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Abstract

In this work we obtain the first and second fundamental solutions (FS) of the multidimensional time-
fractional equation with Laplace or Dirac operators, where the two time-fractional derivatives of orders
a €]0,1] and B €]1,2] are in the Caputo sense. We obtain representations of the FS in terms of Hankel
transform, double Mellin-Barnes integrals, and H-functions of two variables. As an application, the F'S are
used to solve Cauchy problems of Laplace and Dirac type.
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1 Introduction

In the last years, the interest in the study of fractional differential equations has increased considerably due
essentially to the wide range of applications. These type of equations are used mostly to model processes
in the fields of engineering, viscoelastic materials, hydrology, system control, just to mention some. The use
of fractional derivatives give us the possibility of describing memory and heredity properties of the processes
(see [14,16]). However, for some fractional differential operators, the deduction of an explicit integral and/or
series representations of the FS is still an open question.

The telegraph equation is used as an alternative to the diffusion equation, since it has the potential to
describe both diffusive and wave-like phenomena, due to the simultaneous presence of first and second order
time derivatives. For example, in the case of the transport of energetic charged particle in turbulent magnetic
fields such as low-energy cosmic rays in the solar wind, the diffusion equation can not be used to describe the
transport for early times because it leads to a non-zero probability density everywhere, which would correspond
to an infinite propagation speed. Using the telegraph equation in this case we get a more realistic model for
the early phase transport because it combines diffusion with a finite propagation speed (see [18]). Telegraph
equations have also an extraordinary importance in electrodynamics (the scalar Maxwell equations are of this
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type), in the theory of damped vibrations, and in probability because they are connected with finite velocity
random motions (see [14,16]).

The aim of this paper is to obtain explicit integral representations for the first and second FS of the time-
fractional telegraph equation with Laplace or Dirac operators. The first case corresponds to a combination of
the Laplace operator in space with the sum of two time-fractional derivatives of orders a €]0, 1] and 8 €]1, 2]
in the Caputo sense, while in the second case we have the Dirac operator in space combined with a sum
of the two time-fractional derivatives, using a Witt basis in the framework of Clifford algebra. The second
operator factorizes the first one (see [9]). Connections between Clifford analysis and fractional calculus were
recently established in the study of the stationary fractional Dirac operator (see [10,11]) and in the study of
the time-fractional diffusion-wave and telegraph operators (see [7,9]).

The results presented in this paper are a generalization of the results presented in [8,9], since we incorporate
the second fundamental solution coming from the second initial condition (see formulation in (9)).

The structure of the paper reads as follows: in the Preliminaries section we recall some basic facts about
some special functions and fractional calculus, which are necessary for the development of the work. In Section
3 we obtain the FS of the time-fractional telegraph equation with Laplace operator, while in Section 4 we
compute the FS for the time-fractional telegraph equation with Dirac operator. In both cases, we deduce
several representations of the FS in the form of Hankel transform, double Mellin-Barnes integrals, and H-
functions of two variables. Both sections end with applications to the resolution of Cauchy-type problems.
Some connections with previous works are also presented.

2 Preliminaries

In this section we present the main tools concerning fractional derivatives and special functions that will be
used in our work. We start by recalling the definition of the multivariate Mittag-Leffler function (see [15]).

Definition 2.1 The multivariate Mittag-Leffler function E(q, . a,)b(21,- .., 2n) of n complex variables z1, ..., z, €
C with complex parameters ay, ..., a,,b € C (with positive real parts) is defined by

+oo n l;
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where the multinomial coefficients are given by

k . k!
(l17"'7ln) o ll' X ... X ln'

When n = 2 we obtain the bivariate Mittag-Leffler function, which can be written as
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From (2) we can deduce, after straightforward calculations, an addition formula for the bivariate Mittag-Leffler
function.

Lemma 2.2 Let z1,29 € C, and ay,a2,b € C (with positive real parts). Then it holds

1
E(al,az),b(zlv 22) = @ + 2 E(al,ag),b—i-al (217 22) + 22 E(al,a2)7b+a2 (Zla Z2)~ (3)

For general properties of the Mittag-Leffler function see [13,15]. Now we recall the definition of the H-function
of two complex variables.

Definition 2.3 (see [2]) The H-function of two complex variables is defined via a double Mellin-Barnes type



integral of the form
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and where an empty product is interpreted as 1, x,y € C, m;,n;,p;,q; € Z such that 0 < m; < q;, 0 < n; < p;
(i =1,2,3); a;,bj,c;,dj,e;, f; € C, o, A;, Bj, Bj, Vi, 05, Ei, Fj € RY and the sequence of parameters (a;), (b;),
(¢j), (d;), (e;) and (f;) are restricted that none of the poles of the integrand coincide. The contour L in the

complex s-plane, and the contour Lo in the complex w-plane, are of Mellin-Barnes type with indentations, if
necessary, to ensure that they separate one set of poles from the other.

n [2] the author proved that if
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and with the points ¢ = 0 and y = 0 being tacitly excluded, the double Mellin-Barnes integral converges
absolutely inside the sector given by

Vi s
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When all poles of the integrand are simple, we have the following asymptotic behaviour for large values of x
and y (see [1])

H[ac,y} :O(|x|ﬁlv|y|ﬂ2)a (5)

where

For E(q, a,),» We have the following two results (see [8]).

Lemma 2.4 The bivariate Mittag-Leffler function E(,, a,)p has the following representation in the form of
double Mellin-Barnes integral

1+S+w)F( s)I(—w)
E dwd
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Corollary 2.5 The bivariate Mittag-Leffler function E(q, 4,) has the following representation in the form of
Fox H-function of two variables

(0;1,1); —; —

(1 -10b;a2,a1);(0,1); (0,1) (6)

0,1;1,0;
Elay,a2) (21522) = Hylo7,

In (6) and throughout the paper a horizontal line in the H-function means the absence of parameters. Now we
recall the definition of the spaces Cy,a € R, and C7',m € N, given in [15].

Definition 2.6 (see [15]) A real or complez-valued function f(t), t > 0, is said to be in the space Cy, v € R, if
there exists a real number p > a such that f(t) =P f1(t) for some function fi € C[0,00).

It is easy to see that C, is a vector space and the set of spaces C, is ordered by inclusion according to
C, C CB S a>f.

Definition 2.7 (see [15]) A function f(t),t > 0, is said to be in the space CI',m € N, if and only if fim e c,.

Let D} denotes the Caputo fractional derivative of order v > 0 defined by:

1 /t 1
— [ =) M (s)ds, m—1<y<m
D) =4 U (7
ul™(t), y=m
where u("™) = ‘;t—“, m € N (see [3]). The next theorem will be used in our analysis and allow us to solve general

linear fractional differential equations with constant coefficients and Caputo derivatives.

Theorem 2.8 (see [15, Thm 4.1]) Let p > py > ... > pup >0, m; — 1 < p; <my,m; N, N, eRii=1,...,n.
Consider the initial value problem

Dy(t) — Z AiDf y(t) = g(t) (8)

y P O)=cLeR, k=0,....m—1, m—1<pu<m,

where g is assumed to lie in C_1 if u € Ng or in C1, if u ¢ No. Then (8) has a unique solution in the space
™ of the form

m—1

t
y(t) = / S E oy g AR g(t— ) ds + S cpur(t), 30,
0 k=0
with, k=0,...,m—1
tk -
uk(t) = ] + Z i tk—"_“_mE(#,#l’V___’#,#n)ykJrlJr#,m(Alt“_m, .. .,)\nt”_””).
’ i=lip+1
The natural numbers ly,k = 0,...,m — 1 are determined from the conditions m;, > k+ 1 and my, 41 < k. In

the case m; < k,i=0,...,m—1, we set ly :=0, and of m; > k+1,9=0,...,m—1, then l :=n.

3 First and second fundamental solution of the time-fractional tele-

graph equation with Laplace operator

In this section we deduce the first and second FS of the multidimensional time-fractional telegraph equation
with Laplace operator. We look for a function G®#(x,t) that satisfies the following Cauchy problem:

(Df +aD? — C2Am) GoP(2,t) = 0

G (2,0) = () 9)
oG?
7 (@,0) = d(a)



where t e R", ¢t >0,1< <2, 0<a<1,a>0,¢c>0,0(z)= H?:l 0(z;) is the distributional Dirac delta
function in R™, and A, is the Laplace operator in R™. Applying the Fourier transform in R™ to the Cauchy
problem we get the following initial-value problem:

(Df +aD{ + ¢? |/<;|2> GP(k,t) =0
Ga’ﬁ(l’i, 0) =1 . (10)

oGP
(. 0) =1

To solve the problem (10), we apply Theorem 2.8 with A\; = —a, Ao = =% |k|?, u =B, 1 = a, g =0, n = 2,
m =2, g(t) =0, and k = 1, obtaining the following solution:

GP (1, t) = To(k, t) + Ty (K, ), (11)
where
to(k,t) =1 — A|k|*t° B pyisp (—at’ =, —c2|k[*?),
Uk, t) =t —at'™P " Eg_o 5 01p-a (—at?~* =6*t7) — A6 Bg_a.p) s (—at’ ™ —c2|k|*t7).
Taking into account Lemma 2.2 we have the following alternative representation of 1y and u;:
Uo(k,t) = B(g—ap1 (—at? = —2k[*t?) + at’ = Eg_a ) 145-a (—at? = —c2[k[*?), (12)
U (k,t) =t Eg_ap)2 (—at? = —2|s*t%) . (13)

From (2) we have the following representation of @y and @; in the form of a double series:

-~ SRS I'l+p+gq) B—a\P B\?
ol :p:o qzz;)r(lJr(ﬁ—a)erﬁq)p!q! (at™)" (=Wt
R I(l+p+q) —a\P q
B—a _ 4B« 20,1248
Ht Y 2 v —a+ (- awraapa () CEREL 0
~ RERA F(1+p+q) B—a)\P B\7
nie :tpE::o §F(2+(ﬁ—a)p+BQ)p!q! (Fat2)" (=InP) (15)

Moreover, from Lemma 2.4 and Corollary 2.5 it is also possible to obtain a representation of (12) and (13) in
terms of double Mellin-Barnes integral and Fox H-function of two variables (due to the extension of the formulas
we omit their presentation in the paper). Inverting the Fourier transform in (11) we get

G (x,t) = ug(x,t) + uy (. 1). (16)

We will denote by G‘f’ﬂ(az, t) = up(z,t) the first fundamental solution of the first equation of (9) that satisfies
B

the initial conditions G$?(2,0) = §(z) and a%lt (2,0) = 0. Additionally, we denote by G5 (z,t) = uy(x,1)

the second fundamental solution of the first equation of (9) that satisfies the initial conditions G$°(z,0) = 0

a6
and 6%? (z,0) = d(x). For obtaining the explicit expressions for G‘f’ﬁ and Gg"ﬁ we recall the following formula

(see [17])

1 afte

+o00
W/ ™" g(|n]) dr (%)2/0 ¢(m) 7% Jg_1(7]al) dr, (17)

where J, represents the Bessel function of first kind with index v, and the right hand side can be seen as a
Hankel transform. We need also the following integral formula (see Formula (7) in [6, p. 22])

(18)

Fo0 +3 Lyvy 3

2rts T'(5 + 5 +
[ ata = 20 5rsty)
0 2
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which is valid under the condition —Re(r) — 2 < Re(n) < —3. Since the expressions for G*” are longer then
the ones for GS"B , we are going to present only the calculatwns for G5 B Applying the inverse Fourier transform
to (13) and using (17), we get

a8 tl'=F [T . B—a 2 2,8
G5" (z,t) = S 72 Eg_ap)2 (—at’™ =1%7) Ju_y(7|z]) dr. (19)

Making use of Lemma 2.4, and interchanging the integrals due to the convergence, we obtain

By tlz|t—2 1—|—3—|—w)F( s) T'(—w)
& (@ 1) = (2m)%  (2mi)? /£1/£2 (B — a)w+ Bs)

+oo
x (atP=)w (2 tP) /0 T3t Jn 1 (7|z]) dr dwds. (20)

Finally, using (18) and Corollary 2.5, we obtain, under the condition —% < R(s) < —%, the representation of
the second F'S in terms of double Mellin-Barnes integral and H-function of two variables:

o.f B 1—|—3—|—w)F(g—|—s)F(—w) o <4C2t6)s
Gz (@,t) = 2 |:c|” (27i)? /ﬁl /ﬁz + (8 — )w + Bs) (™) |z|? dwds 1)

(22)

WJJ%@—ZJ);]
(—1;8,8—a); —; (0,1) |

where the double Mellin-Barnes integral is convergent because the conditions (4) are fulfilled. For G?’ﬂ we
obtain, analogously, under the condition —% < (s) < —%, the following representations for the first FS:

[ I 8 2 2.3
23 /0 T2 Eg_a,p),1 (—at , =Tt ) J%,1(7|x|)d7

Gy (a,t) =

-3

“+o0
+ W /0 72 E(g_a,p),1+f-a (—atﬂ_a, —027'215[3) J%,1(T|m|) dr (23)

4c2 1P || ~2
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(O:1,1); (1= 5:1) 5 — ]
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We end this section solving a fractional Cauchy-type problem.

Theorem 3.1 Let z e R", t >0, 1< <2, 0<a<1,a>0, and c > 0, then the fractional Cauchy type
problem
(Df +aDf — czAx) h(z,t) =0

h(z,0) = fi(x)

Oh
5 @0) = (@),

is solvable, and its solution has the form

h(z,t) = - G?’ﬂ(m —z,t) f1(2)dz + - Gg’ﬁ(x — z,t) fa(2) dz, (25)

where G?’ﬂ and GS’B are the first and second fundamental solutions given by (24) and (22), respectively, and
provided that the integrals in the right-hand side of (25) are convergent.



Remark 3.2 In Theorem 3.1, when a = 0 the solution (25) coincides with the one presented in [14, Cor.6.4].
Moreover, considering a = 0 the first fundamental solution G(f’ﬂ coincides with the expression presented in [7,14]

for the fundamental solution of the time-fractional diffusion-wave operator.

4 Fundamental solution of the time-fractional equation with Dirac
operator

4.1 Clifford analysis

Now we recall some basic fact about Clifford analysis. Consider the n-dimensional vector space R™ endowed
with an orthonormal basis {e1, - - - , e, }. We define the universal real Clifford algebra C¢ ,, as the 2"-dimensional
associative algebra which obeys the multiplication rule

ee; +eje; =—20;4, t,j=1,...,n. (26)

A vector space basis for Clj, is generated by the elements e = 1 and eq = ep, ---ep,, where A =
{h1,...;hgy C M ={1,...,n}, for 1 < hy < --- < hy; < n. Each element = € C¥, can be represented by
x =) ,xaea, with x4 € R. We introduce the complexified Clifford algebra C,, as the tensor product

C,:=C®Cl, = {w:ZwAeA, wAE(C,ACM},
A

where the imaginary unit ¢ of C commutes with the basis elements, i.e., ie; = eji for all j =1,...,n.

A C,-valued function defined on an open set U C R™ has the representation f = >, faea with C-
valued components fa. Properties such as continuity and differentiability needs to be understood component-
wisely. Next, we introduce the Euclidean Dirac operator D, = 22‘;1 e;0z;, which factorizes the n-dimensional
Euclidean Laplacian, i.e., D2 = —A = — Z;”Zl 8§j. A Clifford valued C'-function f is called left-monogenic if
it satisfies D, f =0 on U (resp. right-monogenic if it satisfies fD, =0 on U).

In order to introduce a Witt basis to define a parabolic Dirac operator we embed R” into R"*2 and consider
two new elements e, and e_ such that e = +1, e2 = —1, and e;e_ = —e_e;. Moreover, e; and e_
anticommute with all the basis elements e;, j = 1,...,n. Hence, {e1,...,en,e4,e_} spans R**11 With the
elements e, and e_ we construct two nilpotent elements f and fI given by

f=76+;ef and fT:7€+‘;€7.
These elements satisfy the following relations
(=G =0,  fiT+i=1  fetef=fTej+ef =0=1....n (27)

The extended basis {ey, ..., en, f, fT} allow us to define the telegraph Dirac operator as Dy ; := Dy+f (Aaf + B@t)
+ §f, where D, stands for the Dirac operator in R™, and A, B € R with A # 0. The operator D, ; acts on
C,,-valued functions defined on time dependent domains Q x I C R"™ x RT, i.e., functions in the variables
(1,22,...,2,,t) where z; € R for j = 1,...,n, and t € RT. For the sake of readability, we abbreviate the
space-time tuple (x1,xa, ..., x,,t) simply by (z,t), assigning © = z1e;+- - -+ z,e,. For additional details about
Clifford analysis and the Witt basis, we refer the interested reader for instance to [4,5,12].

4.2 First and second fundamental solutions

In this section we compute the first and second FS for the time-fractional telegraph Dirac operator defined by
Dy i=eDy +§(D) +aDp) +f,

where D, is the Dirac operator in R”, a > 0, ¢ > 0, Dy and Df are the Caputo fractional derivatives of order

a €]0,1] and S €]1,2], respectively (see (7)). This operator factorizes the time-fractional telegraph operator
—2A, + D! + a DY (see [9))

2
(p5) =~ + D +a Dy



Applying the operator Da’ﬁ to G*P, we obtain the fundamental solution of DO"B given by
GoF(w,t) = DE G (w,t) = G77(w,1) + G577 (a,1),
where G27 and G$*7 are the first and second FS of D(;f :
G (@,1) = ¢ Dy GYP (1) + § (Df + aDg) G (@, t) + 1 G (1) (28)

G5%(w,1) = e D, G5 (2, 1) +§ (D + a Dyt ) G5 P (a,6) + 11 G5 (w, 1), (29)
Indeed, by the above factorization we have
DG (x,t) = (=c*Ay + D} +a DF)G*P(x,1) = 0,
which shows that G*# is a FS of Dg‘f . To deduce an integral representation for G*P we start recalling the

following differential relation proved in [9]

TX
T Ja (7]z]) (30)
||

Moreover, taking into account (7), together with the series expansion of the bivariate Mittag-Leffler function
(2), we have the following differentiation formula, for 0 < v < 2, k1, ke € R:

Dy [ |a]'"% Jy_1(r]2]) | = -

DY [t Elayamyp (k11 ko t®)] = 77177 Elgy an) by (k1 1 ko t%2). (31)

As it was done previously, due to the extension of the involved expressions, we will present only the calculations
for G p However, we remark that for the terms involving G7' B we proceed in a similar way. Thereby, applying
Dsf to (19) and using the Leibniz rule for improper integrals together with relations (30) and (31), we get the

following expressions for the vectorial and § components of G5 B

—ct tooo
D, G (x,t) = 075”7/ T B o (—at?, —2728) Ja (7]a|) dr (32)
2rl|z))2 Jo
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tl—o |$‘1—%

ta (2m)%

+oo
/ T2 Eg_ap)2-a (—at’™* —c272t0) Jo_y(7|z])dr.  (33)
0
For the ff-component the correspondent expression is (19). Making use of Lemma 2.4, then interchanging the
integrals due to the convergence, and finally using (18) and Corollary 2.5, leads to the following representations
in terms of double Mellin-Barnes integral and H-function of two variables:

—2cxt 1—|—s+w Fr2+24s)I'(~w 4c2 P\ °
D, G5 (a,t) = — // )T(2+5 +2) I' )(atﬂ*a)w ) dwds
T8 |x|rt2 (2mi)? . ), + (B —a)w+ Bs) |z|2
—2cuxt 0,1;0,1;1,0 4C tﬁ |x| 2 (07171)’ (_1_ %71) y T
:mHl :1,0;0,1 5 -
2zl at’ " | (-L,8,8-a); —; (0,1)
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T
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0 4c°tP ||
N at’=e

(0;1,1); (1—3%,1) s — ]
(-1+a;8.8—a); —; (0,1) |

In the previous expressions, the double Mellin-Barnes integrals are convergent because the conditions (4) are
fulfilled. Analogously, for the vectorial and f components of G # we have:

+oo
a —CX n —a
D, G (x,t) = (27T|17|);/0 TEN Epoapa (—a t° 7—027'%3) Ju (r|z]) dr
acxtb—o [T, .
- (27r‘:£|)% /0 (R E(B—a,ﬁ),l-ﬁ-,@—a (7a t’ 77627—2#3) J% (T|:E|)d’r
o —2cx H071;071; 1,0 462 tﬁ |x|72 (07 13 1)5 (_1 - %a 1) I
= —m 52 H1,1;1,0,0,1 _
w3 el at?= | (0:8,8-a); —; (0,1)
QGCxt’Bia 0,1;0,1;1,0 402tﬁ |"'L‘|_2 (07171)’ (_1_ %71) s )
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el at (=B+0;8,8—0a); —; (0,1)

t=P x|t 3

(Df +aDp) Gy o (a,t) = oE

+oo
/ T2 E(g_a7[3)71_[3 (—at'@_a, —C2T2tﬁ) J%,1(T‘x|) dr
0

(14a)t=|x|~3

“+o00
/ 7% E(p_apyia (—at? —2r%%) Jy_y(r|a]) dr
0

(2m)2
atﬂ—Qa T 1—% +o00 n B
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atp20 o[ At [ (0;1,1); (—2,1) s —
— 11710/ 01 '
w2 |z|" ath= (=B +20;8,8—a); —; (0,1)




For the ff-component of G* # the representations are given by the expressions (23) and (24). We end this section
presenting an immediate application.

Theorem 4.1 Letz e R", t > 0,1 < <2, 0<a<1,a>0, and c > 0, then the fractional Cauchy type
problem

(ch +§ (Df + an) + fT> h(z,t) =0
h(z,0) = fi(z)

oh
E(l"o) = f2(z)7

1s solvable, and its solution has the form

h(z,t) = . Gz — 2,t) f1(2) dz + . G (x — 2,t) folz) dz, (34)

with gf’ﬁ and gg‘*ﬁ are the first and second fundamental solutions in (28) and (29), and provided that the
integrals in the right-hand side of (34) are convergent.

Remark 4.2 When a = 0 the first fundamental solution gf*ﬁ coincides with the expression presented in [7] for

the fundamental solution of the time-fractional parabolic Dirac operator.
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