(Z)

+(x1 — a1)™ Eiyori4a (—(331 —ay)tt £3+) (f21)1(@)

+Z (-az.)" 180 (gp), (@), (5.3)

andforj:2,...,
~ Itey
(08), @) = (o1 = )™ (Breon o0 (~(01 = )" 32.) 9,57 ) (20)s(@)
14aj

+(z1 —a)™ (E1+a1,1+a1 (*(1’1 —ap)'t 32@) d ) (f2,1); (%)

T - k Lta;
+2(— w) I 2 (g, (a), (5.4)

where (f20);(2) = (I,:(98);)(a1,), and (f21);(F) = (9;1(95);)(a1, ),

with j =1,...,n. By 1nduct10n and using the transition relatlon AYLGY =
G we can deduce the following result:

Theorem 5.3. For i € N, a family of fundamental solutions Gf,, for the

operator (D(‘l)‘+)2i+1 1s given by

H—l E e] 1+1 a
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where
(G711), (@) =(21 = 0)™ " Bryaya, (—(@1 — @) A2, (fir,0), (@)

+ (21— @)™ Priasarar (@1 — @)™ A% ) (firra), (@)

3 (<82 1 @, o,

and for j =2,...,n

1ta;

(G%), @ =@ =) (Brap o, (~(@ - )70 32) 0,87 ) (o), @

l+c\

+ (z1 —a1)™ <E1+a1,1+a1 <*(I1 —ap)tte 5§+> 2,72 ) (fit1,1); (@)

—+ oo

N Z <_£g+)k Iii-s-al)(k-s-l) 3;% (g?)j (),
with, for j = 1,....n, (fi+1,0);(@) = (I1 “(G81))(a1, @), (fivr1);(@) =

(80‘1 (G 1)) )(al,x), and G is a fundamental solution of (D%, )%~ .

Ezample 5.4. Here we present another expression for G§. Substituting (5.1)
and (5.2) into (5.3) and (5.4), respectively, they become equal to

(G8), () =(21 — 1) " E1ja, 0 (—(331 —ay)'t Eiﬁ) (f2,0), (Z)

+ (21 = @)™ Ersayitan (~(@1 = a) " A2 ) (fa1); @)
¥ 2 (<Bg)" 1 [0y -0y
s =~ —a) e AL (fio), (@)
n Z ( ) (1+a1)(k+ ) [(:m )

*Broy i (o1 = o) B2 ) (), @)
and for j =2,...,n

4o,

(@), @ = (@1 =) (Brso o (~or - a0 32) 0,27 ) (fa0), @)

ltajy
+(z1 —a1)** <E1+a1,1+a1 (—(wl —ap)tten A;"+) 8z+2 ) (f2,1)j (@)

+ oo
~ k
+y (,Ag+) I((l;+a1)(k+1)
k=0

1+a¢‘ N 1+L‘(
X9 2 {(901 —a1)¥ ' Eitaq, (-(1‘1 —ap)tte A3+> 9.7 (f1,0); (@)
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+oo R e
+ _AZLJr I(i+f¥1)(k+1)
kZ:O< ) ay
1to; R 1oy
X 81_,_2 |:(£B1 — al)a1E1+a171+al (—(.’L’l - (ll)leO‘1 Ag+) 8I+2 (fl,l)j (Z/C\) .
(5.5)
Making use of the integral formula (2.9) to calculate the fractional integrals

that appear in the last two terms of the two previous expressions, we finally
obtain

G5 (z) =(x1 — a1) " Fijaa (—(ffl —ap)'t 33+) (f2,0); (%)

+ (21— 0) Etyan v (—(01 — @) A% ) (fa), (@)

+oo
+ (xl _ al)al—l Z(xl _ al)(l-‘rocl)k
k=0

-~ k ~
% (<B2) Brrapesraos (~(@1 = a) ™t A% (f10), (@)
+oo

(21 — ay)™ Z(xl — ap)(IHa)k

k=0

—~ k —~
X (*AZ#) E1 i (14a1)(k+1) (*(1’1 —ay)tte A3+) (f1,1), (@),

and for j =2,...,n
1ta,

(©5); @) = @1 = @)™ (Brraon (~(0n = a0 A2.) 0,57 ) (f20), @)

bk

14
+(z1 —a)™ <El+a1,1+a1 <—(Il —ap)tt A3+) 9.8 ) (f2,1); (%)

“+ oo
+(1’1 _ al)Qﬂtl Z($1 _ al)(1+a1)k
k=0

xa \k @) Ao 1+a; o~
X <—Aa+) Eitay,1420,+1+a)k (—(Zl —ay)' Aa+) 9+ (f1,0); (@)

too
+(1'1 _ a1)1+20tl Z(zl _ al)(1+a1)k
k=0

N k N 1+a, ~
X <*A2‘+) E1ta,,(14a1) (k+2) (*(551 —ap)tt Aff+> 311 7 (f11), (@).
J

(5.6)

6. Conclusions and Future Work

In this paper, we presented an expression for the family of fundamental so-
lutions of natural powers of the n-parameter fractional Laplace operator, as
well for the family of fundamental solutions of natural powers of the fractional
Dirac operator. However, it is desirable to find an explicit expression for the
functions fy and f; in the Cauchy’s fractional conditions (3.6), in order to
obtain more explicit expressions for the results obtained in Sects. 4 and 5.
This will be subject to future work.
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