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Abstract

In this work we obtain the fundamental solution (F'S) of the multidimensional time-fractional telegraph
Dirac operator where the two time-fractional derivatives of orders « €]0, 1] and 8 €]1, 2] are in the Caputo
sense. Explicit integral and series representation of the F'S are obtained for any dimension. We present and
discuss some plots of the F'S for some particular values of the dimension and of the fractional parameters «
and . Finally, using the FS we study some Poisson and Cauchy problems.
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1 Introduction

In contrast to the wave equation, the telegraph equation has the potential to describe both diffusive and wave-
like phenomena, due to the simultaneous presence of first and second order time derivatives. Telegraph equations
have an extraordinary importance in electrodynamics (the scalar Maxwell equations are of this type), in the
theory of damped vibrations and in probability because they are connected with finite velocity random motions.

In the last years, the interest in the study of fractional differential equations has increased considerably due
essentially to the wide range of applications. These type of equations are used mostly to model processes in the
fields of engineering, viscoelastic materials, hydrology, system control, just to mention some (see [13,18]). The
use of fractional derivatives in the telegraph equation give us the possibility of describing memory and heredity
properties of telegraph processes (see [13,18]).

The aim of this paper is to obtain explicit integral and series representations for the FS of the so-called
time-fractional telegraph Dirac operator. The time-fractional telegraph Dirac operator is a combination of the
Dirac operator in space with a sum of two fractional derivatives of orders « €]0, 1] and 5 €]1, 2] in time, written
using a Witt basis in the framework of Clifford algebra. This operator factorizes the time-fractional telegraph
operator, which is a sum of the Laplace operator with the two time-fractional derivatives already mentioned.
The FS of this operator was studied recently in [9]. The FS of the time-fractional telegraph Dirac operator can
be seen as a refinement of the F'S of the time-fractional telegraph operator. This opens new possibilities for the
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development of a fractional function theory for this operator in the context of Clifford analysis. The geometric
nature of Clifford algebras allows the resolution of PDEs using the geometric properties of the domain where
the differential operator acts (see [2-4]). Connections between Clifford analysis and fractional calculus were
recently established in the study of the stationary fractional Dirac operator (see [7,8,12,19]) and in the study
of the time-fractional diffusion wave operator (see [6]).

The structure of the paper reads as follows: in the preliminaries section we recall some basic concepts about
fractional calculus, special functions, Clifford analysis and the Witt basis. In Section 3 we recall the integral
and series representations for the FS of the time-fractional telegraph operator in R™ x R™ obtained in [9]. In
Section 4, we derive the FS for the time-fractional telegraph Dirac operator in the form of integral and series
from the representations presented in Section 3. We remark that the series representation depends on the parity
of the space dimension, as it happens in [9]. Connections with the time-fractional parabolic Dirac operator are
established in Section 4. In Section 5 we present and discuss some plots of the FS obtained in Section 4 for
some particular values of the dimension and of the order of the fractional derivatives. In Section 6 we study
some Poisson and Cauchy problems related with the time-fractional telegraph operators described in the paper.

2 Preliminaries

2.1 Special functions and basic results

In this section we present the main tools concerning fractional derivatives and special functions that we will use
in our analysis. We start by recalling some properties of the Gamma function that are used in this paper:
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An important function that appears in this work is the multivariate Mittag-Leffler function.

Definition 2.1 (see [15]) The multivariate Mittag-Leffler function E,, . a.)(21,---,2n) of n complex vari-
ables z1, ..., 2z, € C with complex parameters ay,...,a, € C (with positive real parts) is defined by
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where the multinomial coefficients are given by
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When n = 2 the multivariate Mittag-Leffler function (4) can be written as
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When n = 1 the multivariate Mittag-Leffler function (4) reduces to the two-parameter Mittag-Leffler function

)
Earp kZ:OF b+ kay)

For general properties of the Mittag-Leffler function see [11,15].



Definition 2.2 (see [14]) The Foxr H-function H)';" is defined via a Mellin-Barnes type integral of the form
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(ala a1)7 (ap> ap / b + ﬁj ) H?:l F(l —a; — ais)
(bl, ﬂl),...,(bq, B 27” Hz n+1 al—’_al ) Hj‘:m+1 F(l_bJ _5j8)

where m,n,p,q € N are such that 0 < m < q, 0 <n <p, a;,b; € C, and «;,5; € RT (i =1,2,...,p;j =

2,...,q).

The conditions for the existence of the Fox H-function and the orientation of the contour £ are given by Theorem

e

1.1 in [14]. The H-function can be generalized for r complex variables (see [16]). For the purpose of this work
we present only the definition of the H-function of two complex variables.

Definition 2.3 (see [16]) The H-function of two complex variables is defined via a Mellin-Barnes type integral
of the form
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with x,y € C, m;,n;,p;i,q;i € Z such that 0 < m; < ¢q;, 0 <n; <p; (1 =1,2,3); a;,bj,¢,dj,e;, f; € C; and
i, Ai, By, Bj, i, 05, Ei, Fj € RT.

The conditions for the existence of this special function, its general properties, and the orientation of the

contours £; and Ly are studied in [16]. Moreover, for E(,, 4,), we have the following two results (see [9])

Lemma 2.4 The multivariate Mittag-Leffler function E(q, 4.5 has the following representation in the form of
double Mellin-Barnes integral
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Corollary 2.5 The multivariate Mittag-Leffler function E(q, 4,) has the following representation in the form
of Fox H-function of two variables
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Now we recall the definition of the spaces Cy,a € R, and C",m € N, given in [15].

Definition 2.6 (see [15]) A real or complex-valued function f(t),t > 0, is said to be in the space Co,a € R, if
there exists a real number p > « such that f(t) =P f1(t) for some function fi € C[0, o).

It is easy to see that C, is a vector space and the set of spaces C, is ordered by inclusion according to
c, C Cg S a> .



Definition 2.7 (see [15]) A function f(t),t > 0, is said to be in the space C™,m € N, if and only if f™ € C,.

The next theorem will be used in our analysis and allow us to solve general linear differential equations with
constant coefficients and Caputo derivatives.

Theorem 2.8 (see [15, Thm 4.1]) Let p > pn > ... > pin >0, my —1 < p; <my,m; € N, \j e Ri=1,...,n.

Consider the initial value problem

Dity(t) = D_ XD y(t) = 9(¢) (6)

yPO0)=cL€R, k=0,....m—1, m—1<pu<m,

where g is assumed to lie in C_1 if u € Ng or in C1, if p ¢ No. Then (6) has a unique solution in the space
™ of the form
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The natural numbers I,k = 0,...,m — 1 are determined from the conditions m;,, > k+1 and my, 41 < k. In

the case m; < k,i=0,...,m—1, we set ly :=0, and of m; > k+1,i=0,...,m—1, then l :=n.

2.2 Clifford analysis

We consider the n-dimensional vector space R™ endowed with an orthonormal basis {ej, - ,e,}. We define the

universal real Clifford algebra C¢j,, as the 2"-dimensional associative algebra which obeys the multiplication
rule

6i€j+ejei = *252',]'7 Z,]: 1,...,7’L. (7)

A vector space basis for Cl, is generated by the elements ey = 1 and eq = ep, ---ep,, where A =

{h1,...;hg} € M ={1,...,n}, for 1 < hy < --- < h < n. Each element = € C¥,, can be represented by
x =Y ,xaea, with z4 € R. The Clifford conjugation is defined by 1 =1, &; = —e; for all j = 1,...,n, and we
have ab = ba. We introduce the complexified Clifford algebra C,, as the tensor product

C,=CeClh, = {w—ZwAeA, wAE(C,ACM},
A

where the imaginary unit i of C commutes with the basis elements, i.e., ie; = e;i for all j =1,...,n. To avoid
ambiguities with the Clifford conjugation, we denote the complex conjugation by f, in the sense that for a
complex scalar w4 = a4 +1ibs we have that wﬁl =ay —tby. The complex conjugation can be extended linearly
to whole of the Clifford algebras and leaves the elements e; invariant, i.e., eg. =ejforall j=1,...,n. We also
have a pseudonorm on C,, defined by |w| := 3", Jwa| where w =~ , waea. Notice also that for a,b € C,, we
only have |ab| < 2™|al|b].

A C,-valued function defined on an open set U C R™ has the representation f = )" , faea with C-valued
components f4. Properties such as continuity and differentiability needs to be understood component-wisely.
Next, we introduce the Euclidean Dirac operator D, = Z?:l €;0g,, which factorizes the n-dimensional Euclidean
Laplacian, i.e., D? = —A = — S 85 A Clifford valued C'-function f is called left-monogenic if it satisfies
D,f=0o0n U (resp. right-monogenic if it satisfies fD, = 0 on U).

In order to introduce a Witt basis to define a parabolic Dirac operator we embed R™ into R"*2 and consider
two new elements e; and e_ such that ei = +1,e2 = —1, and e;e_. = —e_e,. Moreover, e, and e_
anticommute with all the basis elements e;, i = 1,...,n. Hence, {e1,...,e,, ey, e_} spans R 11 With the
elements e, and e_ we construct two nilpotent elements f and fI given by
ey —e_

2

et +e_

and ff = 5

f=



These elements satisfy the following relations
() =@F7=0 fiT+ff=1 fej+ef=fej+eff =0=1....n ®)

The extended basis {e1, . . ., en, |, f' } allow us to define the telegraph Dirac operator as D, ; := D, +f (Aaf + B@t) +
f, where D, stands for the Dirac operator in R”, and A, B € R with A # 0. The operator D, ; acts on C,,-valued
functions defined on time dependent domains Q x I C R” x R*, i.e., functions in the variables (z1, %2, ..., Zn,t)
where z; € R for ¢ = 1,...,n, and ¢ € R*. For the sake of readability, we abbreviate the space-time tuple
(z1,22,...,2n,t) simply by (x,t), assigning * = x1e1 +- - -+ x,e,. For additional details about Clifford analysis
and the Witt basis, we refer the interested reader for instance to [4,5,10,20].

3 Fundamental solution of the time-fractional telegraph operator

In this section we recall some results concerning the FS of the time-fractional telegraph operator, which was
deduced in [9]. We look for the function G%#(z,t) that satisfies the following Cauchy problem:

(Df +aD? — C2Am) GoB(z,t) =0

G’ (x,0) = b(x) 9)
0GB
at (‘T? O) - Oa

where z e R", t > 0,1 <8<2,0<a<1,a>0,c>0,4 is the delta Dirac function in R, and A, is the
Laplace operator in R™. For v > 0, D] is the Caputo fractional derivative of order ~y defined by:

1 t
I‘i/ (t— )7 yM(s)ds, m—1<~y<m
Dty =4 U= (10)
ul™(t), y=m

where u(™) = %7 m € N (see [13]). Applying the Fourier transform in R™ to (9) we get the following
initial-value problem:

(Df +aD§ 4 ¢* |/€|2> éf{’ﬁ(n,t) =0

Gof(r,0) =1 . (11)
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To solve the problem (11) we apply Theorem 2.8 with \; = —a, Ao = —c? |[k|*, u =B, 1 = @, po = 0, n = 2,
m =2, g(t) =0, k = 0, obtaining the following solution:

éz’ﬁ(ﬁ,t) =1-3|x)? P Ep_ap1+p (—a P, —02\H|2t5) . (12)
The multivariate Mittag-Leffler function Es_, gy,145 can be represented in the form of a double series (see
(5)):
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Moreover, it can be written in terms of a double Mellin-Barnes integral and a Fox H-function of two variables
(see Lemma 2.4 and Corollary 2.5):
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From the application of the inverse Fourier transform to (12) and taking into account (13) we get (see [9] for

more details)

1-% phoo
Gt = [ G rv0) 15 (rlal) (14)
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(15)

In [9] the authors obtained a series representation for (15) using the Residue Theorem and taking into account
the parity of the dimension, which is stated in the following theorem.

Theorem 3.1 Forn odd, 1 < <2 and 0 < a <1 the FS of the time-fractional telegraph operator is given by
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Forn even, 1 < <2 and 0 < a <1 the FS of the time-fractional telegraph operator is given by
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where Ay and As are the following expressions
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Remark 3.2 As indicated in [9], in the even case and for some rational values of B we have an indetermination
in the series coefficients due to the terms f(1 — (i — k + §) — ak) and T'(1 — B(i — k + §) — k) in the
first inner series, and due to the terms B(1 — 85 — ak) and T'(1 — 85 — ak) in the second inner series.
These indeterminations can be removed after applying (1) with n = 1, (2), (8), and the relation (1 — z) =
meot(nz) + ¥(z) for the digamma function.

4 Fundamental solution of the time-fractional telegraph Dirac op-

erator
In this section we compute the FS for the time-fractional telegraph Dirac operator defined by
D =Dy +§ (D] +aDf )+,

where D, is the Dirac operator in R”, a,c € RT, D& and Df are the Caputo fractional derivatives of order
a €]0,1] and 8 €]1, 2], respectively (see (10)). This operator factorizes the time-fractional telegraph operator



—2A, + DQB + a D§ for Clifford valued functions f given by f = > ,eafa, where fa € C*(Q x I), with
QO x I CR™ x R*. In fact, taking into account the multiplication rules (7) and (8) we have that

2
(P)

(eD +5 (D) +aDp) +1") (¢ Do+ (D] +aDft) +5)
— D2 D, (Df —|—an‘> —fteD, +feD, (Df +an‘)

+ 12 (D +aDg) (D7 +aD) +fft (D +a D)+ Dy + 115 (D] +aDf) + ()

D2+ (' + 1) (Df +aDy)
= fczAerDeraDta.

The FS of the time-fractional telegraph Dirac operator will be denoted by &2# and is obtained by the application
of the operator DS} to G&F, ie.,

6 (0.1) = DI G (0,0) = e D, G P (w,6) + £ (D) +a D) Gf(a,t) + 1 GoP(a,1),

Indeed, by the above factorization we have D;"fG;’{’ﬁ(a:, t) = (=2A, + DP + a DG (2,t) = 0, which shows
that %7 is the FS of D;Xt’B . First, we are going to deduce an integral representation for &%#. Taking into

account the series representation of the Bessel function and the following relation proved in [6]

k

2
n n
D, [|x|k] = Zei O, fo = k|z/F 2, k € Ny,
i=1 j=1
we obtain
_n T
Dy [|z]'"% Ja 1 (rlz]) | = Pl Sy (7]z]). (18)

Moreover, taking into account (10), together with the series expansion of the multivariate Mittag-Leffler function
(5), we have
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Thereby, applying D;’f to (14), and using the Leibniz rule for improper integrals together with relations (18),
(19), and (20), we get
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Applying le to (15) and taking into account Corollary 2.5 it is possible to write the components of &%# as

H-functions of two variables.

Theorem 4.1 The FS has the following representation:
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In order to get a series representation for %7 we apply Dg‘f to (16) and (17). The following formula concerning

the Dirac operator is necessary to compute &%# (see [6]):

4 248 4 213
D, |{C+In ct |z|?*| =2z |2 72 (k[ C +1n TN ) 1), CeR.
|z[? |z[?

Concerning the Caputo fractional derivative we use the symbolic calculus software Mathematica. When 0 <

a <1 we obtain
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(23)
with C € R. In (22) H denotes the generalized Harmonic number. To obtain (23) we used the identities
H(z) = ¥(z24+ 1)+~ and ¥(1 — 2) = wcot(nz) + ¥(z), where ~ is the Euler-Mascheroni constant. When
1 < 8 < 2 we obtain (see [6])

[fovn(59) o]

I'(l1-p(k % n n 2P
- gy <o s ) ool ) v ()]

with C' € R. Finally, applying Dg‘tﬂ to (16) and (17) and after straightforward calculations we obtain the

following theorems.

Theorem 4.2 Forn odd, 0 < a <1, and 1 < 8 < 2 the FS of the time-fractional telegraph Dirac operator is
given by
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Remark 4.3 Whenn=1,a=c=1,=1anda = 7, our time-fractional telegraph Dirac operator factorizes

the heat operator with a damping term (for more details see [17]). For this particular case we have the following

1
. . 11
series representation of ®7

+00 +0o +2
3.1 T = T T) — x (7\/7?)]C (_pT)k —m ’
1" (1) = (Do +1)0(@) — 5 ]; k! Z ( ,p) p;< \/i)

Theorem 4.4 Forn even, 0 < a <1, and 1 < 8 < 2 the vectorial component of the F'S of the time-fractional

telegraph Dirac operator is given by
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The f—component is given by
2 e g [ Carpop [P (ST (—i— k4 2) (14 k)
f<Df +aDy ) Gn’ﬁ(z,t) = —f T |z|nt2 {k_O k! { ; tﬂ(i+k)i!2
T(1-Bi—alk+1)t? + T(1—BGi+1)—ak)at=® [4¢2\ !
x T(1— A3+ 1) —ak) T(L—Bi—a(k + 1)) <x|2)
= (D5 (p+%) (402)‘1‘1"5
T . 22
= 1Pvt3) (p+ 'F( p+%+1)+6(1—%)k)p! |

(1—5(1? )+5(1—g)k>+ln(4|f|fﬂ
ﬁw<15(p+g+1)+ﬂ(1g)k)a6w<1aﬁ(p+;)+ﬂ(lg>k>]]

X {(1+a) [p—i—



(1T (—j+k—12) (482)”’5

k! tBU+3) 41 |z|2

Fl-a-B@H+2)+B-a)k)t? + T(1-BH+2+1)+(8—a)k) at™™
2+)+(B-a)k) T(1—a-B(G+2)+(B—a)k)

P(1-80+
~ (—1)*+3 (g + k) t—Blatk+1) 4c2 —1—q—k A, )
+ ; (q+k+ )q'f‘( (q+ )—ak) <x|2) |:(1+a) [q+k (1+,3q ak)
2P
+ i (g )] - sta 1 ok —asv - sa—at 1) | 1)

In the previous Ay and As represent the following expressions
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The T —component is given by (17) multiplied by §7.

Remark 4.5 If we consider a = 0 in (24), (26), (27) and (17), which implies that the only non-null term in
the outer series is the first one, we get the expressions deduced in [6, Sec. 4] for the FS of the time-fractional
parabolic Dirac operator.

5 Graphical representations of &%’

In this section we present and discuss some plots of 6%75 ,for a,c =1, n =1, 3 and some values of the fractional
parameters « and 3, using the series representations described in Theorem 4.2. Due to the complexity of the
series representation for the even case we only present plots for the odd case. Let us remark that in some cases
these series are not suitable to numerically evaluate the solution as soon as |z| is sufficiently small or sufficiently
large, due to the presence of positive and negative powers of |z|. To overcome this problem it would be necessary
to obtain an asymptotic representation of our FS by studying asymptotic expansions of the H-functions of two
variables that appear in Theorem 4.1. These asymptotic expansions can be obtained by the adaptation of the
techniques used in [1] for the G-function of two variables.

5.1 Casen=1

Considering n = a = ¢ =1 in (24) we obtain the following expression for @‘f”g
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In Figures 1, 2 and 3 we show some plots of the real, f and ff—components of the reduced Green function
&% (2,1) for some values of o and 3.
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Figure 1: Plots of the real-component of 6?’5(15, 1) for @« = 0.2, 0.4, 0.6, 0.8, 1.0, 8 = 1.0, 1.2, 1.4 (1st line,
from left to right), and 8 = 1.5, 1.7, 1.9 (2nd line, from left to right).
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Figure 2: Plots of the f—component of 6?’5(33, 1) for « = 0.2, 04, 0.6 0.8 1.0, 8 = 1.0, 1.2, 1.4 (1st line, from
left to right), and 8 = 1.5, 1.7, 1.9 (2nd line, from left to right).
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Figure 3: Plots of the ff —component of Qﬁf’ﬂ(w, 1) fora =0.2,04, 0.6, 0.8, 1.0, 8 = 1.0, 1.2, 1.4 (1st line, from
left to right), and 8 = 1.5, 1.7, 1.9 (2nd line, from left to right).

From the plots of Figures 1, 2 and 3 we see that the real-component is an odd function and discontinuous
at = 0 (except when 3 = 1), while the § and fT-components are even continuous functions. As a consequence
of the perturbations due to the parameter «, these plots are deformations of those presented in Section 8.1
of [6]. In all the components we see that the number of extreme points increases and move apart from the
origin with 3. In the real component the extreme points are symmetric with respect to the origin, while in the
f and §T—components they are symmetric with respect to the y-axis. Moreover, the plots shrink horizontally as
B — 27. The influence of the parameter o can also be seen in the absolute value of the extreme points, since
the increase of « results in the increase of the absolute value of the extreme points.

In Figures 4, 5, and 6 we show the time evolution of each component of 6?’5 , for a,c = 1 and some values
of a and f.

Figure 4: Plots of the real-component of 6?”8 for the following pairs of fractional parameters (a, 8): (0.2, 1.2)
(0.6, 1.2), (0.2, 1.5) (1st line, from left to right), (0.6, 1.5), (0.2, 1.7), (0.6, 1.7) (2nd line, from left to right).
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Figure 5: Plots of the f—component of Qﬁ?’ﬁ for the following pairs of fractional parameters (o, 5): (0.2, 1.2)
(0.6, 1.2), (0.2, 1.5) (1st line, from left to right), (0.6, 1.5), (0.2, 1.7), (0.6, 1.7) (2nd line, from left to right).
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Figure 6: Plots of the ff —component of 6?’5 for the following pairs of fractional parameters (a, 8): (0.2, 1.2)
(0.6, 1.2), (0.2, 1.5) (1st line, from left to right), (0.6, 1.5), (0.2, 1.7), (0.6, 1.7) (2nd line, from left to right).

From Figures 4, 5, and 6 it is readily seen that with the increasing of time the behavior of the FS changes
in the origin and the decay becomes slower. The behaviour of the extreme points is analogous to the case when
t=1
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5.2 Casen=3

Considering n = 3 and a = ¢ = 1 in (24) we obtain the following expression for &35 B,
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We show in Figures 7, 8 and 9 the graphical representation of Qig’ﬁ .

Figure 7: Plots of the vectorial-component of 6?’5 for the following pairs of fractional parameters («, 3):
(0.2, 1.2) (left), (0.8, 1.2) (center), and (0.4, 1.4) (right).

15

X 0.2 X 0.2

Figure 8: Plots of the f-component of (’5?"3 for the following pairs of fractional parameters («, 8): (0.2, 1.2)
(left), (0.8, 1.2) (center), and (0.4, 1.4) (right).
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S,

Figure 9: Plots of the §f-component of 6?’5 for the following pairs of fractional parameters (a, 8): (0.2, 1.2)
(left), (0.8, 1.2) (center), and (0.4, 1.4) (right).

For the three dimensional case we observe similar behaviours as in the case n = 1. We also observe a different
range of values of G5

6 Some Cauchy and Poisson problems

The FS obtained previously can be used to solve some Cauchy and Poisson problems involving the time-fractional
telegraph and telegraph Dirac operators studied in Sections 3 and 4.

Theorem 6.1 Forz € R", t>0,a € R, ceRT, 0<a<1,1< <2, Cy€R, and h(z,t) € Ly(R™ x RY)
such that h(k,t) lies in C_1 when B = 2 or in C*; when 1 < < 2 for each k, the solution of the Poisson
problem

(Dtﬁ +aDy — czAm) u(z,t) = h(x,t)

u(z,0) = Cyd(x) (28)
ou
E(L 0)=0

18 given in the Fourier domain by
t ~ ~
u(k,t) = / sV Eg_ap s (—at? ™ = |k[*7) h(k,t — s)ds + Co G2P (k, ).
0
Proof: Applying the Fourier transform in R™ to (28) we get the following initial-value problem:

(Df +aD? + 2 |k-|2) (k1) = hik, t)

u(k,0) = Co . (29)
ou
E(K/, 0) =0

To solve the problem (29) we apply Theorem 2.8 with \; = —a, Ao = —c? |[k|%, u =B, 1 =, po = 0, n = 2,

m =2, g(t) = h(k,t), and k = 1, thus obtaining the following solution:
t A~
u(k,t) = / sP1 Eg_a,p),8 (—atﬁfo‘, —c? |n|2tﬁ) h(k,t —s)ds+ Coug(k,t).
0
where
uo(k, t) = é%’ﬁ(m,t) =1-c%|r?t? Eg_ap),1+8 (—atﬁfo‘, —c? |H\2tﬁ) .
|

Since the time-fractional telegraph and telegraph Dirac operators are linear with constant coefficients, and due
to the properties of the convolution we obtain the following immediate results:
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Theorem 6.2 Forz € R", t>0,a € R}, ccRT, 0<a<1,1<p<2, and p € Ly(R™), the solution of the
Cauchy problem

(Df +aDy — czAx) u(z,t) =0

u(z,0) = p(x) (30)
ou
E(x, 0)=0

s given by
uet) = [ G ela -6 de.

Theorem 6.3 Forz € R", t>0,a € R}, ce RT, 0<a<1,1< <2, and p € La(R"), the solution of the
Cauchy problem

(cDm—kf(Df—kan‘) +fT) u(z,t) =0

u(z,0) = () (31)
ou

1s given by

u(e,t) = [ @370 oo~ ) de
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