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In the last decades, there is an increased interest in fractional calculus, in particular in the study of fractional
ordinary and partial differential equations. The introduction of fractional derivatives allows representing the
physical reality more accurately by introducing a memory mechanism in the process (see [5]), e.g., if we consider
the case of a time-fractional derivative, its calculation at a given time requires its knowledge at all previous
times. Time-fractional diffusion-wave equations are obtained from the standard diffusion and wave equations by
replacing the time derivative by a fractional derivative of order 8 €]0,2]. These equations represent anomalous
diffusion (0 < 8 < 1) or anomalous wave propagation (1 < 8 < 2) and have been studied over the last years
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by several authors. In the one-dimensional case the time-fractional diffusion-wave equations have been studied
comprehensively in several papers (see, for example, [T0J2324126H29|3T35]). For the multidimensional case there
are some works in this direction (see e.g. [THIT3T4TRIT22I[31]). Still, the list of works on the multidimensional
case is shorter when compared with the one of the one-dimensional case, and thus further investigations of the
multidimensional case are required. One interesting subject for the multidimensional case is the study of the
eigenvalues and the correspondent eigenfunctions of the time-fractional diffusion-wave operator. The knowledge
of eigenvalues and eigenfunctions plays an important role in the study of the existence of solutions of nonlinear
perturbations of this operator.

In this work, we consider the eigenfunction equation for the time-fractional diffusion-wave operator, i.e. we

consider the following fractional partial differential equation
(af - C2Az) u(z,t) = Au(z,t), (1)

where z € R", ¢t > 0,1 < 3 <2, A€ C, c>0,and A, is the Laplace operator in R". For v > 0, 9; is the
Caputo fractional derivative of order ~.

The aim of this paper is to obtain explicit representations of the solutions of () in the form of double Mellin-
Barnes contour integrals and series expansions in terms of generalized hypergeometric series of two variables.
For rational 8 we were able to deduce series expansions in terms of Kampé de Fériet and Lauricella series of two
variables. These series were first introduced by Appell in 1880 (see [3]) and later studied by himself and Kampé
de Fériet (see [2l[15]). It was Lauricella in [20] who proposed, in a straightforward way, the n-variable extension
of the Appell series. The Lauricella series has special importance for applied mathematics and mathematical
physics because elliptic integrals are hypergeometric functions of this type (see [6L21]). Elliptic integrals arise in
several physical contexts, for example, the study of radiation field problems, the theory of scattering of acoustics
electromagnetic waves by means of an elliptic disk, just to mention some (see [21] and the references therein
indicated).

The structure of the papers reads as follows. In the preliminaries section we recall some basic concepts
about fractional calculus and special functions needed for this work. In Section Bl we obtain a representation
of the solutions of () in terms of contour integrals of two variables. In Section 3] we deduce, for the case of
non-coincident sequence of poles corresponding to odd n, the series expansion of the eigenfunctions in terms
of hypergeometric series of two variables. In Section we restrict 5 to a rational number and obtain a
representation of the eigenfunctions in terms of generalized hypergeometric series of two variables, more precisely
in terms of Kampé de Fériet series and Lauricella series. We observe that, due to the extension and complexity
of the involved expressions, the case of even n (corresponding to coincident sequence of poles) is only considered
in the limit cases presented in Section (8 =1 - diffusion operator) and Section[(.2] (8 = 2 - wave operator).
Moreover, in Sections and we explain how to deal with the singularities that appear in the series
representation for even n. Another interesting and important particular case of the problem (5 = %) is considered
in Section[@l Finally, several plots of the eigenfunctions to certain eigenvalues and for the dimensions n =1,2,3
are presented for all values of § mentioned above.

2 Preliminaries

In this section we present the main tools concerning fractional derivatives and special functions that we will use
in our work. Let a,b € R with a < b let a > 0. The left Riemann-Liouville fractional integral I% of order « is
given by (see [I7T])

A1)
I = 2
Let “D, denote the left Caputo fractional derivative of order a > 0 on [a,b] C R, which is defined by (see [17])
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where m = [a] + 1 and [&] means the integer part of a. We recall the Gauss-Legendre formula associated to the
gamma function I'(z) for later use (see [I])
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mz—z

T(mz)=m

(z+%), m € N, (4)

Another special function that we use in our work is the multivariate Mittag-Leffler function (see [25,[30]).

Definition 2.1 (see [25]) The multivariate Mittag-Leffler function E,, .. a,)5(21, .., %) of r complex variables
21y .-, 20 € C with complex parameters a1, . ..,a, € C (with positive real parts) is defined by

l;

k H;:lzil
b= T (1)l g

k=0 li4+..tlo=k
Iy >0

where the multinomial coefficients are given by

k . k!
(ll ..... lr) Tl xox

In particular, when r = 2, the multivariate Mittag-Leffler function (&) can be written as

I 2

AR
E = =2 6
(1,020,621, 22) Z Z l1'12' T (b+ aily + azls) ©
k=0 l1+l2=
I, l220
=0 15—0 11'12 b+a111 +a212)

For r = 1, the multivariate Mittag-Leffler function (&) reduces to the two-parameter Mittag-Leffler function

E, ,b, C, R > 0.
I 2;rb+km a1,b,21 € G R(ar)

For general properties of the Mittag-Leffler function see [12,25]. We present now the definition of the Fox
H-function in terms of a contour integral.

Definition 2.2 (see [10]) The For H-function H]';" of a complex variable z is defined via a Mellin-Barnes type
integral of the form:

[ (a1, a1),...,(ap, ap) ]
H;’fq’” z
(bla 61)3 SRR (bQ’ 6‘1)

where m,n,p,q € N such that 0 < m < ¢, 0 < n < p, a;,b; € C, and «;,8; € RT (i = 1,2,....p;j =

2,...,q).

When all o; and ; become equal to one the H-function reduces to the Meijer G-function. The conditions for

/ U(b;+ Bs) IT_, T(1 — ai — aus)
27i ]_[Z a1 (@i + ais) [T T —b; — Bjs)

z7%ds, (8)

the existence of the Fox H-function and the orientation of the contour £ are given by Theorem 1.1 in [I6]. The
previous definition can be generalized for the case of r complex variables, however, due to the purposes of our
work we present only the definition for the case r = 2.

Definition 2.3 (¢f. [{]) The H-function of two complex variables is defined via a double Mellin-Barnes type
integral of the form

(a5 05, A5)1 5 (€55 %5)1 0,0 (€55 E5) 1,

(bj?ﬁjaBj)qu (d]’(s)lqz (fj’Fj)l,qg
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2

1 3
- (27”')2/L /[: B(s,t) p1(s) p2(w) 21 * 25 ds duw,



where

H;n:ll I (b] — BjS — ij) Hn;1 I (1 — aj + ;S + Ajw)

I'(1—1b;+ Bjs+ Bjw) flznlﬂ I'(a; —ajs — Ajw)’

(s, w) = 7}

j=mi+1

[[[2, T (dj —6;8) TI}Z, T (1 —¢j +ys)

(1 —dj+6;s) [152,, 1 T (¢j —s)

¢1(S) = q2

j=ma+1

[[2 T (f; = Fjw) T2, T (1 —ej + Ejw)

P2(w) = =5 ‘ ;
Pems1 (L= fj + Fyw) TI52,,, 41 T (e — Ejw)

with 21,22 € C, mi,ni,pi,¢; € No such that 0 < m; < ¢;, 0 <n; <p; (i =1,2,3), a;,bj,c;,dj,ej, fj € C, and
oy, Aj, By, By, 4,05, Ej, Fj € RY.

The conditions for the analyticity and convergence of this special function, its general properties, and the
orientation of the contours £1 and L5 are studied e.g. in [4]. The H-function contains a vast number of special
functions as particular cases. For example, when «;, Aj, 85, Bj,v;,0;, E;, F; are all equal to one it reduces to
the Meijer G-function of two variables, i.e.,

(aJ')Lpl ) (Cj>11p2; (6]‘)111’3 1
(bj)qu 5 (dj>17q2 ; (fj)LQS
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Z2

An interesting generalization of the hypergeometric series ,F, is due to Fox (1928) and Wright (1935) who
studied the asymptotic expansion of the generalized hypergeometric function ,¥,, which is defined by (see [32])

(041, Al)a-'-a(apv AP)
(/317 Bl)a"'a(ﬂqv Bq)

where o, 3; € R, with j =1,...,pandi=1,...,q, 2 € C and the coefficients A;,..., A, and By,..., B, are
positive real numbers such that 1437, B; — > | A; > 0. Moreover, when all A; and B; are equal to one

— Faj+Ajk) k
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»¥q (10)

we obtain

(11)

P T(a;) 1, ..., 0p
_ j=1 J I
z] .(7]:11—‘(/8]);0 q[ ﬂla"'vﬂq

In [34] the authors considered a multivariate extension of the series ,¥, defined in (I0)). Their multiple hyper-
geometric series, known as the generalized Lauricella series in several variables, is defined by

AL B ) = pAB B [(a) 0,07 () = ¢);. 5 [(B)) s (] 5
C:D’;...;D() Zly-+yRpr) = C:D’;..;D() [(C) :’l/)/,_,_,’l/}T] : [(d/) 5/]” [(d(r)) 5(7")] : Zlyeeeylrp
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A B B™M o (
Hj:1(aj)m19;_+m+mrgj<_r) Hj:1(b3‘)m1¢; Hj:l (bjT))mr(b;T)

T qC D’ D), o(r)
szl(cj)mlw;+...+mrw§” 1= (d))me; 1= (dj’ )mra;”




and the coefficients

*) . *) k). k) .
9] ’j - 1)"'7147 ¢] ’j - 1)"'7B( )7 /lp] ).7 - 1""507 (13)
§F j=1,...,DW;  Vke{l,...n}

are real, (a) abbreviates the array of A parameters ay,...,ax, (b(*)) abbreviates the array of B*) parameters
b§k), j=1,...,B®; vk e {1,...,7}, with similar interpretation for (¢) and (d*)), k = 1,...,r; etc. For the
precise conditions under which the multiple series (I2]) and the particular case of n = 2 converge absolutely we
refer to [33]. When all the coeflicients in (I3)) are equal to 1 and r = 2, the generalized Lauricella series (I2)
reduces to the Kampé de Fériet series of two variables (see [34]):

A:B/;B” o A:B/;BN (a) . (b/),b”,
Feppr (21, 22) = Fo.nipr < (c) : (d);d"; 522 ) - (14)

3 Eigenfunctions of the time-fractional diffusion-wave-operator

3.1 Representation in terms of contour integrals

In this section, we deduce the representations of the eigenfunctions of the time-fractional diffusion-wave operator
in terms of the double Mellin-Barnes integrals, the H-functions of two variables, and the Meijer G-function of
two variables.

We look for a function uf such that
(af - CQAE) ul (@, 1) = A (2, 1), (15)

where x € R", t > 0, A € C, A, is the Laplace operator in R™, and 8,55 is the left Caputo fraction derivative (3)
of order 1 < 8 < 2 with respect to the variable t. We additionally assume that uf satisfies that following initial
conditions:
b B

uf(m, 0) = d(x) and %(x, 0) =0, (16)
where §(z) = H?Zl 0(z;) is the distributional Dirac delta function in R™. Problem (I&)-(I6]) can be seen as a
particular case of the problem studied in [8] where the authors deduced the first fundamental solution, denoted
by G?’ﬂ , of the time-fractional telegraph equation:

(85 + ady — C2Az) G?’ﬁ(z,t) =0

G (@, 0) = b(x) , (17)
oG
5t (2,0)=0
with @ > 0 and 0 < o < 1. Therefore, making a = 0 and a = —\ in the integral representation of the solution

of (IT7) (expressions (3.15) and (3.16) in [§]), we obtain the following representation of the eigenfunctions of the
time-fractional diffusion-wave equation in terms of Fourier-Bessel integral (I8)), double Mellin-Barnes integrals



(@) and H-function of two variables (20):

n
2

uﬂ( t) _ |-T|1— /+00 3 g ()\tB — 2 tB) J (T|:L'|)
ALy (2#)% 0 (8,8),1 )
DN Y -3 2,2
(1 L(245) T (- 218\ °
_ Urwt o) Ll o) DO oy <4c r) doas
T3 |$|" ciJe, (1+ Bw + Bs) ||
AP P(1+w+s) T (2+s) T (- A tPN°
S _ / / (+wts)L(5+s) L(-w) (—Atf)w ( c ) dwds  (19)
e |x|” (2m) 2, Jcs L'(1+ 8+ Bw+ Bs) ||
1 amon 4% |72 | (051,1); (1—2,1) ; —
F% |.’L'|n 1,1;1,0;0,1 7}\ B . R
t (0;8,8); —; (0,1)
A o] AEP TR (0L (1= 5.1) 5 (20)
n 1,1;1,0;0,1
T [afn TEEROOL] s (=8;8,8); —; (0,1)

where |x|? = 22 + ... + 22 is the length squared of a vector # € R", J, represents the Bessel function of first
kind with index v (see M), and E(4, 4,),p is the bivariate Mittag-Leffler function ().

3.2 Representation in terms of generalized hypergeometric series for real 5

In this section, we obtain a representation of the eigenfunctions of the time-fractional diffusion-wave-operator
in terms of double series when § is a real number in ]1,2[. Considering the reflections s — —s and w +— —w in
(@A) we obtain

5 (1-w-s)T(%-s)T(w) gy—w (A2 tPNTT
ux@, ) = T3 |x|” 27m /£1 /Lg ra-pw-— ; Bs) (_)\t ) ||? du ds

At? (1-w-s)T(5—5) L(w) gy-w (42PN
_ %z ( 27m /£1 /L2 T(+08—Bw—Bs) (=xt?) ( EE > dw ds. (21)

Applying conditions (3.5) of Theorem 3.1 in [I1], the above double Mellin-Barnes integrals is convergent for all

|z|,t € R*. Moreover, by Theorem 1.1 in [I6] we can choose the contour £y as £_.. To compute the above
integrals we need to apply Residue Theory. As the gamma functions I' (w) have simple poles at w = —my, with
my € Ny, then applying the Residue Theorem to (2II) we obtain

io W)™ 1 / L(1+mi—s) T (5= 5) <402tﬁ)sds

B
t
ux(2,t) = my! 2w ['(1+ Bmi — Bs) j/?

wl:| =

A8 f ()\tﬂ)ml 1 ri+m;—s)T (% — 8) <462 tﬁ>s ds (22)

B ﬁ%|1‘|n m1! 2_7'('2 L1 F(l‘f'ﬁ‘f'ﬁml _65) |‘T|2

ma =0

To compute the integral with respect to s the parity of the space dimension needs to be taken into account.
When n is odd we obtain non-coincident sequences of simple poles and when n is even we obtain a sequence
with simple and double poles. Due to the extension and complexity of the involved expressions, we will consider
at this moment only the case of simple poles, i.e., the case of odd n. Hence, for n odd in ([22)) the integrals
with respect to s are convergent and £ = L4 (cf. [I6l Thm. 1.1]). The gamma functions I' (1 +m; — s) and

r (% - s) have the following sequence of simple poles, respectively:
e s =14+ mq + mq, with ms € Ny;

e 5= 5 +my, with my € No.



Hence, applying the Residue Theorem to [22]) we get

S-S5 58 L mom) (AR (LY
423 th it ml'mg'F (1— 73— pms) 4c2 428
m1=0U ma
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N io io —mi—ma) [ AzP\™ (a2 \™
Accrs ml'mg'F (1 — Bma) 4c2 4c2 8

mi1= 0m2

Atﬂ 1-%) L(1-24m —ms) oy lz|2 \ ™
> O () e

m1=0 mao— Oml'mz'F(lJrﬂ ﬂnJrﬂml*

which corresponds to the representation in terms of double hypergeometric series of the eigenfunctions of the
time-fractional diffusion-wave operator of order 8 €]1, 2].

3.3 Representation in terms of hypergeometric series for rational [

In this section, we obtain a representation of the eigenfunctions of the time-fractional diffusion-wave-operator
in terms of Kampé de Fériet and generalized Lauricella series when g is a rational number, i.e. § = % with
p,q € N. Since 1 < § < 2 then ¢ < p < 2¢. Hence, from ([9) we get

: 1++Fﬂ+ I (- NN
ul (2, 1) = w+$) (2 S) (—w) <7)\ﬁ) 0_2 dw ds
w3 |z|n L1 1+ E(w + S)) |l'|
q
Ath 1++ I(2+4s)T(— NPT AN
/ / w s) (5+5) T (~w) (_)\ﬁ) C_2 dw ds. (24)
T3 |x|n 27m . ), (1 + w4 s)) ||
Considering the change of variables s = ¢ s; and w = qw; in the previous integrals, we get
uy (,t)
+w1+51)) F(q (2—’;—1—51)) I (—quwn) w4245 %1
= / / (*)\ta) NTE dw1 dSl
] |:c|n 271'1 21/, r (p (% +wy + 51)) ||
\t4 q +1U1+S1)) F(q (2"—q+81)) T (—quwn) onawr [ 4c2 15 a5
- / / (-2e8)" () dwids.
7r2|x|n (2mi)? 2, ey ( (1+ +w1+51)) ||
(25)
Applying now the Gauss-Legendre formula (@) for the gamma function and after straightforward calculations,
we obtain
uy (x, 1)

anM (27T)2732<1+p 1 / / Hz;i T (% +w + 51) 2:1 T (M + 2 L+ 51) HZ:l T (% _ wl)
L In ; Ly /Lo Hi;i T (; +wy + 51)
51

dw1 d81

PP |z[*



2—-3q+p q

P nds k k— 2 =
Ao g"T (2m)F 1 / / a0 (§+wts) LT (52 + 5 +0) T T (552 - w1)
w8 |z|r p2th @2mi)? Sz, Je, Pr (% + g tw+ 51)

dw1 dSl. (26)

ey (L2ey
X

p” PP [a|*

Expression (26]) can be written in terms of a Meijer G-function of two variables (see ([@)):

nt3 2-3q+ 2 2\9 ;p.—pi.|—2¢ (E) ; (;1 + ﬂ) p—
ul (z,1) = L2 (2m) 0,45 0,43 4,0 (4t q?) P p7 2] Vg’ N\ T 2,
AN W%|z|”p% .73 9,0: 0,9 (,)\)q tPp~P (E) : : (;1)
P/1p 1 /1,4
nts - q _ _ E) . <_1 ﬂ)
Ath g (%)% 00100t 00 (42 ¢®)" tPpP || 24 <q e \Ua + 34 L’
- n o 11p q,p; 4,05 0,q q - k 1 k—1 (27)
w fo] R N el G
L ) 1 /1,4
Making the change of variables s; = —s and w; = —w in (20]) we obtain
P
ux (1)
n _: -1 k k—1 k—1
T en T / / ST (& —w—s) T (5 35 —s) T (57 + o)
rlznpt @mi)2 S, Je, [-ir (% Cw— S)
2 2 -
—\)? e\ Y (40 q tq)
X (=3) dw ds
P PP |z[?
n = k -1 k=1
A" (2m) BT / / [T (5w —s) T T (A5 + 35 —s) T, T (A5 + o)
P pits @2 e Je, PaT(E+d-w—s)
q S
ey [ (1)
w (2T A ) qwds. (28)
P pP fa|*

To compute now the above integrals we need to apply Residue Theory. The inner integrals with respect to w
are convergent and Lo = L_ (cf. [16, Thm. 1.1]). As the gamma functions [[f_; T’ (% + w) have simple

poles at w = —B=L _ 1y with m; € Ny, for each fixed k1, where ky = 1,..., ¢, then from ([28) we obtain
D
uy (z,1)
qn«;:} (27‘() 2-3q+p 1 i +§ (_1)m1 ((_)\)q tp) T tm 12[ . (k/’ 1 ki —1 )
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! bk
— P q —S
/ T (& Bt oy =) T D (5 —s) ([ (a2?t7) )
s
L1 HZ: r (% —s5+ —k1;1 + m1) P |
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btk
, e e
T (5 + Bt —s) T T (B + 2 —s) [ (42 g21F)
D | |29 ds o (29)
“ DT (E+l—stblqm) PP Jal

To compute the integral with respect to s the parity of the space dimension needs to be taken into account.
When n is odd we obtain sequences of simples poles and when n is even we obtain sequences of double poles.
Due to the extension and complexity of the involved expressions, we will consider at this moment only the case of
simple poles, i.e., the case of n odd. The case of n even is only considered in the limit cases presented in Sections
E2and 52l Hence, for n odd in (26]) the integrals with respect to s are convergent and £; = L o (cf. [16] Thm.
1.1]). The gamma functions HZ:1 r (% — s+ k1;1 + ml), with 6 € {g—1,¢}, and [[{_, T (% + 3, — s ) have
the following sequence of simple poles, respectively:

¢ 5= "°2 + kl L+ my + ma, with my € Ny, for each fixed ky, where ky = 1,...,0, 0 € {¢ —1,q};
* 5= k3' L + 3¢ o +mas, with mg € Ny, for each fixed k3, where k3 =1,...,q.

Hence, applying the Residue Theorem to (29) we obtain
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ko  ky—1
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P E 1k
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. q q
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D | 2
T2 |95|”I’2Jr el mi=0 kg—1 ma=0 L 1° ms! pr PP fa|*
ks—1 k k— ks— k=1 _ ki—1
P k1 ks=1 n | ki— _ '
k=11 (p T3 q 2q q m?’)
(30)
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To obtain Kampé de Fériet and generalized Lauricella series we use now the relation I'(z — m) = M

(1 — Z)m ’
with m € N. Hence, we can rewrite (30) as
_ka k-1
SISl { ((A)q ") (aef) )
milalrpr = PP PP |a]?e

kehr
-1 k kz
Hi:ll—‘(;_ q)
[ wEn™ (ple y™
) o | matma! q%9 (4¢2)e q*9 (4c?)atr
mi1=U ma=

-1 k k
| (1_5—'—72),”2
X
g—1 (1,@+k_2) q (1,@,1+k_2+m) q (1,u+m)
H]f;klz a ' q),, tik=1 q 2¢ ' q ) oyt kk;kll q ),
q _k3—1 n
5 - ki—1 P q 2q
a0 ((—A)q tp) (a2 at)
nHanpr A2 A PP PP |z[?
—lp(k _ka=1l n 4 ki—1 a k=1 _ ks—1 a k=1 k-1
. (5 i) T T (5 ) T (5 )
p—1 k_ k=1 _ n k-1
Hk:lr(p q 2 T q )
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3 i[mﬂlmg! ()™ (ke )"

2 2
== PP q*9 (4c?)atp

p=1 (1 k| ka1l n _ k-1
| (1 s T Tt Ty )ms_ml ]}
X
q-1 _k ka1 n _ k-1 q _ k=1 _ n k31 q Y R T}
T o () o (=

kks

miy

_kg _ky-1
7% |z|n p2 T klzzl k2221 < P > pP ||
k k k—1 k ki—1 -1 ki—1
G D= T (55 g - 4 - B0 T, T (5 - B
X 2 1

+oo —+oo

1 (=N |z[*\™ ( pPlar N
3 S (SR
mi1=U Mma=

24 (4¢?)a tp

p 1f&f1+@)
» k=1 ( Pooa q ),
a (1_ _;’_ﬁ) a (1_ —1_1_;’_@4_’“—1) a (1_ﬂ+u)
Hkk;Zle a ' q),, k=1 q 2¢ ' q ) g tma k;zkll q ),
1
P n+3 2—3q+p 2 9 q 2q
)\ﬁqq 2 (27‘() 2 i i (( )\)q tp) q 4dc qte
W%|$|Hp%+§ k1=1 ks=1 PP pP |z|2q
E_ ks—1 k-1 k=1 _ kz—1 k=1 _ k-1
(Bt o B T, D (B - ) T, (B - )
y k#ks k#ky
p k 1  k3—1 n ki1—1
k=11 (p + q q 2q + q )
+o0o  +oo m ma
1 AT\ P |x|2a 2
<X S o ((500) (Fass)
o= e | ms! p q%e (4c?)at
p 1fﬁfl+ﬂ+lfk1*1)
y k=1 ( P q q 2¢q ) g —ma ] }
a _k k=l n kil a _ k=l _n 4 k3—1 a ) R il §
k=1 (1 q + q + 2q 1q )mg_ml Hkk;é:klg (1 p 2q + 3q )ms Hkk;kll (1 7 + 1q )

ma

(31)
Taking into account ([[4) and ([I2) with n = 2, we finally obtain a series representation of the eigenfunctions in
terms of Kampé de Fériet and generalized Lauricella series:

_ka k11
q q

2\ 4
(402 q* ﬁ)

pr |z|2e

. _ k-1
% g ;rs (27{')2 32q+p q q—1 (7>\>q 4P 1q
uy (z,t) = —F——— g —

2 |z|" p2 D
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1_E+ﬁ) :
A P )

k| k 024 (4¢2)2 24 (4¢2)4 tP
(175+7217H, g% (4c2)1 7 g2 (4c2)at
ktkso
q k3717L
e 9 92,2 q 2q
+q$ (27r)2 Stp i i ((A)q tp) a (46 q tq)
W%|x|"p% Ei=1 kz=1 pr pP [a]?
q—1F(E_k3—1_ﬁ+k1—1) q F(u_k3—1) 1% F(ﬂ—kl—l)
k= k=1 k=1
y 1 q q 2q q KTy q q i q q
-1 k  ks—1 ki—1
H§:1F(;_3T—2"—q+lq )
_k k3—1 n _ k-1 . . .
{(1 Byl pon ks )1p71' 1,1]. :
prl:O;O s
X q—1l:qg—1;9—1

E | ksa=1 | n k-1 . ) k=1 | ki1 al.
-spegom), o] [(-senm) o
1

G )
[(1 — kel —’“3—1) o 1] : PP g (4e?)atr

w3 fofnprth

P ni: “3q+p k=1 2 2,2\T\ "7 Ta
Ate g™ (2m) 5 zq: zq:{((—)\)q tp) ‘ <4C 4 tq)

1_E_l+k_2) :
(=545 L’ (=N [aP pP a2 )

(1 —EH) 1, g% (4c2) 7?7 (4c) tP
kks
q k3—1 n
q 2q
Ath g™ (2m) 5 2‘1: zq: (()\)q tp> 3 (462 q2t0)
w3 |z|np2 k=1 kg=1 pr Gl
k _ kg—1 ky—1 k=1 _ kg—1 k=1 _ k-1
b T (5 =B = g B ) T (55 - B2 ) T P (7 - 27
o ktks Ktk
P E 1 _ ks—1 _ n ki1—1
kle(p+q q 2q+ q )
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PP g (4c?)a

| S ) e

k-1 ks—1
[(1 SRR

k#ks

The previous expressions are not easy to handle. However, it is interesting to see that some very general
hypergeometric special functions that were considered in the literature found an application in a mathematical
physical equation in R™ x R*. In the following sections we consider particular values of 8 and study the

corresponding eigenfunctions.

4 The diffusion case

In this section we obtain the representation, in terms of double Mellin-Barnes integrals and in terms of double
hypergeometric series, of the eigenfunctions of the diffusion operator (9; — ¢ A,) for arbitrary space dimension.
In the end of the section we present some plots of the eigenfunctions for some particular values of the dimension
n and the eigenvalue \. We observe that if we consider A = 0 in the results presented in Subsections [£.1] and
we recover the fundamental solution of the diffusion operator already studied in [7].

Considering p =¢ =1, (8 =1) in ([28) we obtain, after straightforward calculations, the following represen-
tation in terms of Mellin-Barnes integrals for the eigenfunctions of the diffusion operator

ui(x,t)ﬁlzw%%y /L /Lr(gs) T (w) (—A8)~" <‘|L:—|22t> dw ds

T3 |x|" (2mi)? /L1 /£2 v ;)FUE%S)S) L) (=At)™" (T;—T;)S dw ds. (33)

Moreover, considering p = ¢ = 1 in (29) we get

1 = (A)m™ o1 n 42t 7
o) Lo (27,
w@ ) s mZ:O mal 2mi /El 2 %) \ 2P i

A = (At)y™ 1 F(1+mg—s)T(2-— AN
T2 |z[n =, my! 2mi J, L'(2+my—s) ||

In order to continue with the application of the Residue Theorem, we need, as it was previously indicated, to
take into account the parity of the space dimension. In the next two subsections we study the behavior of (B4)
for these two cases.

4.1 Series representation for odd dimension

Here, we consider the case of n odd in ([B4). In this case the integrals with respect to s are convergent and
n

L1 = Lo (cf. [16, Thm. 1.1]). The gamma functions I (% — s) and I' (1 4+ my — s) have the following sequence

of simple poles, respectively:
o 5= %+m3, with ms € Ny;

e s =1+ mq + mq, with ms € Ng.

13



Hence, applying the Residue Theorem to (34) we obtain

' SEs o2
)= ——— m
uy(z,t) = 47r02t z mz_o mz m1|m3 At) ( 4c2t>
1

4c27r2 |2 ml'mg'l" 1 —mg) 4c? C4c?t

’ml—O mo= 0

ml'mg'F 2——+m1 4c2t

L (1= 5+ mi —ms) my (12l
(4 % Z Z o) (A1) < ) : (35)

It follows from our general derivations that (BH) is an eigenfunction of the diffusion operator. However, let us

verify this independently by substituting the function (B8] into the equation (). Taking into account (35) and
observing that the second term does not depend on ¢, we get

1 = m ||
owuy (x,t) = ———— g E ! ( )
)\( ) 4C27Tt 2 10 ma—0 m1'm3 ) 402t

400 4o my — |.T|2
— = E E At . 36
(4c?mt) 2 =0 maeo ml'mg ( ™ ( 402t) (36)
mi1=U m3=

Taking into account the following relations

A (|z[*™2) =2m3 (3ms +n —2) x> 72 and A (|22 = 2my (2mg + 2 — n) [z ™72,
we obtain
At XX 2 —2 . Cm
Aui([lj’f) _ AL Z Z ms + n - ()\t) 1 (—4C2t) 3 |$|2m372
4027rt2m10m30m1 mz —1)! (m1 —mz +1-3)

_ A +§ F(%—l—n’u) (2m1+2—mn) i mi |x|2m1—n
2273 . (mq —1)! 4c?
mi1=

—+00

2m3 +n— my 2,\~M3 | 2m3—2
E E At —4ct 374,
4027rt () ( ¢ ) 2

mi1= =0 m3— 1 m3 o 1)
Rearranging the series and making some simplifications leads to
—+o0 —+o0

S 2 Y oo (<)

! —n 4c%t
m1=0 ma=1 mq! ms! ml ms3 2

__1_mg Az|2\™
A——m—
e 5 (%

m10

A (z,t) =

+o0o 4o m + . 2\ M3
Y Y By (W) @)
2t (4c?mt)>2 ml'm3 4c%t

mi1= 0 m3= =0
From B6) and (B7) and after straightforward calculations we obtain

)\ —+oo +oo

SNy 1 j/?
(0 = ) i, t) = (4c27rt)% Z Z (m1 — Dlmg! (m1 —mz — §) ()™ ( )

4c2t
mi1=1 m3=0

-\ (% —1—m1) Az2\™
A - 2
N L (*a

m10

—+oo +oo

m E .
- E E A" ———=
(4c?mt)2 (mi1—1 'm3 (A1) ( 4c?t

mi1=1 m3=0
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Rearranging the series and making some simplifications finally leads to

+o0o 400 2\ M3
o A
(at C A) u (:C t) A 47TC2t % Z Z ml' ms ) ( 4C2t>

m1=0 mz=0

Z Ll Lom) (Aefy™
4c27r2 |x|n—2 4c?

)\tl—f +oo +oo _2+m1 mg) s |:L'|2 ms
RS “ gy A (ﬂ)

ml'mg'F 7§+m1
= \uj(z,1), (38)

i.e., u} is an eigenfunction of 9; — ¢* A, for n odd.

4.2 Series representation for even dimension

Here, we consider the case of n even in ([34). First, we perform the change of variable u = 1 — s + my in the
second term in (B4]), which leads to

1 X o™ n 42\ "
1
e (o ()
us(@:?) e |x|” mz my! 2w Jp, 2 s || 5

1=0
AR )™ 1 D(u) D (2 —1—m+u) [4c2¢\" ™
72 |z|? mal 2w f s F'(l+u) |z|2

Concerning the first integral with respect to s in ([B9)) it is convergent and £ = L_o, (cf. [16, Thm. 1.1]). The
gamma function ' (% — s) has the following sequence of simple poles

° S:%—l—mg,withmgeNo.

Concerning the second integral with respect to s in ([B9) it is convergent and £ = L_ (cf. [16, Thm. 1.1]).
The gamma function I' (u) has poles at u = —mg, for m3 € Ny , and the gamma function T’ (% —1—mi+ u)

has poles at u = 1 — 5 +my —my, for my € Ny. Since n is even we can have simple and/or double poles in the
following two cases:

e for m; — 5 + 1 < 0 there are simple poles at u = —mg, for m3 =0, ..., —m1 + § — 2 and double poles at
u = —mg, for mz > —m1+ 5 —1;
e for m; — § + 1 > 0 there are simple poles at u = 1 — § + m1 — my, for my =0,...,m; — 5 and double

poles at u =1 — 5 +my —my, for my > 1— 3 +m.
Therefore, applying the Residue Theorem to ([B9) and after straightforward calculations we arrive to
1 = |$|2 "
T Ep— ao™ ()
A (4c2mt)2 w;o mgzo m1'm2 4c?t
AP Z i TD(5 1 omim) (A\™ ()™
Pt mylmg! T (1 — ms3) 4c? 4c%t

mgo

n —n 52 —+o00 mi m.
n (=12 A [z]? 22 S 1 A z? =P\
4e2rs n 4c? 4c?t

_n -1 ml'm3'F(27§+m1+m3)

_n +oo
A i (At)m( W)

(4027r)% . mq!my! (1 -5 +my - m4) 4c2t
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n

L _=DEA f Z 1“(]155) = (L —ma) + (1 +ma) + ¢ (2 - 5 +ma +my)
4 |z|n—2 my!my! T (2 -5 +mi+ m4) (1 —my)

mi= ——1 mq=0
Me2\™ [ Jaf\™
— —_— . 40
X( 4c2 4c?t (40)

Remark 4.1 We observe that for some rational values of B we have an indetermination in the series coefficients

due to the terms ¥ (1 —my) and T (1 — my) when my > 1 in the inner series that appear in the last term of
(40). These indeterminations can be removed after applying the following properties of the gamma function and

the digamma function:

F1+42)=20(z), T'(z)T(-2) = 7%(7“2)7 r <1 — z) = %ﬁfj)), (1 —2) =7 cot(nz) + P(2).

(41)
In fact, for my > 1 we have

YA —my) _ —mcot(mam) —p(ma) 1o, ma) —
o) 7 = (=1)™ D(my)

T'(m4) sin(mag m)

Y(my4) T(my) sin(my )

™

= (=)™ T(ma), (42)

where the last simplification is valid when my > 1. From ({{2) we have that the last double series in [{0) can be
rewritten as

CoEa i m(EH) e e-2rm) oo™
i (i)

4e27s |x[n2 my!T (2 — 2 +mq) 4c?

mlzgfl

(=12 A -~ 1 ( >\|96|2)m1 < |$|2)m4
! - - .3
* 422 |ac|”_2 Z Z ml'F — 5 +my+ m4) ma 4c2 4c2t (43)

In a similar way as it was done in the previous section it is possible to directly verify that u}\ given by [{0) is

an eigenfunction of 9; — ¢? A, for n even.

4.3 Plots of the eigenfunctions

In this subsection we present some plots of the eigenfunctions of the diffusion operator.

4.3.1 The case of n=1

Considering ¢ =1 and n =1 in (B5) we obtain

+oo  +oo 2\ M3 1 2\ M1
1 1 || )\|ac| 5 m1) Az
1 _ - - mi1 _ 2
(@, t) = VATt Z Z mq!ms! (A1) ( 4c2t) Z 4
=

m10

MWE S S ! o (2PN
7% Z: SZ m!ms! ( +my — m3) () (I) 7 (4

Now, we present some plots of [@]) for some fixed values of ¢ and A and = € [-5, 5].

0.4F 0.4F

0.3 0.2

0.2 0.0

0.1 -0.2

0.0k I | | | | | T -0.4u | | | | i | | | | |
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 1: Plots of u}(z,t) for t = 0.5 and A = 0, 0.5, 1 (1st plot), and ¢ = 0.5 and A = 1, 2, 3 (2nd plot).
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0.30

0.25

0.20}

0.15[

0.10

0.05 T —A=1
il -1.0

0.00 i L ---A=2
i 4 ——A=3

005k, i | 15 | ‘ I —

-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5

-0.1 —4
-0.2¢ —A=0 _6 —A=1
---A=05 --a=2
-0.3 8
B ; ~-r3
-0.4L, I I I I Y I I T f 10k I I I L I I T T
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 3: Plots of u}(x,t) for t =2 and A = 0, 0.5, 1 (1st plot), and t = 2 and A = 1, 2, 3 (2nd plot).

X

X

0.4F VT E—
02~ 20
0.0[~ [ e —— e
~02 -20
-0.4 -40
—A=0 6 — =1
-06 ---A=05 - --a=2
ccA= -80 s A=
o8, N e N P (e
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
X X

Figure 4: Plots of u}(x,t) for t = 3 and A = 0, 0.5, 1 (1st plot), and ¢ = 3 and A = 1, 2, 3 (2nd plot).

From the plots in Figures [l [2 Bl and @ we can see that they are similar to those presented in [7] for the
fundamental solution of the diffusion operator. The eigenfunction u} attains two symmetric maxima that move
apart from the origin with the increasing of the time and the eigenvalue A, and attains a minimum at z = 0
which decreases when the time and the parameter A increase. The range near the origin increases with ), and
for all values of \ the eigenfunctions are continuous and differentiable in R x R, even when x tends to zero.
In fact, from (@) we have that

X (Apm

\/RZ ma!

1 t
Ilg})u,\(z ) =

_2A ;/E erfi(1),

(Y’
Ay -
—=,m + ml) 2Vt
which is a continuous and differentiable function in R*. In the following figure we present some plots of (@)
for some fixed values of A and (z,t) € [—4, 4] x [0.2,4].

Figure 5: Plots of u} for A = 0.5 (1st plot) and A = 1 (2nd plot).
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From the plots in Figures [l and B we observe that the decay of u} is more pronounced in time than in space
and the range of the plots increases with A. Moreover, we observe that due to the logarithmic function that
appears in the third series in (@3] we have that

lim wu}(z,t) = —o0, and lim w}(z,t) = +oo.
2|0+ M) Jm a0 =+
Therefore, we did not plot the functions near |x| = 0 and ¢ = 0 to be able to see the behaviour of the

eigenfunctions.

4.3.3 The case of n =3

Considering ¢ =1 and n = 1 in (38) we obtain

1 =X = |2\ ™ A X T -m) ae\™
1 - - - mi o o~ 2
B0 = T 2 2 i Y ( 4t> Ve 2 ( i )

’ITL1:O

)\ —+o0 +oo

5 L (=3 +m1 —ms) oo (_@yg, (46)

- \/(47‘()315 Ma=0 mz=0 m1!m3!1"(%+m1—m3 4t

Now, we present some plots of [@G]) for some fixed values of A and (|x|,t) € [0.1, 4] x [0.2, 4].

Figure 10: Plots of u} for A = 2 (1st plot) and A = 3 (2nd plot).

From the plots in Figures [ and [[0] we have similar conclusions as those obtained from the analysis of Figures [Tl
and [8l The main difference is that the increase of the range of the plot with A is more pronounced. Moreover,
due to the first term of the second series in (@8] we have that

Jm e =

and due to the two double series that appear in ({#6) we have that

lim ui(z,t) = )
M a0 = Foe
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5 The wave case

In this section we obtain the representation, in terms of double Mellin-Barnes integrals and in terms of double
hypergeometric series, of the eigenfunctions of the wave operator (92 — ¢? A,) for the cases of odd and even
dimensions. In the end of the section we present some plots of the eigenfunctions for some particular values
of the dimension n and the eigenvalue A\. We observe that if we consider A\ = 0 in the results presented in
Subsections (1] and we recover the results presented in [7].

Considering p = 2 and ¢ = 1, (8 = 2) in ([28) we obtain, after straightforward calculations, the following
representation in terms of Mellin-Barnes integrals for the eigenfunctions of the wave operator

(3 - AN AN
u3(z,t) = / / 21 L (w) (——) (6—2) dwds
|z|” @ri)? Jey Jey T(E—s—w) 4 ||

Ay ()7 () e

Moreover, considering p = 2 and ¢ = 1 in (29]) we get

1 =1 A\ 1 r(z- 242\ 7°
W2 (3, 1) —— s L <( )> / 1(2 s) <c 2) s
7 |a|n my! 4 2mi J, T (— - s+m1) |z]

maq =0 2

LA ii‘((m@))ml% I(l+m—s)T (5 —5) (ﬁ)sd& (48)

4Tl o, 1 7i Je, T(E+mi—s) T 2+m—s) \JoP

In order to continue with the application of the Residue theorem, we need to take into account the parity of the
space dimension. In the next two subsections we study the behavior of (@8] for these two cases and we deduce
the correspondent representation in terms of double hypergeometric series.

5.1 Series representation for odd dimension

Considering the case of odd n in ([@8) we can conclude that the integrals with respect to s are convergent and

L1 = Lo (cf. [16, Thm. 1.1]). The gamma functions I (2 — s) and I’ (1 4+ m; — s) have the following sequence

of simple poles, respectively:
o 5= %+m3, with mg € Ny;
e s =1+ mq + mq, with ms € Ng.

Hence, applying the Residue Theorem to (@8] we obtain

—+oo +oo 2\ M1 2 ms3
1 1 At |z] )
2
u (2, t) = ——= o
A0 = =T §0m§oml'ms!r<%%+mlmg>(4) (s

Ay oy Tloiemem) (Mxﬁ)”“ (_ﬁ)’“

4c2 mi 7 2|2 = o my!ms! T (% - mg) ['(1—ma2) 4c2 4c2t

R (= (A)" (L
4cn 2 ml'mg'F 3 _ 24’7’)1177’)13) F(27ﬂ+m1*m3) 4 4c2t

m1=0 ms 2 2
(49)

In a similar way as it was done the case of the diffusion operator (see Section ] it is possible to directly verify
that u3 given by [@J), with n odd, is an eigenfunction of 97 — ¢ A,.
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5.2 Series representation for the case of even dimension

Here we consider the case of n even in ({@8). First, we perform the change of variable u = 1 — s + m; in the
second term in (@8]), which leads to

+o0 2\ M1 n 242\ —S
1 1 /At 1 I'(3-3) i
ui(z,t) = —— - (T) 2_/ (1 - — (| |2) ds
T 2 i e, TE+mi—s)

)\tQ = 1 A2 ™o I (2 _-1— + 24 u—1—my
=i D (_) i SRR m o) (C_Q) du.  (50)
res ol =yl \ 4 2mi Je: T(3+u)T(14u) ||

Concerning the first integral with respect to s in (B0) it is convergent and £1 = L_o (cf. [I6, Thm. 1.1]). The
gamma function I’ (5 — s) has the following sequence of simple poles

e 5= 5 +my, with my € Np.

Concerning the second integral with respect to s in (B0) it is convergent and L3 = L_o (cf. [16, Thm. 1.1]).
The gamma function I (u) has poles at u = —mg, for ms € Ny , and the gamma function T’ (% —1—mi+ u)
has poles at u = 1 — & +my —my, for my € Ny. Since n is even we can have simple and/or double poles in the
following two cases:

e for m; — 5 + 1 < 0 there are simple poles at u = —mg, for m3 =0,...,—m1 + § — 2 and double poles at
u = —mg, for mz > —m1+ 5 —1;
o for mp; — % + 1 > 0 there are simple poles at u = 1 — % +mq —my, for mgy =0,...,m; — % and double

poles at u =1 — % +my — my, for mgy >1— % +m.

Therefore, applying the Residue Theorem to (B0) and after straightforward calculations we arrive to

XX 1 AN mP\ ™
2
uy(zr,t) = ——= —_—
(60 = Py 3 S ey () ()
9—p 272 %7”‘121—\ n_q_ o 2\ M1 2 \ M3
Al Z Z (5 my —m3) (x| =l
42 % a0 ml!mg,!l"(l—ng) 462 462t2
(_1)%+1)\|x|2—n 522 +§ 1 ( )\|x|2)m1( |$|2)m3
+ — — -
4027rTl =0 ma=o —my—1 ml!mglf (27 % —+ mq +m3) I (% *mg) 4c2 22
mi—%

L <A_t> ( |z|2>”“
0 m!my! (17—+m1 m4) F(?’—"+m1 m4) 4 c2t?

C1Ea = rx [(8R) -0 (- ma) = 0= ma) (1 ma) 4 (2= F 4+ )

m1!m4!F(27 5 +my +m4) F(% fm4) (1 —m4)

() () ) o

Remark 5.1 We observe that for some rational values of B we have an indetermination in the series coefficients

due to the terms ¥ (1 —my) and T (1 — my) when my > 1 in the inner series that appear in the last term of
(21). In a similar way as it was done for the diffusion case (see Remark[{.1]), these indeterminations can be

removed after applying the properties of the gamma and digamma functions presented in (1). In fact, from
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(£2) the last term in (1)) can be rewritten as

(—1)% A *f I (£5) —v(d) +v(2—%+m) < A|x|2>”“
Tl e i mi!T (22 +my) 4c?
2
(~1)% A ! (_AIwIQ)”“ (@)m
+ 42 |p|n—2 ;_1 mzl m4) T (2 -5 +my+ m4) ma 4c2 t2 '

(52)

In a similar way as it was done the case of the diffusion operator (see Section [l), it possible to directly verify
that w3 is an eigenfunction of 9; — ¢ A, when n is even.

5.3 Plots of the eigenfunctions

In this subsection we present some plots of the eigenfunctions of the wave operator.

5.3.1 The caseof n=1

Considering ¢ =1 and n =1 in (Z9) we obtain

*f 3 AP (LY Al Z ml) Ao \™
ml'mg'F (mq — ms3) 4 4c2t 4

m1=0 m3=0 m1=0

—+oo +oo

Z Z 1 AN 2P\ (53)
m1|m3'F 1+m1 mg) (%+m17m3) 4 4t '

mi1= Omg

Now, we present some plots of (B3] for some fixed values of ¢t and A and = € [-38, §].
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Figure 12: Plots of u3(x,t) for t =1 and A =0, 0.5, 1 (1st plot), and £ = 1 and A =1, 2, 3 (2nd plot).
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Figure 14: Plots of u3 (z,t) for t =3 and A =0, 0.5, 1 (1st plot), and ¢t =3 and A =1, 2, 3 (2nd plot).

From Figures[IT] 121 13} and T4l we can see that the plots are similar to those presented in [7] for the fundamental
solution of the wave operator. Each eigenfunction attains several maxima and minima. When x = 0 the local
minimum decreases when the time and the parameter A\ increase. The range near the origin increases with A,
and for each ¢ the oscillating behaviour increases with A. For all values of A the eigenfunctions are continuous
and differentiable in R x RT, even when z and ¢ tend to zero. In fact, from (53]) we have that

+oo 2\ M1 +oo 1 2\ M1
1 1 At At I'(5+ At
lim u3 (z,t) = = E _ | — - — (2 ml) —
0 t ) mq! (mg —1)! 4 4 - (my!)2T (% + ml) 4

mi1=

VA A 1 . 3 At
=271 2 P, (2.1 2. 2 4
9 l(ﬁt) 21 2(27 327 4 )7 (5 )

. Ma| X T(=g—m) (Alz]\™
1 2(p.t) = — 2
t—1>I(IJ1+ ux(@,1) 4\ /7 mZ:O mq! 4

= g sin (\/X|:L‘|> , (55)

where I,(z) is the modified Bessel function of the first kind and 1Fa(a; b, ¢; 2) is the Gauss hypergeometric
function. It is clear that (54) and (55) are continuous and differentiable functions in RT x R, respectively. In
the following figure we present some plots of (B3] for some fixed values of A and (z,t) € [-8, 8] x [0.2, 4].

Figure 15: Plots of u3 for A = 0.5 (1st plot) and A =1 (2nd plot).
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Figure 16: Plots of u3 for A = 2 (1st plot) and A = 3 (2nd plot).

From the plots in Figures [I3 and [I6] the conclusions are the same as those made in the analysis of the plots in
Figures [T}, 2] 3] and [[4l In these plots it is even more clear that the range near the origin increases with A.
Due to the singularity at ¢ = 0 that appears in ([B4) we did not plot the functions near ¢ = 0 to see more clearly

the behaviour of the eigenfunctions.

5.3.2 The case of n =3
Considering ¢ =1 and n = 3 in (49) we obtain
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Figure 18: Plots of u3 for A = 2 (1st plot) and A = 3 (2nd plot).
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From the plots in Figures [[7 and [[§ we observe that the decay of u3 is more pronounced in space then in time
and the range of the plots increases with A. Moreover, we have that

A =X oma) A \™ A
1 t 2 = —— A
Jm @) =~ a2 (M) =gy s (V2H1)

which is a continuous and differentiable function for |z| # 0. From the first term of the second series in (6l we
have that

li t .
\w\l—%+ ui(z,t) = —o0

6 Thecaseofﬁzgfornzl

In this section we consider the case when 8 = % for n =1 and ¢ = 1. Since in this case § is a rational number
a natural way to obtain the representation of the eigenfunctions in terms of generalized hypergeometric series
for the case of non-coincident sequences of poles is to consider p =3, ¢ =2, n =1 and ¢ = 1 in (3I). However,
the obtained expression is very unstable numerically and does not allow to obtain reasonable plots for the
eigenfunctions. Therefore, we consider 5 =2, n =1, and ¢ = 1 in (23]), which leads to

+o0o  +oo F(

s || *% —my fm2) ( )\|9C|2>m1 < ] >m2
2 t) = —— B
u)\(z, ) 4\/@ Z Z ml!mg!r(flfm) 4 4\/_

m1=0 mo=0 2 2
400 +4oo m 2\ M2
R Yt T N G N Gy
\/47r o ml'mg'l" (1 + 3 (m1—ma)) 413
A|z| *2"’ *Z“’ —my —my) <A|x|2>”“< ]2 )"”
m1—0 s ml'm2'F 3%) 4 413

43 400 H4oo

e 2, 2wt s OV () e

m1=0 mo=

Now, we present some plots of (B7) for some fixed values of t.
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Figure 19: Plots of u3 (z,t) for t = 0.5, € [-1.5, 1.5], and A =0, 0.5, 1 (Ist plot), and t = 0.5 and A =1, 2, 3
(2nd plot).

0.8
0.6
0.4
02
0.0
-0.2

-0.4

-0.6"-

3
Figure 20: Plots of u3 (z,t) for t =1, x € [-3, 3], and A =0, 0.5, 1 (Ist plot), and t =1 and A =1, 2, 3 (2nd
plot).
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Figure 21: Plots of u§ (z,t) for t =2, x € [-5, 5], and A =0, 0.5, 1 (1st plot), and t =2 and A =1, 2, 3 (2nd
plot).
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Figure 22: Plots of u% (z,t) for t =3, z € [-5, 5], and A =0, 0.5, 1 (Ist plot), and t =3 and A =1, 2, 3 (2nd
plot).

From the plots in Figures [[9 20, 2T, and 22 we can see that they have an intermediate behaviour between the
plots of the diffusion case (see Figures (] 2 Bl and M) and the plots of the wave case (see Figures [T 12 03] and
[[4)). The eigenfunction uf attains two symmetric maxima which decrease with time and the eigenvalue A, and
attains a minimum at x = 0 which decreases when the time and the parameter A increase. The range near the
origin increases with A, and for all values of A the eigenfunctions are continuous and differentiable in R x RT,
even when x tends to zero. In fact, from (51) we have that

= T em) mo VB X T (f+m)
tim o o,0) = ——— > —2 ()™ '
lim w3 (z, 1) ngo ma T (1 320y Vin mzz it

3 243 Y413 1 243
INEY <1F3(1 1 5 1_/\t>1> )\\/t_F(4)1F3<3 7 11 3_/\t>

was VTR B IERTID)

2mv2 /3 312 4'12712°2° 21

_ Ve 1817 15 XY |\ 1AVP (85 18 17 3 7 X8
r@ \'"\w4 2121274 27 I\ 1212278 27

+
45T (1)
which is a continuous and differentiable function in RT. Now, we present some plots of (57) for some fixed
values of A and (z,t) € [—4, 4] x [0.2, 4].

3
Figure 23: Plots of u} for A = 0.5 (Ist plot) and A =1 (2nd plot).

26



3
Figure 24: Plots of u} for A =2 (Ist plot) and A = 3 (2nd plot).

From the plots in Figures 23] and 24] the conclusions are the same as those made in the analysis of the plots in
Figures [[9 20, 211 and It is possible to see that when |z| tends to zero the eigenfunction u} is continuous
and differentiable in RT. We remark that

3
lim w?(z,t) = +oo.
t—0+ )‘( )

7 Conclusions

In this work we deduced integral and series representations for the eigenfunctions of the time-fractional diffusion-
wave operator of order 8 €]1,2[ in R™ x RT. The integral representation is deduced for an arbitrary dimension
n, while the series representation is deduced only for odd n and an arbitrary rational number § €]1,2[. In this
case the obtained series are generalized hypergeometric series of two variables, namely Kampé de Fériet and
generalized Lauricella series. The limit cases of the diffusion and wave operators (8 = 1 and 8 = 2 respectively)

3

and the particular case of 3 = 3 are considered and studied in detail. Some plots of the eigenfunctions for these

particular values of 5 were presented and discussed. As a future work it is necessary to analyse the asymptotic
behaviour of the eigenfunctions at the infinity and to study their scaling properties. Finally, in order to obtain
more accurate plots it is necessary to develop stable numerical methods that allow the graphical representation
of generalized hypergeometric series.
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