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Abstract

In this paper we propose to develop harmonic analysis on the Poincaré ball B}, a model of
the n-dimensional real hyperbolic space. The Poincaré ball B} is the open ball of the Euclidean
n-space R™ with radius ¢ > 0, centered at the origin of R™ and equipped with M&bius addition, thus
forming a Mobius gyrogroup where Mdbius addition in the ball plays the role of vector addition
in R™. For any t > 0 and an arbitrary parameter 0 € R we study the (o,t)-translation, the
(0,t)-convolution, the eigenfunctions of the (o,t)-Laplace-Beltrami operator, the (o,t)-Helgason
Fourier transform, its inverse transform and the associated Plancherel’s Theorem, which represent
counterparts of standard tools, thus, enabling an effective theory of hyperbolic harmonic analysis.
Moreover, when ¢ — +00 the resulting hyperbolic harmonic analysis on B} tends to the standard
Euclidean harmonic analysis on R", thus unifying hyperbolic and Euclidean harmonic analysis. As
an application we construct diffusive wavelets on B}.
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Keywords: Mdbius gyrogroup, Helgason-Fourier transform, spherical functions, hyperbolic convolu-
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1 Introduction

Mbobius addition, @, in the ball Bf* = {x € R" : ||z|| < t} plays a role analogous to that of vector
addition, +, in the Euclidean n-space R", giving rise to the Mobius gyrogroup (B}, ®), which is
analogous to the Euclidean group (R",+) [20, 23, 25]. Mé&bius gyrogroup turn out to be isomorphic,
in the gyrovector sense, to corresponding Einstein gyrogroup |23, Sect. 6.19].

The gyrogroup structure is a natural extension of the group structure, discovered in 1988 by
A. A. Ungar in the context of Einstein’s velocity addition law [18]. The term gyrogroup was coined in
1991 [19] [23, Sect. 1.2], following which it has been extensively studied by A. A. Ungar and others; see,
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for instance, [21, 10, 9, 16, 23, 24, 26, 27|, in the context of abstract algebra, non-Euclidean geometry,
mathematical physics, and quantum information and computation.

Mobius addition in the open unit disc D = {z € C : |2| < 1} is the well-known binary operation
a®z = (a+2)(1+az)"t a,z €D, given by a fractional linear transformation. Méobius addition
is neither commutative nor associative, but it is both gyrocommutative and gyroassociative under
gyrations defined by gyr [a,b] = (1+ab)/(1+ab), a,b € D. The generalisation to higher dimensions of
the Mobius addition is done by considering Mobius transformations on the ball.

Mbobius transformations in R™ were studied by Vahlen in his seminal but almost forgotten paper [29].
Their matricial representation and general properties were rediscovered by Ahlfors [1, 2] almost seventy
years later, and independently by Hua [13]. Ahlfors noticed that changing the role of the variables in
the Md6bius transformation on the ball gives the same Mobius transformation up to a specific orthogonal
transformation [1]. This orthogonal transformation (denoted by Ungar as Ahlfors rotation) plays a
central role in gyrogroup theory and hyperbolic geometry [22, 23] and gives rise to the gyration operator.
Moreover, it can be regarded as an analogue of the Thomas precession in the theory of special relativity
for the Beltrami-Klein model of hyperbolic geometry governed by Einstein’s addition of velocities. By
incorporating the gyration operator gyr [a, b] in the algebraic structure, gyrogroup theory repairs the
breakdown of associativity and commutativity. In parallel to these advances, Clifford algebras appear
as an adequate tool for representation of Mobius transformations (see e.g. [4, 28]). For instance, using
the Clifford algebra representation the gyration operator has an explicit spin representation in the case
of the Mobius gyrogroup, which in turn allows the construction of explicit factorisations of the ball
with respect to Mobius addition |8, 9].

In this paper we propose to study hyperbolic gyroharmonic analysis on the Poincaré ball BY. With
this aim in mind we generalize the results obtained in [17|. The goal of our study is two-fold: first, to
understand how the gyration operator affects harmonic analysis on the ball; second, to set the stage
for an operator calculus in the framework of wavelet analysis, Gabor analysis, and diffusive wavelets
on the ball using the algebraic structure of the Mdbius gyrogroup.

In our approach we consider a generalised Laplace-Beltrami operator on the ball depending on the
radius t € R™ and on an additional parameter ¢ € R. This operator is a variation of the common
Laplace-Beltrami operator, or conformal Laplacian on the unit ball, which plays an important role in
scattering and potential theory. It has connections with other equations like the Weinstein equation
(see e.g. [17] and references therein). Using the gyrolanguage we prove new theorems like a Young’s in-
equality for the (o, t)-convolution (Theorem 1), the gyrotranslation invariance of the (o, t)-convolution
(Theorem 2), the gyroassociative law of the (o,t)-convolution (Theorem 3), and the generalised con-
volution theorem with respect to the (o,t)-Helgason Fourier transform (Theorem 5). Each of those
theorems involves the gyration operator in a natural way. In the context of the unit ball [17] and sym-
metric spaces |11, 12| Theorems 3 and 5 are known only in the radial case. In contrast, the gyrogroup
theoretic techniques used in this paper enable us to remove the radial condition. It is interesting to
explore the translation of these theorems to other models of hyperbolic geometry as, for instance, the
upper half space or the hyperboloid, and more generally, Riemannian globally symmetric spaces of
noncompact type, but we will not address these problems here.

The paper is organised as follows. In Section 2 we present the Mdbius addition in the ball B}
and its properties. Sections 3 and 4 are dedicated to the study of the (o, t)-translation and the (o,t)-
convolution. In Section 5 we construct the eigenfunctions of the generalised Laplace-Beltrami operator
and study the associated (o,t)-spherical functions. In Section 6 we define the (o,t)-Helgason Fourier
transform, which is the relativistic counterpart of the Euclidean Fourier transform. In Section 7 we
obtain the inversion formula for the (o,t)-Helgason Fourier transform, the Plancherel’s Theorem, and



show that in the limit £ — +o00 we recover the inverse Fourier transform and Plancherel’s Theorem in
Euclidean harmonic analysis. Finally, in Section 8 we construct diffusive wavelets on B} arising from
the heat kernel associated to the generalised Laplace-Beltrami operator A, ;. Two appendices, A and
B, concerning all necessary facts on spherical harmonics and Jacobi functions, are found at the end of
the article.

2 Mobius addition in the ball

The Poincaré ball model of n—dimensional hyperbolic geometry is the open ball B} = {z € R" : ||z|| <
t} of R", endowed with the Poincaré metric

Qde%—l—...—i—dx%
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The Poincaré metric is normalised so that in the limit case ¢ — 400 one recovers the Euclidean
metric. The group M(BJ]') of all conformal orientation preserving transformations of B} is given by
the mappings K¢,, where K € SO(n) and ¢, are Mobius transformations on B} given by (see |2, 9])

ds
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where a,x € B}, (a,x) being the usual scalar product in R", and ||z| being the Euclidean norm.
Furthermore, ax stands for the Clifford multiplication which we now recall. The Clifford algebra Cly
over R™ is the associative real algebra generated by R™ and R subject to the relation 2? = —||z|?,
for all € R™. Therefore, given an orthonormal basis {e; };L:l of R™ we have the multiplication rules:

ejer +ere; = 0,7 # k, and e? = -1, =1,...,n. Any non-zero vector x € R" is invertible and its
inverse is given by 7! = —W. The geometric product between two vectors is given by
1 1
zy = 5 (zy +yz) + S(zy —y)

involving the symmetric part § (zy + yz) = —(z,y) and the anti-symmetric part (zy — yz) ==z Ay,
also known as the outer product. The norm in R"™ can be extended to ({p,, and then, for two vectors
we have ||zy| = ||z|||ly]|. This equality is not true for general elements in the Clifford algebra. For more
details about the Clifford product and the Clifford norm see |5, 9|. In order to endow the manifold B}
with an algebraic structure one defines the Mdbius addition as

a®z:=@u(x), a,zeBy. (3)
In [9] we proved that (B}, @) is a gyrogroup, i.e., the following properties hold:
(P1) There is a left identity: 0@ a = a, for all a € B};

(P2) There is a left inverse: (©a) ® a = 0, for all a € BY;



(P3) Mobius addition is gyroassociative, that is, for any a, b, c € B}

a® (b& ) = (a®b) @ gyr[a, bl (4)
-% 1-%

Here gyr [a, blc = Hl ZbHcH ZCLH is the gyration operator [9], which corresponds to a spin
T2 T2

rotation induced by an element of the group Spin(n) (double covering group of SO(n));

(P4) The gyroautomorphism gyr [a, b] possesses the left loop property
gyr [a,b] = gyr [a @ b, b].

We remark that ©a = —a and Mobius addition (3) corresponds to a left gyrotranslation as defined
in [23]. In the limit ¢ — 400, the ball B} expands to the whole of the space R"™, Mébius addition
reduces to vector addition in R™ and, therefore, the gyrogroup (B}, @) reduces to the translation group
(R™, +). The Mobius gyrogroup is gyrocommutative since Mobius addition satisfies the property

a®b=gyrla,bl(bda). (5)

Some useful gyrogroup identities (|23|, pp. 48 and 68) that will be used in this article are

O (a®b) = (Sa)® (OD) (6)

a® ((Ga)®b)=0> (7)
(gyr[a, b)) ! = gyr[b,a] (8)
gyr[a ® b, ©a] = gyr [a, b] (9)

gyr [©a, ©b] = gyr [a, b] (10)
gyrla,©a] =1 (11)
gyr(a,b)j(bd (a®c)) =(adb)Dc (12)

Properties (8) and (9) are valid for general gyrogroups while properties (6) and (12) are valid only for
gyrocommutative gyrogroups. Combining formulas (9) and (12) with (8) we obtain new identities

gyr [Ga,a & b] = gyr[b, d] (13)
b (a®c)=gyr[b,a]((adb)®c). (14)

Mobius transformations (1) satisfy the following useful relations

(a+2) (1—%)_1:(1—%‘)_1@”) (15)

and

etz (1) (-1F) (16)

v I1- "

In the special case when n = 1, the Mébius gyrogroup becomes a group since gyrations are trivial
(a trivial map being the identity map). For n > 2 the gyrosemidirect product [23] of (B}, ®) and
Spin(n) gives a group B} X,y Spin(n) for the operation

] asiq bS]
t2

__

aslbsl

(a,s1)(b,s2) = | a® (s1b37), H 5189




We remark that this group is a realisation of the proper Lorentz group Spin*(1,n) (double covering
group of SOg(1,n)). In the limit ¢ — 400 the group B} x4y, Spin(n) reduces to the Euclidean group
E(n) = R™ x Spin(n). The harmonic analysis presented in this paper is associated to the family of
Laplace-Beltrami operators A, ; defined by

2 2 9
Agy = (1—””2') (<1 Iz >A—J( ,V>—|—(T2(2—n—0)), o€ Rt € R

t2 t2 t

These operators are considered in [17] for the case of the unit ball. The case 0 =2 —n and t =1
corresponds to the conformally invariant operator associated to the Poincaré disk model. In the
limit ¢ — +oo the operator A, reduces to the Laplace operator in R"™. Therefore, harmonic analysis
associated to Ay ; in B} provides a link between hyperbolic harmonic analysis and the classic harmonic
analysis in R"™.

3 The (o,t)-translation
Definition 1 For a function f defined on B} and a € B} we define the (o,t)-translation 7,f of f by

Taf(2) = f((=a) & x)ja(x) (17)

with
n+o—2

( - lap? )"+52 ( 1 — laf? ’
ja(x) = L 2() (2 : (18)
(= 1— Z(a, o)+ el

The multiplicative factor j,(x) is a positive function and agrees with the Jacobian of the transformation
¢—a(x) = (—a) ® x when 0 = n + 2. In the case 0 = 2 — n the (o, t)-translation reduces to 7, f(z) =
f((—a) @ z). Moreover, for any ¢ € R, we obtain in the limit ¢ — 400 the Euclidean translation

operator 7, f(z) = f(—a+ ) = f(x — a).

Lemma 1 For any a,b,z,y € BY the following relations hold

(iz) Tajy(x) = ja@y(*ﬂ

() Taf(x) = [ f(—gyr [z, a]a)]ja(0)jz(x)

(1) To7af (%) = Toga f (g1 [a,b] 2)

TaTaf () = f(2)

TTaf (x) = [T—7a f(—gyr [~b,x & a] gyr [z, a] a)] ja(0)jz ().

(zidt

(1) Joa(=2) = ja() (19)

(i) ja(a)ja(0) =1 (20)

(#ii)  ja(x) = ju(a)ja(0)jz(x) (21)
() Jala®2) = (joa(2))™" (22)
(v) J(—a)@e(0) = Jow(-a)(0) = Jz(@)ja(0) = ja(2)1z(0) (23)

(V) J—ay@e((—a) ® 2) = (ja(@)) ™ o () (24)
(vid)  Tajy(x) = [T-aje(y)]jz(2)jy(0) (25)
(viid) T-aja(z) =1 (26)
' (27)

(28)

(29)

(30)

(31)



Proof: In the proof we use the following properties of the Clifford product:
a®> = —||al|* and |ab| = ||a||||b]| for any a,b € B} C R".

Identities (19)-(21) can be easily verified by definition. Now we prove equality (22):

n+o—2
2

ala®x) =
e [T

n+o—2

B < 1 - lap? ) 2
- aﬂ’H e 1
nt+o—2

Equality (23) follows from (16):

n+o—

nto— _ llaj® =2\ 2
j(—a)@r(o) <1_||<,0t§ )”2> - <<1 - )(1 L >)

1+

= Ja(2)Jx(0)
= Ju(a)ja(0).

Equality (24) follows from (20) and (23) since we have

J-ayee((—a) ® 2) = (00w (0) ™ = (Ja()52(0) ™" = (Ja(2)) ™ ().

To prove equality (25) we note first that by (16) we can write jq(x) as

n+o—2
lema@I?\ E
. 1 t2
Jal@) = Elk
="

TaJy(7) = Jy((—a) © )ja(x) = Jy(P-a(®))ja().

By definition we have

Since

p—y(p—a(r)) = (-y)&((ma)d2)  (by (3))

= —(y&(@s(-2)) (by(6))
—gyr[y,al((a®y) & (—z))  (by (14))

= —gyrly,a] peay(—x)  (by (3))

2

(32)



then [|¢—y (p—a(@))]| = asy(—2)]| and by (32) and (16) we obtain

nt+o—2
G A
Jylp—a(x)) = W
]. - T
nt+o—2
1 — ||a@211H2 1— w 2
— ( t ) ( t ) (33)

1+ 2522”1 - gl

L R

= 2P+ = (1 - B

Therefore, by (34) and (26) we obtain

Tady(x) = Jy(p-a())ja(z)
= Jw(a@y)J a(¥)7z(7)Jy(0)
- [T—a]$<y)]]z x)jy(O).

The proof of this identity can also be done using definition (18) with the Clifford product. Equality
(26) follows from (22):

T—aja(2) = ja(a ® 2)j_a(x) = (j*a(l'))_lj*a(:n) =1
Equality (27) follows from (33) and (32):
TaJy(®) = Jy(9-a(®))ja(@) = jaay(@).

To prove (28) we have the following identities:

[ngf(—gyr [33, a]a)ba(o)]x(‘r) = f —gyr [xv _x) D a] ((—.CC) @ a)) ]w(a)]a(o)]x(x)
= f(=gyrfa, —z]((=z) ®a)) ja(x) (by (13),(21))
)J y

Now we prove equality (29):

nraf(x) = f((=a) ® (=) @ z))mja(z) (by (17))
= fleyr ((=b) & (—a)) @ z))jpaa(x) (by (14),(27))
= fleyr b®a)) @ x))jpea(z) (by (10),(6))
= Towaf(gyr[a,blz) (by (17)).

Equality (30) follows from (29) considering b = —a since (—a) @ a = 0 and gyr [a, —a] = I by (11).
Finally, we prove the last identity:



(77 f(—gyr [0,z ® a] gyr [z, a] a)] ja(0) () =

= [t f(—gyr [~

X ja(0)ju ()

X

TpJz(@))] J

b,z @ ((—

(by (17))

a(0)Ja(2)

z) © a)) gyr [z

= [f(-gyr[-bbDa]gyrz,(—z) @ (b
(

by (17), (7))

(=) @] ((—2) @ a)) jx(a)]

)] ((=z) ® (b ® a)))x

a))) Toja ()

(by (13),(25))

(
gyr [a, 0] ((b ® a) ® (=) Thja(x) (by (5))
1

(
(—gyra,blgyr[b & a, —z] ((—z) & (b &
(— )
(— z) (by (14))
)
7

f
= f

f(=(a® (b® (=)))) Thja(
= f((=a) ® ((-b) © 2)) Toja(
= nf((=a) ©2)ja(z) (by (17))
= n7af(x)  (by (17)).

z) (by (6))
|

Corollary 1 Let f be a radial function defined on B}, i.e. f(x)
a,b,x € BY we have

= f(l|z|), Yz € BY. Then for any

(1) Taf(z) = [r2f(a)] ja(0)jz(z); (35)
(“) TbTaf(x) = Tb@af( )a (36)
(1ii) Ty7af(x) = [T-p72f(a)] ja(0) o (). (37)

Before we prove that the generalised Laplace-Beltrami operator A, ; commutes with (o, t)-translations
we present a representation formula for the operator A, ; using the Laplace operator in R".

Proposition 1 For each f € C*(B}) and a € B}

o(2—n—o)

(Agif)(a) = (ja(0) T A(r-af)(0) + =—5—f(a) (38)

Proof: Let a € B} and denote by T1,...,T, the coordinates of the mapping ¢, (x). Then by the

chain rule we have

n n n 2
R {Z e iy gzk axz Z 8f ; % j} (0) | j—a(0) +
oy zz:f SO OL G0
Since oT, a2 82T}, lall?\ (2ax — 4a;dk;)
0= (1= ) GRo= (1) B
and i a; (2—n—o)
D, (0 = —da(0)(n+0 = 2) 57—



lla]?

we obtain by putting e =1 — 5

AC-af)0) = jalO)ta (uaAf(a) -2y A @a+ Mf(@))

t2 t2
k=1
T fa)jo)
= 00 (i) - 5= 0

Therefore, we get

Proposition 2 The operator Ay commutes with (o,t)-translations, i.e.
Aot(nf) = m(Aorf) Ve C*BY), vbe By

Proof: Using (38) we have

Boanf)a) = Gal0) ™ AGanf)(0) + T2 0
= (al0) AU (1) @ (0 2)7ad(@)) oo +

1) () & a)in(a).

Now, since
(=b) & (a@z)=((-b) ®a)Bgyr[-balz  (by (4))

and

T_ab(z) = Jaes(x)  (by (27))
= Jea(-a)(gyr[b,—alz)  (by (5),(8))
= Jep(—a)(gyr[=byalz)  (by (10))

then together with the invariance of A under the group SO(n), (23) and (19) we obtain
Ase(nf)(@) = (Ga(0)TTAF(((~) ® a) @ gyr [~b, a]z) joe(—a) (81 [, a]2)) [a=0

9R=179) () & ayjsla)
o(2—n—o)

_|_

= (Ja(0) AT (p)@a) F)(0) + f((=b) ® a)jp(a)

= (j—n)@a(0) " (@) A(T_((—ty@a) f)(0) +
= (Aot f)((=b) @ a)jp(a)
To(Ag i f)(a).



For studying some L2-properties of the invariant Laplace Ag ¢ and the (o, t)-translation we consider
the weighted Hilbert space L?(B}, du,+) with

o—2
oy b
MU,t(x) - 1 t2 X,

where dz stands for the Lebesgue measure in R™. For the special case 0 = 2—n we recover the invariant
measure associated to the Mobius transformations g (z).

Proposition 3 For f,g € L2(BY, djiss) and a € B we have
7ol @) 0 dpocte) = [ 50) 720 die) (39)
Proof: By definition we have
1= [ 70S@) 00 doel) = [ J(-0) @ 2)5a(0) 510 2

Making the change of variables (—a) ® = z, which is equivalent by (7) to = a @ z, the measure

becomes
1— lall?> \™ 2\ -2
dpsi(a®z) = (H = H (1 - HCWG;ZH> dz
1—

= (j-a(2))? dpou(2) (by (16), (18)). (40)

Therefore, it follows
- f(2)jala® 2) g(a® 2)(j-a(2))? dpio(2)
t

f(2) 9(a® 2)T-aja(2)j-a(2) dpo(2)

By

- f(2) 7ag(2) dpoi(z)  (by (26)).

Corollary 2 For f,g € L*(BY, du,) and a € BY we have
() [t @) duoel@) = [ F@)-ao) dhoao); (a1)
By By
(i) If o =2 —mn then / Tof (z) dpgi(x) = f(z) dpg(x);
B By
(iii) 7afll2 = [ f]l2-

From Corollary 2 we see that the (o,t)-translation 7, is an unitary operator in L?*(BY, duy+) and
the measure dji,¢ is translation invariant only for the case 0 =2 —n.

An important property of the Laplace operator in R™ is that it is a self-adjoint operator. The same
holds for the hyperbolic operator A,; due to the representation formula (38) (see [17] for the proof in
the case t = 1).

10



4 The (o,t)-convolution

In this section we define the (o, t)-convolution of two functions, we study its properties and we establish
the respective Young’s inequality and gyroassociative law. In the limit ¢ — +o00 both definitions and
properties tend to their Euclidean counterparts.

Definition 2 The (o,t)-convolution of two measurable functions f and g is given by
(f xg)(x) = - FW)r29(=y)ja(x) duor(y), = € BY. (42)

The (o, t)-convolution is commutative, i.e., f* g = g * f. This can be seen by (39) and a change of
variables z — —y. It is well defined only for o < 1 as the next proposition shows.

Proposition 4 For o < 1 and f,g € L'(BY,dus+) the (o,t)-convolution is well defined and satisfies
the inequality

1f =+ glls < Co [ f]11 1111 (43)
where g(r) = esssup g(gyr [y, r&]r) for any r € [0,t], and
Sn—l
“er
1, if o €]2—n,0|
Co =< T(n/2)I'(1-o0)

, if o€l —00,2—n]Ul0,1]

NEOHED

Proof: Using (28), (20), (41), and (19) we have

= [ frag(-)] dele) dsos(a)

B

= /B Imyg(eyrly, z]2) 152 (0)7y (y)Jz () dhio(z)
= [ loterrllo)li-y @y (~1) diaela)

= [((0) e [ ot b 0l 005 4 ) dote)

2

In the last equality we have used polar coordinates r¢, with 7 € [0,¢[ and ¢ € S"~!, and the normalised

surface area do(§) = d€/A,_1, with A,_1 being the surface area of S"~1. For each r € [0,t] we

consider g(r) = esssupgegn-1 g(gyr [y, 7€]rE) = esssupgegn-1 g(ré). By similar arguments as in ([17],
yeBY

Lemma 3.12) we have

/Sn1 Jey (7€) j—y(—y) do(§) < Co

for all y € B}, r € [0,t], and o < 1. Therefore,
| res(=)i@) diaos(z) < Gl
t

11



Finally,

If gl = /

< /n/ | |Tocg )‘]x(x) dﬂa,t(y) d,ua,t(x)

= /{L\f(y)r(/w

t

< G llfll gl

f( )7e9(=y)jz (%) ditot(y)| diio ()

172 9(—y)|jz(z) dua,t(w)> diigt(y)

In the special case when g is a radial function we obtain as a corollary that ||f*g||1 < Cq||fll1]lg]l1
since § = g. We can also prove that for f € L°(BY, du,) and g € LY (B}, dpy+) we have the inequality

1F # glloo < Co [gl11 [1f]loo- (44)

By (43), (44), and the Riesz-Thorin interpolation Theorem we further obtain for f € LP(B}, dyuyt) and
g € L*(BY, du,,) the inequality
1 * gllo < Co llglla [1£1]p-

To obtain a Young’s inequality for the (o,t)-convolution we consider only the case
c<2-—n.

Theorem 1 Let 0 < 2 —n, 1 < p,q,r < o0, %—l—é = 1—|—% =1-4 f € LP(B},duosy) and
g € LYBY,dusy). Then
2—m—0o __ _
1S * glle < 4727119115 g1l £l (45)
where g(z) := esssup g(gyr [y, z|x), for any x € B}.

yEBY

Proof: First case: p =1 and r = q. The following estimate is used in the proof:

2—n—o

Jz(¥)gz(z) <4 , Va,y € BY, Vo €] — 00,2 —n]. (46)

Then, considering K = ||f * g||, we have

12



IN
\
q

1/q
= / |f(y)] / lg(gyr [z, —y]((—y) © )y (2)7y ()] d%,t(f)) diigt(y)
(by (5),(21), (20))
1/q
= |f(y)] (/IB l9(gyr [y & 2, —y)2)dy (y & 2) 3y ()| Gy (—2))? dua,t(2)> diigt(y)

By
(change of variables z = (—y) @z < = y @ z, and (40))

1/q
= / 1f(y (/IB l9(gyr [y ® 2, —y]2)| Gy (¥ © 2)dy (1)) Gy (—2)dy (v) dua,t(2)> dpto,t ()
by (26))
o 1/q

< 47> |f(y)] </ lg(gyr [y, 2]2)|? duo,t(2)> dpot(y)  (by (9),(46))

By By
= ATl 1G]

Second case: 7 = 0o and ;1) + % = 1. Then,
1 5alle < s [ @m0 duea(s)
Y 1/q
< sup [|fllp (/ lg(x Ju (@) d e (y )) (Holder)
r€EBY

1/q
= Iflly sup ( [ laiae (—z»mx)|q<jz<z>>2dua,t<z>>

reB}

(change of variables z = x & (—y) © y =z @ (—=2), and (40))

1/q
= [Ifll sup ( [ 10"t & (2 @) )i ) dua,t(2)>

TEBY

(by (46))
A7 lglly (by (26)).

IN

General case: Let 1 < ¢ < oo and g € LY(B}, duyt). Considering the linear operator 1" defined by
Ty(f) = f * g we have by the previous cases

ITy()llg <42 |[@llg |1 fll, Qe T:L'— L

13



and

2—n—o

Ty (Nlleo <472 Nlgllg [IFllp, ie. T:LF— L>

with 1/p 4+ 1/q = 1. By the Riesz-Thorin interpolation theorem we obtain

2—n—o

1Ty (Al < 4772 11g1lg~ llgll 11F11,

1,1 1 _
w1th5+a—1+;ands—1—g.

Corollary 3 Let o <2—n,1 < p,q,r < o0, % + % =1+ %, f e LP(BY,dpst) and g € LI(BY, dpgt)
a radial function. Then,

2—n—o

1 gllr < 47> lgllg [1F1]p- (47)

Remark 1 For 0 =2 —n and taking the limit t — 400 in (45) we recover Young’s inequality for the
Euclidean conwvolution in R™ since in the limit g = g.

Another important property of the Euclidean convolution is its translation invariance. In the
hyperbolic case the convolution is gyrotranslation invariant.

Theorem 2 The (o,t)-convolution is gyrotranslation invariant, i.e.,
Ta(f * 9)(2) = (1af () * g(gyr [-a, 2] -)) (2). (48)
Proof: By (17), (42), and (24) we have

Ta(fxg)(x) = (fxg9)(—a)® ) ja(x)
= | FW)T—a)@e9(—y) j(—a)ee((—a) & )ja(2) dpio(y)
= - f(y)T(*a)GBxg(_y) Jo(T) d:ufa,t(y)'

From (29) we can easily conclude that

Tb@af(x) = TbTaf(gyr [bv a]x) (49)

since gyr [a, blgyr [b,a] = I by (8). Therefore, applying (49) we obtain
Ta(f * g)(ﬂf) = o f(y)T(—a)@acg(_y) ]x(:E) d:umt(y)
= L W) T-ateg(—gyr [—a, 2]y) jz () dpos(y)

= /IB" Taf (V) Teg(—gyr [—a, 2]y) jz(x) dusi(y) (by (39))

t

= (1af() * g(gyr[—a,z]-))(x).

In Theorem 2 if g is a radial function then we obtain the translation invariant property 74(f *g) =
(Taf) * g. The next theorem shows that the (o,t)-convolution is gyroassociative.

14



Theorem 3 If f,g,h € L*(BY, djy+) then

(f *a (g %2 h))(a) = (((f (z) *y g(gyr [a, —(y © 2)]gyr [y, 2]x))(y)) *a h(y))(a) (50)

Proof: The result of the theorem is proved in the following chain of equations:

(f * (g% 1)) /f ralh ) (~2)ja(a) dpioy(z) (g%h=hxg)

L f(@)(h*g)(a® (=))ja(z)jala) dpos(x) (by (18))

L7 [ 0 g0 ® (<)o) dite(0) ) do ()
(by (42)
/ @) [ b)rar-co(—av o, al)ia(o) diogy) Ja(o) dos(7)
(by (19), (24).(49))
[ 1@ [ rah)rag(-evrla,~ol)ia(e) dins(s) 1a(@) dto.(o)
by 39)
/ fla / (0 y)i-a()(~eyr [0, ~a)(x & 1))j—r 1)z (@) dto o(4) o) dp o(2)
(by (18))
[ 1@ [ ruh-w)rmagleyr . ~210)i (o) dhoa(w) dala) diins(a)
t (by cthange y = —y,(19), (17))
[ e [ gt a2l (@) ) diocl) - (Eubini

/ Tah(=y) an (z)1yg(—gyr [a, —(y ® 2)]gyr [y, 2]2)jy (V) ditot () ja(a) dpioi(y)

(by (28),(20))
(((f(z) *y g(gyr [a, —(y @ )]gyr [y, 2]2)) (y)) *a h(y))(a).

Corollary 4 If f,g,h € L*(BY,dus+) and g is a radial function then the (o,t)-convolution is associa-
tive. i.e.,

[x(g*h)=(fxg)*h

From Theorem 3 we see that the (o, t)-convolution is associative up to a gyration of the argument
of the function g. However, if ¢ is a radial function then the corresponding gyration is trivial (that is,
it is the identity map) and therefore the (o, t)-convolution becomes associative. Moreover, in the limit
t — 400 gyrations reduce to the identity, so that formula (50) becomes associative in the Euclidean
case. If we denote by Lk (B}, dpus,) the subspace of L'(B}, dpus,) consisting of radial functions then,
for 0 < 1, LL(B?, dpsy) is a commutative associative Banach algebra under the (o, t)-convolution.
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5 Eigenfunctions of A,

We begin by defining the (o, t)-hyperbolic plane waves which are the relativistic counterpart of the
Euclidean plane waves and proceed with the study of its properties.

Definition 3 For A € C, £ € S"™!, and x € B} we define the functions ex ¢ by

(=)

e%f;t(x) = n_1iint (51)

(le=5017)

N2
Proposition 5 The function ey ¢ is an eigenfunction of Ay with eigenvalue _(1%) - )2,

l—o+4ilt

Proof: Since

. . ]2\ 7% )2 Y ]2\ "
Aeyer(z) = |(1—o+iX) (-1 —o+iXt) (1 - —(1—U+1)\t)t—2 1——

2 4 2

. . =1 |lz|| (z,£)
(14iM) (n—1+1iM) 2 , , )2\ " —~
2 H{— £||2 +t—2(1—0+1)\t)(n—1+1)\t) 1— £2 . |t2 exet(x)
t

t2

and

P e AN N
Veyei(r) = (1—o+iXt) (1 2 2 (n—141iXt) : H2 exet(T)

then we have, by straightforward computations,

2|2\ x||? 20
Saereale) = (1 155) aescutor+ (1- ) (<5 0. vescuto)

The (o,t)-hyperbolic plane waves ey ¢, (x) converge in the limit ¢ — 400 to the Euclidean plane

waves €®" where n = \¢ € R”, for A € R. For 2 € R™, choose ty > 0 such that = € By . Then x € By
for all ¢ > t¢ and, moreover,

(n—14iXt 2—n—o

ercalz) = <t2—|-H96||2 2z, >—2) (1_ch\2> !

22—zl 22— [l? 2

2fal? 2 N (el T
t* + ||z 2 T 2
<752—H95||2_t<y’§>> <1— 2 > ;U >to,

where y = %x € R". Letting t — 400 we observe that y tends to x and

—iX

2@y, m\'| i(em)
) _ . ) — oilzm
Jm exgi(z) = lim <1 t ) e\, (52)

16



with n = A¢ € R™. Moreover, the eigenvalues of A,; converge to —A? = —||n||?, which are the
eigenvalues of the Laplace operator in R™ associated to the eigenfunctions i@ In the Euclidean
case given two eigenfunctions el @A8) and €@ X v € R, £, w € S"1 of the Laplace operator with
eigenvalues —\? and —v?2 respectively, the product of the two eigenfunctions is again an eigenfunction
of the Laplace operator with eigenvalue —(A\? + 42 4+ 2\y (£,w)). Indeed,

A(ei<a:,/\§)ei(z,'yw>) _ _”)\§ + ,YWHZGi(a:,)\&—I—'yw) _ _(/\2 + ,)/2 + 2)\7 <§,w>)ei<x,)\§+7w>.

Unfortunately, in the hyperbolic case this is no longer true in general. The only exception is the case
n =1 and o = 1 as the next proposition shows.

Proposition 6 For n > 2 the product of two eigenfunctions of Agy is not an eigenfunction of Ayt
and for n = 1 the product of two eigenfunctions of Ay is an eigenfunction of Ay only in the case
o=1.

Proof: Forn > 1, f,g € C*(BY) the Leibniz rule for A, is given by
z||2\* o(2—-n—-o x||?
Botlf) = @eaflat FAnig) 2 (1= 10 ) wrwg) - TR (1B gy oy
Considering e ¢+ and e, .t two eigenfunctions of A, with eigenvalues —(1;720)2 — A% and —(1;720)2 —72
respectively, we obtain by (53) and Proposition 5
22

t2

2(1 —0)?
t2
B ||sc||2> 1 ||2]* — t (2, w)

A Ry

2\ 1 ||z||2 — ¢ (¢, , , 2\? 1
X <1— Hi;” >t4\x\}||:§ —£<H2w> +[(n—1+iX)(n — 1+ ivt) <1—Htx2H> i

XHHL‘HQ—t(x,w)—t(x,ﬁ)—i—tQ <€7W>> _0(2_77‘_0) (1_ H:UHQ

I =€l 1% =l t t

Therefore, for n > 2 and o € R, the product of two eigenfunctions of A, ; is not an eigenfunction of
Agt. For n =1 the previous formula reduces to

Agieret(®)eywi(z)) = [— -\ - 72 +2 ((1 — 0o +iM)(1 — o + iyt)

+(1 —o+iXt)(n — 1+ ivt) <1 + (1 —oc+iyt)(n —1+1iXt)

ﬂ exgt(T)ey,wit ().

c—1

- . .
Agilere(@)eywi(x)) = X2 =2 — 2w+ 2 ( 2 (1 —z + iyzw + 1)@5))} ex et (T)ey wit ().

For 0 = 1, which corresponds to the case 0 = 2 —n for n = 1, we further obtain
Ag,t(e,\,g;t(x)e%w;t(x)) = - (/\2 + '72 =+ 2)"75‘*’) ek,é;t(x)e'y,w;t(l’)-

Thus, only in the case n = 1 and o = 1 the product of two eigenfunctions of A, ; is an eigenfunction
of Ao‘,t'
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We remark that in the case when n = 1 and o = 1 the hyperbolic plane waves (51) are independent

of £ since they reduce to ‘
142\ %
e)‘§t(x) - 1 x
Tt

and, therefore, the exponential law is valid, i.e., ex.(2)ey;(T) = exqyie().

For the special case when o = 2 — n the (o,t)-hyperbolic plane waves (51) defined on B} become
the hyperbolic plane waves defined on the hyperboloid H," of radius ¢ embedded in R™™! (see [3]).
Considering the coordinates z = (29,z) € H," where 2y = tcosh(a) and z = tsinh(a)n, with o € RT

and n € S"71, and the change of variables given by cosh(a) = gt”iH; and sinh(a) = t22f||||ﬂ|‘|27 with

x € BY, we obtain the functions

_ n—14iAt

Dre(z) = (cosh(a) —sinh(e) (n, &))" 2 (n = z/||z|)

- (2= <z,5>)“2*
N t

These functions are also known as Shapiro functions and they form a complete orthogonal Dirac basis
on the hyperboloid (see [3]), satisfying:

[ Bele) B dute) = (2m N 008 (56 - ) (54

2 @t)n_l . (55)

Therefore, in the case 0 = 2 — n, since du(z) = 2"dpuy () under the change of variables above, and
0(A/2) = 2"6()\) by the scaling property of the d-function, it is easy to see that the functions ey ¢,
form a complete orthogonal Dirac basis on B} satisfying

where
r(3)

du(z) = t"sinh" H(a)dadn and N (At) = T v
(2 +4%)

/]B" exnet () ex (@) dpgy(x) = (2m)" N (M)A — NE).

In the Euclidean case the translation of the Euclidean plane waves e!(**¢) decomposes into the product

of two plane waves one being a modulation. In the hyperbolic case we have an analogous result for the
(0,t)-translation of the (o, t)-hyperbolic plane waves but it appears a Mobius transformation acting
on S*! as the next proposition shows.

Proposition 7 The (o,t)-translation of ex¢. admits the factorisation

Tae}\,ﬁ;t(x) = ja(0) ez\,ﬁ;t(_a) eA,aGB&t(w)’ (56)
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Proof: By (16), (1) and (15) we have

Taergu(w) = eA,é;t((—“)@x)ja()
(1- e <)||> LR lof \ 5
T o (fiv i)

1—o+ilt nto—2

[(1_@\2)(1 Y 1+ 5|2 e Lo \ %
-

=i+ (1-%)" - e

1—o+ilt 1—o+ilt

2 2
(1 _ M) (1 _ ”5;"2” ) 2 ( ”aH2> n+g—2
n—1+iAt

—14+iX
H&‘F%Hn 1+iAt (%—i_é)( _%5)—1_% '[;2

= exgt(—a)erqoen () 7a(0).

I+ gl

Remark 2 The fractional linear mappings a ® & = @, (€),a € B, & € S*! are given by

la7 ay _w
a®§:<j+§><1_jf)_1=2(l+t< f)) (1 >§

1+ 2 (a,6) + Lo

and map S*1 onto itself for any t > 0 and a € BY. In the limit t — +oo they reduce to the identity
mapping on S"L. Therefore, formula (56) converges in the limit to the well-known formula in the

Fuclidean case
pl(—atzA) _ i(—ax) ei(ac,)é)7 a,, A\ € R™.

Now we study the radial eigenfunctions of A, which are called (o, t)-spherical functions.

Definition 4 For each A € C, we define the elementary (o,t)-spherical function ¢x,; by

orila) = [ encala) dof). By, 67)

1—o+ilt
2

Using (A.1) in Appendix A and then (A.3) in Appendix A we can write ¢y, as
(n —1+iX 141X n |]33H2>
2F1 . .

[Edl
. = 1-—
¢>\,t(1’) < t2 92 ) 92 ) 27 t2

1—o—iXt
_ (4 l|l||? 2 7 n—1-—i\ 1-iX n l|l||?
B 2 2 2 2 2 2 )

Therefore, ¢y, is a radial function that satisfies ¢y = ¢_»; i.e., ¢y is an even function of A € C.
Putting ||z|| = t tanh s, with s € R*, and applying (A.4) in Appendix 1 we have the following relation

19



between ¢y, and the Jacobi functions (cf. (B.2) in Appendix B):

Ox¢(ttanhs) = (coshs)" * 75 Fy <n 5 IM, & 2+ l)\t; g; - Sinh2(5)>
B .

The following theorem characterises all (o, t)-spherical functions.

Theorem 4 The function ¢y is a (o,t)-spherical function with eigenvalue — Moreover,
if we normalize (o,t)-spherical functions ¢y such that ¢(0) = 1, then all (0,t)-spherical functions
are given by @i

(1;20)2 _2

Proof: By Proposition 5 it is easy to see that ¢y is an eigenfunction of A,; with eigenvalue

—(1;720)2 — A2, Moreover, ®x.+(0) = 1. For the second part let f be a spherical function with eigenvalue
—(1;720)2 — A% and consider

1—

s = (- 1) R (o1
t2 t2

with F a function defined on B}. Putting ||z||? = r? and writing A, in polar coordinates

Aat:Wa(Tn_l(l 2 0 2znzo r2)+<1—’£5>lsn_l

’ rn—l or 2 ) or t2 2 r2

we see, by straightforward computations, that F' satisfies the following hypergeometric equation:

r? r? L, (72 n n . L 14+iX n—141iM r?
t2(1—t2>F <t2>+(2—(2+1>\t+1)t)F(t2>— . ( . )F(ﬂ)_o.

. . 2
The smooth solutions at 0 of the last equation are multiples of o F} <1+21M, ”71; Xt 5 Hﬂ)' ) . Therefore,

by (58) f is a constant multiple of ¢y..
|

Now we study the asymptotic behavior of ¢y, at infinity. The resulting c-function is very important
for the inversion of the (o, t)-Helgason Fourier transform.

Lemma 2 For Im()\) < 0 we have

lim ¢y (ttanhs) e(FINFL=)s — ())

S$—+00

where c(At) is the Harish-Chandra c-function given by

21=0=IND (n/2)T (M)

c(\t) = ———— VAR
I (2=Ledt) o (L)
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S—+00

Proof: Considering (59), (B.5) in Appendix B, (B.4) in Appendix B and the limit lir+n e’/ cosh(s) =

2 we obtain

) n_qn_q
lim qb)\;t(ttanh 8) e(—l)\t-‘rl—a)s — lim e(2—n—a)s (Coshs)n—Q—i-a (pg\tz 2 )
S——+00

(8) e(—i/\t—i-n—l)s
5—00

= 22771700%_17%_1 ()\t)

21— =N (n /2)T(1At)

- n—1+i Y (61)
I (2=LHN) T (120
[ ]
Finally, we prove the addition formula for the (o, t)-spherical functions.
Proposition 8 For every A € C, t € R", and x,y € B}
mona(@) = 5nl0) [ encala) engale) do(6)
= 00 [ ercala) eongale) do(©) (62)

Proof: By (56) we have

TagbA;t(x) = /S . Tae)\,ﬁ;t(l') do‘(&)
= 00 [ erce(=a) erusea(o) dofe).
Making the change of variables a @ £ =& < € = (—a) ® £’ the measure becomes
2 n—1
e ©)
do(€) = [ ——E ) do(e).
11+ %12
Therefore,

n—1
1 _ e
6,\,(7a)@5/;t(—a) 6/\,5/;t(1’) (HH{;H? dU(§/)-

radna(a) =3a(0) |

S§n—1
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2 lla 2 2\ n—1
e RS lo) (1-14F) | — la)
A (—a)PE i\ = 14 7
( a) ¢ 2 n—1+4+iXt ||1 + (Ltﬁ ”2

ag’ A —1
st se) (1+28) g
1—o+it n—1
- = (n—11ixt) n—1+ixt 112
)1+% (1—”‘;2”2) H1+%
5 1—c—iAt
2
(o- )
- ¢ n—1—i\t
|1+
a&’

= e_r¢(a) <H1+

we have
Tad)/\;t(x) = ja(o) /Snl e—A,{’;t(a’) eA,g/;t(ﬂf) da(gl)'

The second equality follows from the fact that ¢y is an even function of A, i.e., ¢ = d_».

6 The (o,t)-Helgason Fourier transform

Definition 5 For f € C°(BY), A € C and & € S*! we define the (o,t)-Helgason Fourier transform
of f as

~

Fingit) = [ (@) eoneal@) duna(a). (63)

~

Remark 3 If f is a radial function i.e., f(z) = f(||z|), then f(\ &;t) is independent of § and reduces
by (57) to the so called (o,t)-spherical Fourier transform defined by

~

fst) = [ f(x) ¢xa(x) dpo (). (64)

By
Moreover, by (52) we recover in the Euclidean limit the Fourier transform in R™.
Since A, is a self-adjoint operator and by Proposition 5 we obtain the following result.

Proposition 9 If f € C5°(BY) then

~

_ )2
Boionsn = (5575 02) Fonein (63
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Now we study the hyperbolic convolution theorem with respect to the (o,t)-Helgason Fourier
transform. We begin with the following lemma.

Lemma 3 For a € B} and f € C°(B})

Taf N E58) = Ga(0) e_nen(a) FA, (—a) ® €);t). (66)

Proof: By (39), (56) we have
060 = [ af(@) eongulo) diosl)
By

= B f(x) T_ae_xre(x) dpge(x)

t

= ul0) ereala) [ F(@) e caroca(e) diaela)

= Ja(0) e_rgie(a) FN, (—a) @ & t).

|
Theorem 5 (Generalised Hyperbolic Convolution Theorem) Let f,g € C5°(B}). Then
Fro0e = [ 1) e-xealv) 500 (—9) © 1) dptouly) (67)
where §,(z) = g(gyr [y, 2]2).
Proof: Let I = m()\,ﬁ). We have
r= [ ( L7 7o) a2 dua,xy)) ra @) dio (@)
= / fy) </ T29(—Yy) e,)\,g;t(:c) Ju () dﬂa,t($)> dﬂa,t(y) (Fubini)
By B
= / f) < / Tyg(gyr [z,y]z) e_x () Jy(y) dua,t(x)> i t(y)
BP By
(by (28),(20))
= L W) n8 €0 Gyw) dioa(w)
= | T earea®) G (1) @ &) duaely) - (by (66).(20)).
Corollary 5 Let f,g € C5°(B}) and g radial. Then
Frgn&0) = F0 &) G0, (68)
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Since in the limit ¢ — +o00 gyrations reduce to the identity and (—y) @ £ reduces to &, formula (67)

converges in the Euclidean limit to the well-know convolution Theorem: fxg=f - g.
Next proposition shows that the Fourier coefficients of a given function f € C§°(B}) can be related
with the (o, t)-convolution.

Proposition 10 For f € C§°(B}) and X € C,

Fx () = FONE 1) enean(z) do(é). (69)

S§n—1

Proof: By (62), (20), Fubini’s Theorem, and the fact that ¢y, is a radial function we have
frori(x) = mf( Y) Tedr:t(y) J2(2) dhtor(y)
t

_ / 0 ([ ensels) et ix0) ) do(€) ) dieets)

/ </ F) e-xer(y) duosly )) exgi() do(€)
= /n lf()\ §it) exgi(x) do(§).

7 Inversion of the (o,t)-Helgason Fourier transform and
Plancherel’s Theorem

We obtain first an inversion formula for the radial case, that is, for the (o, t)-spherical Fourier transform
and then we will derive a general inversion formula for the (o, ¢)-Helgason Fourier transform.

Lemma 4 The (o,t)-spherical Fourier transform H can be written as
H=JTn_1210M,
where jg—l,g—l is the Jacobi transform (B.1 in Appendiz B) with parameters a = 3 =5 — 1 and
(M, f)(s) := 22727 A,,_1t"(cosh 5)> ™77 f(t tanh s). (70)

Proof: Integrating (64) in polar coordinates x = r{ and making the change of variables r = ¢ tanh s
we obtain

R t 2\ 72
F0 = A [ 10) 0t (1- 7)o ar

+oo
= An_l/ f(ttanhs) ¢_y. (ttanhs) (coshs) 27472 (tanh s)" "' " ds.
0
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Applying (59) yields

—~ +oo n_qmn_
fiut) = An—l/ f(ttanh s)tp/(\f b 1)(8) (sinh )" ! (cosh s)' 77 ¢ ds
0

+o0 n_qn_
_ gy / " (cosh 5)2~7 " £ (¢ tanh s) o\ 2 37V (5)(2 sink 5)" 1 (2 cosh s)" ds
0
ee (%_1’%_1) : n—1 n—1
= (Mo f)(s)py; (s)(2sinh )" " (2coshs)" " ds
0
= (Tacrat 0 Mof)OM)

In the sequel Cng(IBB?) denotes the space of all radial C*° functions on B} with compact support

and Cn,t,a’ - 2_1+20_tn_17TAn_1 .

Theorem 6 For all f € C§%R(BY') we have the inversion formula

—+00

f(@) =Cnio ; FOs1) o) le(\)| 2 ¢ d. (71)

Proof: Applying the formula (B.3) (in Appendix B) for the Jacobi transform and Lemma 4 we
obtain

+

Myf(s) = Fout) o) en a0

e le(A)| 2

(A1) (cosh )27 ¢y 4(x) o4t i30 tdA.

S— S—

9|~ ¥

[o¥

In the last equality we use (59) and (61). By the definition (70) of M, f we obtain

+oo
f(ttanhs) = Cy 10 ; FA 1) () ‘C()‘t)rQ dA.

Since ttanh s = r we obtain the desired result.

Remark 4 The inversion formula (71) can be written as

flz) = % /R FOst) da () [e(A)] 2 dA (72)

o~

since the integrand is an even function of A € R. Note that f is radial and therefore f(\;t) is an even

function of X, ¢a = d_x, and |c(=At)| = |c(At)| = |c(At)|, for X € R.

Finally, we state our main results, the inversion formula for the (o,t)-Helgason Fourier transform
and the Plancherel’s Theorem.
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Theorem 7 If f € C°(BY) then
1) = s [ [ FOE0) encola) W] o) dr (73
Proof: Given f € C{°(B!) and z,y € B} we consider the radial function
) = [ menf(-Ky) i) dE,
SO(n)

where K € SO(n) and dK is the normalised Haar measure on SO(n). Applying the inversion formula
(71) we get

+oo
Fot) = G [ Fhit) da(w) Je(A0) 2 (74)
By (64), Fubini’s Theorem, and the change of variables Ky — z we have

~

fa(Nt) = /B? (/So(n) Ti-1of (= KY) ju() dK> d-xt(y) Aot (y)
= / ( fx @ (=KYy)) jrx-12) jz(x) d-x:(y) dua,t(y)> dK
SO(n) \/B}

= / ( f(x @ (=2)) jz(2) Ju(®) p-ru(2) dﬂa,t(2)> dK
SO(n) \/B}

= [ (2 6l @) ()

= (fxoxne)(z). (75)
Since f(x) = f»(0) it follows from (74), (75), and (69) that
+oo
f@) = Chio ) Je(Ait) dx,(0) |e(At)[72 dA

+oo
= Co /0 (f * b)) [e(A)[ 2 dA

+o00 R
= Chnto / FN&t) exng(2) le(X)| 7 do(€) dA.
0 Sn—1
|

Remark 5 Applying the inversion formula (72) in the proof of Theorem 7 we can write the inversion
formula (73) as

£ =222 [ [ Fr60) ereala) [eA0)] do(€)dx (76)
2 R S’n—l

Theorem 8 (Plancherel’s Theorem) The (o,t)-Helgason Fourier transform extends to an isometry
from L2(BY, dust) onto L*(RY x S*71,Cy 4 ole(M)|2dNdo), i.e.,

2 _ oo iy . 2 c —2 o
/B?!f(m)l na(@) = Cusr [ [ TGO eI do(e) an (77)
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Proof: For f,g € C§°(B}) we obtain Parseval’s relation by the inversion formula (73) and Fubini’s
Theorem:

o 7 : aN. E1) cC -2 g
Cat [ [ FN:0) TONED) )2 do(e)
“+00 R 7
— Coio / / Fone) / 900 exnen(@) dpos() c(A)] 2 do(€) dA
Sn—l n
400
=/ [/ [ &0 excela) eI do€) dA[510) di(z)
Bp gn—1
F(2) 9@ djios(2).

IB'VL
By taking f = g we obtain (77) for f € C§°(B}) and the result can be extended to L?(BY, duy+) since
Cs°(BY) is dense in L*(BY, dus,). It remains to prove the surjectivity of the (o,t)-Helgason Fourier
transform. This can be done in a similar way as in ([17],Theorem 6.14) and therefore we omit the
details.

Having obtained the main results we now study the limit £ — +o00 of the previous results. It is
anticipated that in the Euclidean limit we recover the usual inversion formula for the Fourier transform
and Parseval’s Theorem on R". To see that this is indeed the case, we begin by noting that from the
relation

NG (z + ;) = 21722 /7T(22)

the c-function (60) simplifies to

) = 21 (2) g r(y)

\/77. 2 (n—12+1>\t)'
Therefore, we have
RN .l e ] N P L Gt 1 )
OOP ()7 | T e TTE) |

=
with A, = 117(”) being the surface area of S™~!. Finally, using (78) the (o,t)-Helgason inverse

n
2
Fourier transform (73) simplifies to

a oo r (25t + 5 1 AN
10 = sms [ [ 00 )| = T (3) w©ao
400 R n—1
= - FA &) €A,§;t($)m dg dA (79)

with N(™(\t) given by (55). Some particular values are N (\t) = 1, N®(\t) = coth (3f) , N®) =1,

2 mAL
and NW(t) = % Since tEeroo N®™(X\) =1, for any n € N and A € RT (see [3]), we see
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that in the Euclidean limit the (o, t)-Helgason inverse Fourier transform (79) converges to the usual
inverse Fourier transform in R™ written in polar coordinates:

+oo R .
FOXE) @A) A= ge gx,  z, A6 € R™.

1
@)= Gy

S§n—1

Finally, Plancherel’s Theorem (77) can be written as
+o00 )\n 1
Fx &)

z)|? ¢ —_
/?If( ) dpio . D

and, therefore, we  have an  isometry  between  the  spaces  L*(BY,dus)
and L2(Rt x S"—1, %d)\ d§). Applying the limit ¢ — +oo to (80) we recover Plancherel’s
Theorem in R™ :

| 5@ do =

8 Diffusive wavelets on the ball

d¢ dA (80)

—+00
AEPATL de d.

S§n—1

The idea of diffusive wavelets is to construct wavelets by a diffusion process. For an overview of diffusive
wavelets on groups and homogeneous spaces we refer to [6, 7].

Definition 6 (Diffusive wavelets on a Lie group) Let p; be a diffusive approzimate identity and a(p) >
0 a given weight function. A family 1, € L?(G) is called diffusive wavelet family if it satisfies the
admissibility condition

e [ Gursi )
where P,(g) = 1p(g7L).

We want to construct a diffusive wavelet family from the heat kernel on B}'. Let’s consider the heat
equation associated to Ay :

{ Oru(z, 7) = Agyu(z, T)
u(z,0) = f(x)
where f € Cg°(B}), 7 > 0 is the time evolution parameter and u is assumed to be a C* function and

compactly supported in the spatial variable. Using the (o, t)-Helgason Fourier transform in the spatial
variable and by (65) we obtain

, (z,7) € BY x R

a- U) 4+

u(\, &, Tit) =e ( o ) FN&1).

Therefore, by (68) and applying the inverse (o, t)-Helgason Fourier transform, the solution of the heat
equation is given as convolution u(z,7;t) = (pr¢ * f)(x), where the heat kernel p,; is given by

pri(N) = e_((l )2 +,\2) and  pry(z) = ]__;11 [e—<(1t§>2+>\2)‘r] '
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with F;'[-] being the inverse of the (o,t)—Helgason Fourier transform. A closed formula for the heat
kernel in the unit ball was obtained in [17, Thm. 7.3].
Given a weight function a(p) > 0 the heat wavelet family on B} is given on the Fourier side by

(see [6])

_(a=> o
_ 1 [a —202) e (Tw)g.
Va(p) t
In the limit ¢ — +o0o this wavelet family coincide with the classical heat wavelet family in R™. For
f € L%(BY) we can define a wavelet transform on the ball by

Dpt(N)

W (0.b:8) = (f x o) (®) = | F(@) T0p0(=2) 3o(b) dpio (@)

where ,4(z) = ¥, (— ).
The wavelet transform W : L2(B2, djuyt) — L?(R4 x BY, a(p)dp dps (b)) is a unitary operator and
it can be inverted on its range by

+0o0
f(z) = /0 (Wof)(proit) % by alp) dp  Vf € L*(BY).

Appendices

A Spherical harmonics

A spherical harmonic of degree k¥ > 0 denoted by Y} is the restriction to S* ! of a homogeneous
harmonic polynomial in R™. The set of all spherical harmonics of degree k is denoted by Hy(S"™1).
This space is a finite dimensional subspace of L?(S"~!) and we have the direct sum decomposition

o0

(8" = @ HR(E").

k=0
The following integrals are obtained from the generalisation of Lemma 2.4 in [17].

Lemma 5 [17] Let v € C,k € No,t € RY, and Yy € Hy(S""1). Then

/ BRAGHE do(€) = W g (k+u,u BRI H:I:||2> Hx”kYk(x/)
sn-1 |

|z — SHQV (n/2) 2 27 2 th
where € BY, ' = ||z|| "'z, (v)i denotes the Pochammer symbol, and do is the normalised surface
measure on S"L. In particular, when k = 0, we have
/ L do(e) = F ( A P ”"T”Q> (A1)
——————do(§) =oFy (v, v — 5 + 155 : :
v el 2 e
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The Gauss Hypergeometric function 9F} is an analytic function for |z| < 1 defined by

oy (@ (D) 2
2F1(a7ba G Z) - Z (C)k E
k=0
with ¢ ¢ —No. If Re(c — a — b > 0 and ¢ ¢ —Ny then exists the limit
lim oF)(a,b;c;t) and equals

o (e —a—b)

I'ic)I'(c—a—10
Fi(a,b;e;1) = . A2
SHCLER I'(c—a)l'(c—0b) (4.2)

Some useful properties of this function are
oF1(a,b;¢;2) = (1 — 2)° "3 Fi(c — a,c — b; ¢; 2) (A.3)
2Fi(a,b;c2) = (1 —2)"" o Fy <a7 c—bic Zl> (A.4)
P
d ab

£2F1(a,b;c;z):?gFl(a—i—l,b—i— Lic+1;2). (A.5)

B Jacobi functions

The classical theory of Jacobi functions involves the parameters o, 8, A € C (see [14, 15|). Here we
introduce the additional parameter ¢ € R™ since we develop our hyperbolic harmonic analysis on a ball
of arbitrary radius ¢. For o, 3,A € C, t € R™, and o # —1, -2, ..., we define the Jacobi transform as

+o0
Torgg(M) = /0 9GP (1) was(r) dr (B.1)

for all functions g defined on RT for which the integral (B.1) is well defined. The weight function wq g
is given by
Wa5(1) = (2sinh(r))?* T (2 cosh(r))? +1

and the function gogil’ﬂ ) (r) denotes the Jacobi function which is defined as the even C*° function on R

that equals 1 at 0 and satisfies the Jacobi differential equation

(CZZ + (20 + 1) coth(r) + (26 + 1) tanh(r) - + () + (o + 6+ 1)2) i) =0.

The function @E\?’B ) (r) can be expressed as an hypergeometric function

o 141Xt 1—iAit
@&t’ﬁ)(r)— P (OJ'F,B‘; +1 ’Oz+,8‘; 1 ;a+1;—sinh2(7’)>- (B.2)

Since @&?’6 ) are even functions of A\t € C then Ja,39(At) is an even function of At. Payley-Wiener

Theorem and some inversion formulas for the Jacobi transform are found in [15]. We denote by Cg%(R)
the space of even C'*°-functions with compact support on R and £ the space of even and entire functions
g for which there are positive constants A, and Cy,,n = 0,1,2,..., such that for all A € C and all
n=0,1,2,...

|9(2)] < Cyn(1 4 )" eAaltmV)]

where Im () denotes the imaginary part of A.
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Theorem 9 (/15/,p.8) (Payley-Wiener Theorem) For all o, € C with o« # —1,—-2,... the Jacobi
transform is bijective from C5%(R) onto &.

The Jacobi transform can be inverted under some conditions [15]. Here we only refer to the case
which is used in this paper.

Theorem 10 (/15],p.9) Let o, 8 € R such that « > —1,a £ 3 +1 > 0. Then for every g € CiR(R)

we have
1

T or

g(r)

where cq 3(At) is the Harish-Chandra c-function associated to Jo g(At) given by

ee (o8)
/0 (Tap9) M) S22 (1) Leap M) 2 £ d, (B.3)

20 BHI=INT (o + 1)D(iMt)
+B+14iMt —B+1+ixt )’
I‘\ (a 5 1 ) 1—\ (OL 5 1 )

Ca,8(At) = (B.4)

This theorem provides a generalisation of Theorem 2.3 in [15] for arbitrary ¢ € R*. From [15] and
considering t € R™ arbitrary we have the following asymptotic behavior of gbi‘f for Im(\) < 0:

lim (@7 (r)e-NHaBEDr — (AL, (B.5)

r—-+00
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