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ARTICLE INFO ABSTRACT

Keywords: Real problems in control engineering usually involve many uncertainties and delays. In the
Robust control search for solutions which deal more adequately with these problems, this paper presents
Structured singular value contributions to the theory of the y-analysis and synthesis applied to uncertain linear fixed time

u-analysis and synthesis
Time-delay systems
Uncertain TDS

time-delay systems by using Padé approximations. A new necessary and sufficient condition for
robust stability for a class of uncertain time-delay systems is presented. From this condition,
a novel robust controller synthesis technique is obtained. Furthermore, contributions are
presented on the convergence theory of Padé approximations applied to the u-theory via
parametrized optimization technique. In order to better understand the theory presented and
verify the effectiveness of the results, examples and comparisons are proposed. Finally, in the
conclusions, new lines of research and application are pointed out.

1. Introduction

Time-delay systems (TDS) are present in a multitude of physical phenomena, for which reason they have been widely studied in
engineering [1-6] and science [7-9]. The time delay may be time-variant or even uncertain [10-14] which may fall in a category
studied by robust control theory. For the control of nonlinear systems with uncertain time delays, important results have appeared in
the literature [15-17]. In addition, advanced approaches to robust adaptive control of uncertain nonlinear systems with delay have
been presented [18]. Many techniques for robust stability analysis and controller design have been developed over the years, where
one of them is structured singular value (SSV) theory, also known as u-analysis and synthesis, both developed by John Doyle [19].
According to Skogestad [20], p-analysis is a technique that can provide necessary and sufficient conditions for robustness of stability
and performance of linear time-invariant systems (LTI). In computational terms, there are difficulties in working with TDS, since
they are infinite dimensional systems represented by functional differential equations [4]. In order to circumvent this difficulty,
approximations for the time delay are used, such as: Padé approximations [21], Taylor series [22], among others [23-25]. In this
paper, one presents original techniques of analysis and feedback control design for uncertain linear time-invariant TDS systems
(ULTITDS) based on u-analysis and synthesis, which were revisited by the authors in an attempt to obtain less conservative results
than the ones found in literature. This work presents the way to proofs of conjectures raised in the papers [26,27] by the same
authors.
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The concept of SSV provides necessary and sufficient conditions for robustness of stability and performance for finite order
uncertain linear time-invariant systems (ULTI). There are several numerical toolboxes, as for example, the Robust Control Toolbox
of MATLAB® by Mathworks®, which implement well consolidated algorithms for finding the SSV, as well as designing with it. The
methods presented here allow for the use of such numerical toolboxes with ULTITDS, which is a major advantage to the practitioner.
Despite the fact that robust control theory has already been applied to TDS systems [28-30], the approach presented here adds
another gun to the arsenal for attacking problems in control system design of TDS uncertain systems.

1.1. Related works

Wang and Skogestad [31] use p-analysis and synthesis with Smith predictor for ULTITDS by approximating the delay term by
Padé approximations (in the example presented, a fourth order approximation is used). Despite being the simplest method found,
one does not have any indication that the method would provide robustness of stability for a higher order Padé approximation.
Probably a higher conservatism is necessary in order to achieve robustness. The use of Padé to approximate the time-delay term
mixed with the p-analysis and synthesis is therefore not new [28,31-33].

Huang and Zhou [11] take a different approach via u-analysis by using a constant time-delay term ¢~/* as an uncertainty by
including the phase information in the 4 uncertainty matrix. The authors claim that this method provide less conservative results
than other works cited therein. Despite of guaranteeing robustness of stability, treating the time-delay term as an uncertain transfer
function introduce conservatism in the design process.

Our approach for the problem, differently from the references above cited, is to use the SSV tool in analysis and synthesis of
ULTITDS by analysing a truncated sequence of functions in the frequency domain. This sequence is obtained by substituting the
delay term e~/®7 by its Padé approximations [L,, M,] and taking an upper bound m, (jw) for the SSV of those approximations. Neither
the SSV function nor the upper bound function m, (jw) have closed form, but those ones can be efficiently numerically calculated, as
they conduct to convex optimization problems. Several numerical toolboxes can calculate the functions m; (jw), as for example the
Robust Control Toolbox of Mathworks’ MATLAB®. This method was applied in some classes of Lurie type problems with time-delay,
which can be reduced to ULTITDS [26,34] and the results were less conservative if compared with others in the literature.

1.2. Contributions

In order to better clarify the contributions of this paper, they have been listed in topics, as follows:

+ Theorem 4 is the main result in the paper, which is a generalization of Theorem 3 [20] for ULTITDS (Theorem 3 is only valid for
systems with no time-delay). The extension consists in approaching ULTITDS, as said above, by replacing the time delay term
¢/ by a sequence of its Padé approximations. This theorem enables the proof of Theorem 9 which is the second main result
of the paper, and deals with the synthesis of closed-loop controllers. Theorems 4 and 9, in a version for non-linear systems,
were treated as unproved conjectures in [26,35] and were used as such to analyse stability and design feedback controllers
for a class of Lurie type systems [36]. Thus, the proof of Theorem 4 can be adapted to the proof of those conjectures.
In order to prove Theorems 4 and 9, several other theorems and lemmas are necessary, some of them which are proved in
the present paper. Lemmas 1-4 assert the convergence and uniform convergence of some sequences of matrices functions
necessary for the main theorems. Despite of being simple applications of classical theorems of Complex Analysis and Matrix
Analysis, they are not present in the literature, as far as the authors know.
Theorem 5 proves that the upper bound for the SSV function u(w) as used by Robust Control Toolbox of MATLAB®, and which
is called m(jw) in the present paper, is a continuous function. Although it is known that u(w) is continuous in some cases, there
is nothing about m(jw), as far as the authors know. It is an interesting result that can be useful for the Control community. Even
if it was an already published (and not well known) result, one is offering here another proof by using the Berge’s theorem.
This last theorem is largely unknown in the Control community (better known in Economics community [37]). Theorem 6 is
proved in a similar way, but is more adequate to the proofs of Theorems 4 and 9.
« Theorem 9 is also a contribution of this paper. Theorem 9 is an extension of Theorem 4 and is related to the x design tool
known as DK-iteration.

Thus, all the theorems, lemmas and algorithms presented in the paper, with exception of Theorems 1, 2, 3 and 8 are original
contributions.

1.3. Paper organization

The rest of the paper is structured as follows: in Section 2, the problem statement is made in detail. The basic concepts for the
construction of the results are explained in Section 3. Section 4 presents the results for the robustness analysis for ULTITDS and
examples. Section 5 presents the results for u-synthesis for ULTITDS, as well as examples. Finally, in Section 6, the conclusions are
presented, including a lists of the main findings and suggestions of future investigations and applications based in the results of this

paper.
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Fig. 1. Linear time-invariant TDS.

2. Problem statement

Uncertain linear time-invariant time-delay systems (ULTITDS) are treated in this paper. It is adopted for the rest of the work the
state-space representation in Eq. (1):

€8]

X = (Ayg+ 4A)x + F,x(t — 7) + Bry,
o =0Cx,

where x € R” is the state vector, Ay, A, ..., A, € R™" are constant matrices, 44 = 27':1 A;6; represents parametric uncertainties
using normalized uncertain parameters §; such that |[5;| < 1 for j = 1,...,m. One assumes that 7 > 0 is a real constant delay. The
vector r; € R™ can be an input signal and the matrices F, € R™", B € R™™" C € R™" are also constant. The initial condition is
defined by:

x(0) = @), 6¢€[-7,0], ¢eC®-r0] 2

which is a smooth function in the interval [z, 0], which is a typical initial condition for functional differential equations [4,8].

There are many practical problems that can be put into the form of the Eq. (1), for example: applications in helicopter stabilization
systems considering transmission delay [14]; systems involving mass—spring—damping if uncertainties and transmission delays are
taken into account [38,39]; and mathematical models of neurological diseases involving memory loss [40,41]. This last example
will be explored in more detail in Section 5 (see Example 5). Other examples can also be found in the classical Ref. [8]. A block
diagram of the system in Eq. (1) is shown in Fig. 1.

The problem at hand is to find a generalization of the concept of structured singular value (SSV), which is represented by the
real function u(jw), that could be used for the class of ULTITDS in analysis and synthesis problems. Also known as p-analysis, the
function u(jw) is a practical way to check if an ULTI (that is, a uncertain linear time-invariant system) is robustly stable, that could
be an open or closed loop system. It is only necessary to check if u(jw) < 1 in order to guarantee robustness of stability. It is also
possible to use this tool to verify robustness of performance [20]. One also wants to use this generalization of the u function, that
one calls uy,,,(jw), for designing robust closed-loop controllers for ULTITDS, which is known as u-synthesis. Let us also suppose
that the controllability of the pairs (A, + 44, B) and the observability of the pairs (C, A, + 4A) are guaranteed.

Unfortunately, the function u(jw) never has a closed form, and can only be determined numerically. Worse than that, this
numerical calculation is frequently not practical, as it involves an optimization problem that is not convex [20]. Yet in the first
years of the proposition of this concept (that is, the structured singular value) this problem was solved by finding a superior limit
function m(jw) that can be efficiently numerically calculated, as it is a convex optimization problem. If one guarantees that m(jw) < 1,
a consequence is that u(jw) < 1, that is, the robustness is guaranteed. This upper bound is then easily calculated numerically and is
implemented in practical toolboxes, like the Robust Control Toolbox of MATLAB® by Mathworks. It will be shown that it is possible
to define my,, (jw) and p4,,,(jo) for ULTITDS by a limit process that have the same relation. In the next section, one presents the
basic concepts necessary to prove the results of the paper.

3. Basic concepts
3.1. Parametrized optimization

A classical constrained maximization problem is given by:

Find x* = argmax,cy f(x),

subject to g;(x) <0, fori=1,....m,
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Table 1
Padé table for e°.
M\ L 0 1 2
1 I+s 2+25+s>
0 1 1 2
1 o 24 Gtdss?
1-s 2-s 6-2s
2 2 6+2s 12+65+s>
2-2s5+s2 6—4s5+s2 12—65+s2

where X is the decision space, f : X — R is the cost function and g; : X - R, for i = 1,...,m are the constraint functions. Those are
standard definitions that can be found in many Refs. [42,43]. Consider now a class of optimization problems that depend on a set
of parameters 6,,6,, ..., 0,, that can be grouped in a vector 6 = [6, ..., 6 ]”. Let us define a parameter space © c R? where 6 belongs.
A parametrized optimization problem is defined by [37] (page 497):

Find x*(0) = argmax, .y f(x, 0),

subject to g;(x,0) <0,fori=1,...,m,

where the cost function is of the form f : X x© — R and the constraint functions are g; : X X0 — R, for i = 1, ..., m. Note that the
parameters in 6 are not decision variables, that is, one is not interested in optimizing in them. Finished the optimization problem,
two functions of # will be delivered: (1) the function x* : ® — X represented by x*(6), that gives, for each parameter vector 0,
an optimum point and (2) the function v(8) = sup,cy f(x,6) that gives the maximum value corresponding to x*(9). In principle,
nothing can be said about the smoothness properties of those functions. Many theorems about those properties can be found [37].
In particular, one is interested in the following theorem:

Theorem 1 (Berge’s Continuous Maximum Theorem, [37]). Consider the general constrained maximization problem:

,0).

2851

If the objective function f : X x © — R is continuous and the set function G : © — 2X is continuous and compact-valued, then the value
function v : © — R such that v(6) = sup,cgp) f(x, ) is continuous and the set function of optimal values, that is x*(6) = argmax,cg).f(x, 6)
is nonempty, compact-valued and upper semi-continuous.

Proof. It can be found in [44]. [

One point of clarification is needed here: the function G : ©® — 2% is a set function, that is, it maps, for each value of 6, a
subset of X. The set 2X is known as the power set of X and is the set of all the subsets of X, including the empty set [37]. The G(6)
represents a subset of X. The Berge’s theorem asks for G continuous and all the subsets G(6) being compact. In the present paper,
the parameter will be the scalar 6 = w, that is, the angular frequency in the frequency response of a system and are going to be
used in the proofs of Theorems 5 and 6.

3.2. Padé approximation

Padé approximation is a technique for approximating general functions using rational functions [45,46]. The technique was
developed by Henri Padé around 1890 and improved by others. In the following, it is presented some results that will be useful for
the theorems’ proofs. Given an analytic function on a region of C given by a power series:

&)=Y ¢, (3)
i=0

a Padé approximation of order [L, M] is a rational function given by:

ag+ays+ - +apst

by +bys+ e+ by sM’

[L/M]= 4
where L is the degree of the polynomial in the numerator and M is the degree of the polynomial in the denominator. In the case of
the exponential function e’, Table 1 presents some Padé approximations for different values of L and M [21]. In particular, one is
interested in the approximations with L = M, that is typically used in applications in control problems. Regarding the convergence
of the Padé approximation, Definition 1 and Theorem 2 are essential to the proofs of our results:

Definition 1. According to Freitag and Busam [47], page 106, let S ¢ C be a non-empty subset in the complex plane. Given a
sequence of complex-valued functions { f;(s)},en, the sequence is said to be uniformly convergent or to converge uniformly over S if
there exists a function f defined in S such that for every ¢ > 0 independent of s, there exists a positive integer N also independent
of s such that for all kK > N and s € S, one has:

[f1(s) = f(s)| <e.
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In section 6.5 of [21], several theorems related to convergence of Padé approximations are presented, which are valid except in
a set of zero measure. In particular, for this paper one uses an approximation with equal degree in the numerator and denominator,
such that the more adequate theorem is the following:

Theorem 2. Let f(s) be a meromorphic function. Suppose that ¢ and § are given positive numbers. Then there exists a positive integer M,
such that any [M /M ] Padé approximation satisfies:

If(s) = [M/M]l <e,

for all M > M,, on any compact set of s-plane except for a set £, of measure less than 5.

Proof. See [21], page 269. []

The reader should note that this convergence is uniform, as 6 and e do not depend on s. Also, the measure of the set £, < § is
arbitrarily small [21] (see page 269). One can also apply Theorem 6.4.5 of the same reference (see page 262). Regarding the function
¢~ Ts, the paper [46] presents several stronger convergence results, including error bounds. On the other hand, for the present paper,
Theorem 2 will suffice. Results in the location of the poles and zeros of Padé approximations are presented in [48,49] that can be
used for determine the nominal stability of ULTITDS.

3.3. Linear fractional transformation and uncertainty in linear systems

A robust control system with normalized uncertainties can always be put in the form of Fig. 11, where K is a closed-loop
controller and 4 is the matrix of uncertainties, in which ||4||,, < 1 [20]. The signals are: w is a vector of external inputs, z is a
vector of performance output, p and q are virtual signals that connect uncertainties and the plant, v is the vector of controller inputs
and r; is the vector of control signals (generated by the controller).

In order to calculate the closed-loop system that include controller and uncertainties, the concepts of upper and lower linear
fractional transformations (LFT) are important. Consider a matrix of transfer functions H(s) of dimensions (n; + ny) X (m; + m,)
subdivided as follows:
Hy  Hp
Hy, Hy

and K; € C">*™" and K, € C™*™. The formulas for lower and upper LFT are [20]:

s

:

4 -
F; (H,Ky)=H +H,K,(I-H»K);) 1H21, (5)

A
Fy(H,Ky) = Hy + Hy K>(I = Hy 1 Ky) ™ Hyy. (6)

The control synthesis problem consists in finding the controller K(s) in order to guarantee robustness of stability and robustness
of performance. The information of uncertainties in the plant (before normalization), the performance specification and the bounds
in the control signal are contained in the matrix P(s), which is known as augmented plant [20]. In this paper, the class of plants that
will be treated is given in state-space form (the time delay will be inserted afterwards) given by:

[x]=[A0+zj” Bo+z“,,“x]

o C0+2j1 j j D0+211 j ry

([ A By - A, B, x
_([Co D0]+J-Zféj[cj Dj‘ ])[rl] @

where A, By, C; and D, are the nominal matrices, and 4;, B;, C; and D, for j = 1,...,m are coefficient matrices with appropriate
dimensions for the real-valued normalized uncertainties & s that is |6 il < 1 Following the results presented in [50], after some
transformations, the system can be written in a new form A with extra inputs and outputs given in Eq. (8):

X AO BO El Em X
c ¢ Dy, F .. F, r
aq |={ Gt S 0 .. 0 o, 8)
an G, J, 0 . 0 D
A

as exhibited in Fig. 2. The uncertain system is represented as a LFT around A(s), namely o = F; (A, 4)r;, where 4 maps g — p (see
Fig. 3), and has the following block-diagonal structure:

A= (diagls,I,,.....5,1, ] : 5 €R}. 9)

»Omtp,,

The separation of the plant as in Fig. 3 is the first step in order to apply most of the robust control analysis and design
techniques [20].
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Fig. 2. A System.
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Fig. 3. A-A-Structure.

3.4. Definition and basic theorems for u-analysis

Developed by Doyle [19], the structured singular value (SSV) is an efficient tool in robust control for checking necessary and
sufficient conditions for robustness of stability and performance. Normally, the notation employed for SSV is x or mu. On the other
hand, this tool can only be used with the aid of computers, as it is necessary to perform numerical optimization routines [20]. Also,
if one wants to apply commercial software implementations, like MATLAB®’s Robust Control Toolbox®, for SSV calculation, it is
only possible for rational transfer functions matrices, which means that for ULTITDS, Padé or other approximations should be used
in association with u tools. The main results of the present paper, like Theorem 4, go in that direction, but taking a limit process.

Consider again the system in Fig. 3 and let us call the matrix A by M, which is the common name used in robust control
literature. It is supposed that M is a matrix in which the controller was already included, that is, the upper LFT in Fig. 11 was
performed [20]. This matrix can then be partitioned as:

M (s) My(s)

10
M21(S) M22(S) ( )

M(s) =
and is called the closed loop nominal matrix, as it does not include the normalized uncertainties. In order to evaluate the robustness
of stability, it is clear that only M, is relevant, as it is the only part of M that connects to 4.

Definition 2 ([20,51]). Given a matrix M,, and a structured family of matrices 4 such that ||4]|, < 1, the structured singular value,

also denoted by SSV or simply g, is a real non-negative function defined by :
1

ming {(5(4)| det(I — My 4) = 0}

where M,, is a complex matrix, 4 = diag{4;} for i € {1,...,s} is a block diagonal matrix such that 5(4;) < 1, where 5(A) denotes

the maximum singular value of A. Some of the blocks of 4 may be repeated and some may be restricted to be real.

(11

Ha(Mpy) £

One can state the following theorem that provides a necessary and sufficient condition for robust stability using u. This theorem
was adapted from Skogestad and Postlethwaite [20].

Theorem 3. Assume that the system M,,(jw) is stable. Then the M,,-A-system in Fig. 4 is robustly stable for all allowed perturbations
with 6(4) < 1, Vo, if and only if:

UMy (jw)) < 1, Vo 12)

Proof. It can be found in Skogestad and Postlethwaite [20]. []

It can be shown that in order to evaluate the robustness of performance (that will be useful in Section 5) an additional uncertainty
matrix as presented in Fig. 12 (that is, the matrix 4) must be included [20] and in this case all the blocks of M(s) play a role.

4. p-Analysis for ULTITDS with Padé approximations: Main results
4.1. Necessary and sufficient condition for ULTITDS

In this section, it is presented the main results of the paper, that is Theorem 4 and the other theorems and lemmas used in
its proof, which are contributions per se. An initial version for non-linear systems was published as a conjecture [26] (Conjecture
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M22

A

Fig. 4. M,,-A-Structure for robust stability analysis.

1), that is, without proof. In the present version, it is valid for ULTITDS and provides a sufficient condition for robust stability. In
order to obtain the proof, u-analysis, parametrized optimization theory and some theorems about the Padé approximation and its
convergence are needed.

Theorem 4 (Main Result). The system in Eq. (1) put in the form of Eq. (8) and Fig. 3, is robustly stable if, and only if:

1. A3 gerqy(s) is stable, and
2. pp(Ap(jw) < 1, Vo,Vk € Z7,

where:

* A detay(s) = G(sI — Ay — F,e™™)7'E.

o Up(Ap (jo)) = G(sI — Ay — F [k, k) 'E.

* [k, k] is a Padé approximation for e~"* of kth order.

- G=[Gy,...,G,I", E=[E,,...,E,] are matrices from the decompositionAj =E;G,; forj=1,...,m.

In order to prove this theorem, several auxiliary theorems and lemmas must be proved. Define the matrix function @(s) =
sI — Ay — F,e™'. The elements of this matrix are quasi-polynomials, which is a subclass of entire functions [52].

Lemma 1. Let be the sequence of maps @,(s) = sI — Ay — F,[k/k], where k € Zg which also forms a sequence of rational matrices. This
sequence of matrices is point-to-point and uniformly convergent to the matrix of holomorphic functions sI — Ay — F,e™"".

Proof. Each entry of F,[k/k] is a rational function. By Theorem 2, this sequence is uniformly convergent to F,[k/k]e™ ", so the
matrix sequence converges to F,e~*". Since sI — A, can be thought as a constant sequence (which always converges), and the sum of
two convergent sequences of complex matrices always converges, then {®,(s)} converges to @(s). The matrix sequence { F,[k/k];}
is then formed by entries that are uniformly convergent. Using the co-norm, one has that:

@, (s) = D)l = lIsI — Ag — F,[k/k] = s + A+ F,e™ ||, =
= 1E(e7™ = [k/kDlloo = max( Y [[F, 1 |1Ik/K] = ™™ ]) = | Fellole™ — [k/A]]. 13)
J

Since for every ¢ > 0, there exists K > 0 such that for all k > K, |[k/k] — e""*| < ¢, one can always choose a ¢, > 0 such that there
isae=¢/|F,|s, and a K > 0 such that for all £ > K, one has:

1@y (s) = D)l = I F2ll o€ < €2,

then {®,(s)} converges uniformly for the norm in question. Since the space of matrices is of finite dimension, then if a sequence
converges in one norm, it converges in all other norms of the same space, which proves the lemma. []

Other theorems on convergence of Padé approximations, for example with different degrees of the polynomials [k/m], could be
used here without altering significantly the result. One needs now to define the sequence {t:b;‘(s)} and to know if it is uniformly
convergent [21,46].

Lemma 2. The sequence of rational matrices {(D,:'(s)} is point-to-point convergent, except in a zero measured set of points.

Proof. The sequence @, (s) is convergent according to Lemma 1. Also, f(A) = A~! is continuous if and only if A € GL(C,n), that
is, it belongs to the set of non-singular matrices (remember that G L(C, n) is the group of all invertible n x n complex matrices [53]).
Due to the fact that a sequence { f(x,)} is convergent if {x,} is convergent and if f is continuous [52,53], let us exclude the finite
set of poles where @, (s) is not defined. Due to the fact that the entries of the matrices @, (s) are meromorphic, this set of points
has also zero measure in C, so every @,(s) is defined almost everywhere in C (that is, in an open set). The function f obviously is
defined in such open set and is continuous, then {tD;l (s)} converges in this set, and the result follows. []
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Lemma 3. The sequence of rational matrices {cD;‘( jw)} is uniformly convergent almost everywhere.

Proof. One must prove that for each ¢, > 0, there exists K > 0 such that for £ > K, one has ||(D,:1(s) - @7 1(5)||, < €. By using the
identity S~!' —T-! = —§~!(S — T)T~!, one has (in the open set described above, that is, almost everywhere):

I#,'(5) =D ()l <
(sT = Ay = F,[k/KD Il F,((k /K] = eI lIsT = Ag — Fre™ || =
= |[k/K] = e[ I(s] = Ag = F[k/kD I F,ll o lIsT — Ag — Fre™|| o - 14

=I'(s)

Let us assume s = jw, then there is a constant A > 0 such that |I'(jw)| < A, which is a superior bound to the factors as indicated
in Eq. (14). As [k/k] converges uniformly to e™*, then for each ¢ > 0 there is a K such that for k > K, one has |[k/k] —e | < ¢,
then, for each ¢, > 0 there is K such that for k > K, one has:

27! (5) = D7 ($)llo < Ilk/k] =™ |A < eA=ey, (15)
which concludes the proof. []
Lemma 4. The sequence {A, (s)} = G{tD;'(s)}E converges uniformly almost everywhere to Ay 4,1,y = G(sI — Ay — Fe™™)7' E.
Proof. Since @;l(s) is uniformly convergent almost everywhere in C and if it is just multiplied by constants on both sides, then
the sequence continues to uniformly converge, and the lemma is proved. []
As can be seen in Theorem 4, one has to define a sequence of functions given by:

w(jw) = {MA(Azz,k(jw))}, (16)

that is, one has to deal, for k € Zg, with an optimization problem with restriction for some values of w € R*, that is, one is searching
for A%, corresponding to the minimum of (4*) with the restriction det(I — Ay, ,A(jw)) = 0. It is therefore an optimization problem
with restriction (see Definition 2). According to Doyle [19], those functions are continuous. Unfortunately, this type of optimization
is complex to solve. From Doyle [19], the optimization problem:

minpep, 5(D Ay i (jo)D™"),
where D, is the set of matrices that commute with 4, is convex, which means that there is a single global minimum D* and efficient
algorithms to solve numerically this problem. Then, let us define the following sequence:
Definition 3 (Upper Bound Sequence). The sequence of functions given by:

my(j) = minpyep, 5(D(@) Ay 4 (j0) D(@) ™), (17)
where D, is the set of matrices that commutes with 4, is an upper bound sequence of the sequence in Eq. (16).

Then my(jw) > u,(jw) for k € Zg. To get conclusions about this sequence of functions, the following theorem is important:

Theorem 5. If H(jw) is an arbitrary transfer function which is continuous in s = jw, the function m(jw) given by:

m(jw) = minpepd(DH (jo)D™") = minpep \/ Ao (DH(jo)(Dt DY~ H' (jw)D?), (18)
that is, a function given by the optimization on the parameter D, is continuous in [0, co)
Proof. Let us define the function F(D,jo) = DH(jw)(D'D)~'Hf(jw)D' that is obviously continuous in w. As the eigenvalues
are continuously dependent on the matrix entries, the function A,,(F(D, jw)) is also continuous in @ (see [54] p. 497). Finally,
as the square root is continuous for non-negative values, 6(H(j®)) = 1/An.(F(D, jw)) is continuous in [0, o). Supposing that
the optimization problem in Eq. (18) is such that the set of decision values G(w) = D, is a compact subset of D, (which is
reasonable to assume, as computers cannot store infinities) and the set valued function G(w) is also continuous (as it is constant),
then applying Theorem 1 (Berge’s Continuous Maximum Theorem), the function m(jw) must be continuous. []
Corollary 1. The sequence of functions in Eq. (17) has only continuous functions in [0, o).

Then, each function in the sequence presented in Eq. (17) is continuous (0, o). Now remains the task to prove that the sequence

in Eq. (17) converges. The following theorem is then important.
Theorem 6. The function of matrices:

u(X) = minpepa(DX DY,

is continuous in the parameters X.
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Proof. It is well known that 5(DXD™!) = \/ Amax(DX(DTD)-1XT D7) is a continuous function on D and X, that is, the eigenvalues
depend continuously on the matrix entries (see [54] p. 497). Let us suppose that the values of D used in the optimization belong to
a compact set for each possible X, which is reasonable, as the possible matrices D represented in a computer should have limited
values in their entries. Let us call this compact set KD, C D,. The set-valued function G(X) = KD, is continuous, as it is constant.
Then the set-valued function G(X) is continuous and compact-valued. Then, by applying again the Berge’s continuous maximum
value theorem, the result follows. []

Finally, one can prove that the sequence in Eq. (17) is convergent:
Theorem 7. The sequence (17) converges.

Proof. By Lemma 4, the sequence {A,,,(s)} converges almost everywhere. As the function u(X) is continuous in X by Theorem 6
and due to the fact that a sequence { f(x,)} is convergent if {x,} is convergent and if f is continuous, then there is an open set in
which f is continuous, then the result follows. []

Theorem 4 can then be proved:

Proof of Theorem 4. The system in Eq. (1) is in the form presented in Eq. (7) of Section 3.3. The delay term can be inserted later.
Then, it can be written as in Eq. (8):

% Ay B E E, x
c c 0 0 0 ry
@ |=[ G 0 0 0 IR (19)
m Gp, 0 0 0 P
-
A
with F; = J; =0 and A; = E;G;, where A; € R™" (of 44 = 3" A;6), E; € R™, G; € R, for j = 1,2,....m, and p; = rank[A;],

By = B, Cy = C and D, = 0. This can be done as the system has all parameters real. Developing the Eq. (19) and inserting the delay,
one has:

xX= Ayx + Br;, + Ep + Fx(t-1),
c= Cx, (20)
= Gx.
Applying the Laplace transform, after some algebraic manipulation, one gets:
X(s)=(sI = Ay — F,e ™) ' Bri(s) + (s — Ay — F,e ™) Ep(s).
and substituting X (s) into the second and third equations in Eq. (20), one has:
o(s) = C(sI — Ay — Fe ™) ' Br|(s) + C(sT — Ay — F,e ™) Ep(s)
and
a(s) = G(sI — Ay — F,e ™)' Bry(s) + G(sI — Ay — F,e ™) Ep(s).
After some manipulation, one has:

| Ardeay®  Avaderay(s) C(sI — Ay — F,e™™)"'B C(sI — Ay— F,e™™)"'E

A = = sl e , 21
delay A1 detay(S) A2 deray(s) ] [ G(sI — Ay — Fe™™) 'B G(sI — Ay — Fe™™) 'E

where the ULTITDS relating r, to ¢ is given by the lower LFT ¢ = F[(Ay,,,. A1y - see Eq. (5) - where Fy (Aye14)4) = Ayy gergy +
AlZ,delayAAZI,delay(I - AZZ,delayA)_l (See Flg 3)

Remark 1. Note that the only term required for the stability analysis is Ay; je/4-

From now on, it will be worked with Padé approximations where M = L, i.e. the degree of the numerator is equal of the
denominator in Eq. (4). When the exponential is replaced by a kth order Padé approximation, a sequence of rational matrices is
obtained, which is:

Ay (jw) = G(jwl — Ay — F,[k/k])'E. (22)

One has already proved, in Lemma 4, that this sequence converges uniformly. By Theorem 3, the system o = F; (A (s), 4)r; is
robustly stable if and only if:

(o) = pp(Ap i (jo)) < 1, (23)

where 4 is a block diagonal matrix of uncertainty, and if 1 > m;(jw) > p(jw), the condition is also satisfied. One also already
proved, in Theorem 7, that the sequence m,(jw) converges to a function that one could call m,,,(j®), and due to the order limit
theorem, as m (jo) > uy(jw), then my, ., (j®) > ey (J®) = Ua(A2p geray(j@)), Which concludes the proof. []

9
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Table 2
Convergence of |m,||,, for r = 1.5.
k 1 2 3 4 5 6 7
I mll oo 0.8813 0.5045 0.8234 0.8240 0.8240 0.8240 0.8240

Remark 2. The reader may ask whether the simple fact that 1 > m; (jw) > u,(jw) is not sufficient to guarantee that both sequences
converge. In fact, it is, but we cannot assume that 1 is a superior bound a priori. On the contrary, if one is using an algorithm like
the DK interaction for control design, in which calculations are done mainly for m(jw) > 1, such restriction is not acceptable, as
there would be no guarantee of the existence of m;,,,(jw) during the calculations. In this paper, it was proved that m,,,(jo) and
Haelay(j@) are well defined even if no bound in m,(jo) is assumed and the space of superior bounds to u of ULTITDS system (and
its Padé approximations) forms a Banach space.

Remark 3. In practical terms, one only checks the condition u(A,,,(jo)) < 1 for a finite subset of indexes k; < -+ < k,. Due to the
fact that mg,;,,(j®) > uye,,(j), if it is clear that in the calculations m;(jw) will not cross 1, it is almost certain that the ULTITDS
is robustly stable. In a future paper, the bounds on the error approximation for e~7* presented in [46] will be used to estimate the
velocity of convergence of sequence m; (jw).

Remark 4. In order to verify that A, 4,,,(s) is stable (condition 1 of Theorem 4), roots of quasi-polynomials must be found, which
is a well known technique.

4.2. Examples of application and comparison with other methods

In the following, examples are given in which the results presented in Section 4.1 are applied for robustness analysis. First of all,
the system originally in the form of Eq. (1) must be put in the form of Eq. (20). The term Ay, 4,,,(s) can then be calculated (that
is the nominal term for §; = 0) and its stability is analysed. In order to guarantee that the stability persists in the presence of the
uncertainties |§;| < 1, the analysis of the structured singular value sequence u; (jw) = pi4(Apy ;(j®)) of Ay, (jw) as given in Eq. (22)
is performed. The uncertainty matrix is given by 4 = diag(é, ..., ).

This sequence of functions can only be determined numerically using the MATLAB® function mussv (or a similar one) which
only gives the superior bound sequence m;(jw) in graphic form. If m,(jw) < 1 for a reasonable number of terms in the series and
a convergence pattern is observed, the robustness of stability, that is, in the presence of uncertainties, is guaranteed. In practical
situations, the nominal system, that is, without uncertainties, will be a closed-loop system in which the controller was designed such
that the nominal closed-loop system is stable. The method, in this case, would be applied to check robustness of stability.

Example 1. Consider the system with two parametric uncertainties such that |§;| < 1, for j = 1,2, null inputs, and one constant
delay :

X; =—=14x; +1.26,x) = 2x,(t = 7) + ry,

Xy = =1.1x) + 8px; +0.1x,(t — 7) + 1y

In this example, one has:

14 0 10 10 2 0
AO‘( 0 —1.1)’ B_<1 0)’ C"(o 1)’ Ff"( 0 0,1>’
0 128 & 0 12 00

— e — — . —
AA_( 50 )_;Ajaj, whereA,_( 0 o )andA2—<1 0 )

1.2

0
is possible to calculate the matrices A,,, and its superior bounds to the SSV and apply Theorem 4. Assume that = 1.5. In Fig. 5

it is shown graphs of m(jw) for different values of k, which were obtained by the mussv function in MATLAB®’s Robust Control
System Toolbox. The uncertainty matrix, which is required by the function, is 4 = diag(é;, 5,). One can see the convergence of the
sequence of functions m;(jw), which is the upper bound for u,(jw). It is clear that the sequence of functions converges for values
below 1.

AsAlelleithplzl,Elz( )andGlz(O 1 ); and A, = E,G,, p, = 1 with E, = (1) and G, =( 1 0),it

The maximum value for m(jw), which is the norm ||m ||, is presented in Table 2. It is clear the convergence of the sequence,
which assures robustness of stability. This method can also be used to search for the maximum values of r and/or the uncertainties
8; such that robustness of stability is achieved, which is done in the next example.

10
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Mu plot of robust stability margins (inverted scale)
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Fig. 5. u-Analysis for increasing values of k.
Table 3
7,4« and Padé approximation order.
Order (k) 1 2 3 4 10 20
T 1.979 1.698 1.644 1.642 1.642... 1.642...
[l oo 0.999 0.999 0.9986 0.9987 0.987 0.9987

Example 2. Let us find, for the same system in Example 1, the maximum value 7,,,, of the time-delay in order to have robustness
of stability. One knows that the maximum value of 7 is achieved if ||m,||, asymptotically approaches 1 from below (or, on the other
hand, no robustness of stability exists). For each k, that is, order of the Padé approximation, the maximum value z,,,, was found
and put in Table 3. Another sequence with index k appears that converges to the maximum allowed delay. Note that for first and
second order Padé approximations, the maximum delay value such that one has robustness of stability is considerably higher than
the limit value. One can also argue whether the sequence . (k) is always convergent (which apparently is), but it will be subject
to future research.

In order to validate the predictions, a simulation is performed in Simulink for validating the method. Fig. 6 shows the time
domain simulation where some values of § in the interval [—1, 1] are varied and z = 1.642. On the other hand, for values of = greater
than 1.642, shown in Fig. 7, it is observed that the system is unstable.

Example 3 (Comparison). This example presents a comparison of the method of Theorem 4 developed in this paper with the LMI
methods of Fridman and Shaked [55,56]. Consider the system:

%) = —0.12x, + 0.426x, — 0.1x,(t — 7) — 0.35x,(1 — 7),

X%y = x; — 0.465x, — 0.0356x, + 0.3x,(t — 7).

In this example, one has:

0 -0.12 0 0 10 -0.1 -035
AO_(I —0.465 ) B"<0 0)’ C"(o 1)’ F"< 0 0.3 )

0 0.426 >

AA= A, =
! ( 0 -0.0356

42 . . . .

(()) 035 and G;=( 0 1 ). Once the matrices are obtained A, F,, E and G, it is possible to apply Theorem 4.
For this example, in [55] (Theorem 2) a ,,,, = 0.782 was found; and in [56] (Theorem 1) was obtained a z,,,, = 0.863. Now,
applying Theorem 4 of the present paper, one gets 7,,,, = 0.898. This shows that for this example the method is less conservative
than others in the literature. Furthermore, according to the Simulink’s simulations, Figs. 8 and 9, it is even possible to say that
the method is practically non-conservative: Fig. 8 shows instability when z,,,, = 0.899 is used; on the other hand, Fig. 9 shows the

simulation with z,,,, = 0.898 and the system is stable.

where E; =

11
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Fig. 6. Robust stability for different values of 6: (a) 6, =6, =1; (b) 6, =6,=0; (c) 6, =6, =—1.
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Fig. 7. Unstable system with 7 =1.7.
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Time (s)

Fig. 8. Time response for 7,,,, = 0.899: unstable system.

S
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Fig. 9. Time response for z,,. = 0.898: stable system.

Another comparative analysis is necessary now in which the difficulty of application of the method of this paper (that is, based
in Theorem 4) is compared to others in the literature. First of all, there are few methods in the literature that deal with the same
problem, as far as the authors know. The method in paper [56], which was used in the preceding example, despite the fact of being
more conservative, is based in Linear Matrix Inequalities (LMI). There are efficient algorithms for solving LMI, but tools like SSV,
developed in the eighties, are better known, mainly for the practitioners. The same can be said about other methods which are
LMI-based, like [57]. In the particular case of this last paper, uncertainties are not considered. The paper [58] uses SSV, but, despite
of the claim that no conservatism is introduced, Padé approximations of low order are introduced, which can be conservative in
general. All the simulations of the present paper’s method took around three minutes to complete in a Laptop with Intel® i7 processor
with 32 GB of RAM.

5. u-Synthesis for uncertain linear time invariant TDS systems

It is also possible to use the results of this paper in the design of feedback controllers for ULTITDS via DK-iteration, that is,
u-synthesis [20]. In such case, one is interested in designing the controller’s matrix of transfer functions K(s) in Fig. 10, which is
a closed-loop system in which the system in Fig. 1 is the plant. The DK-iteration is a method to design robust controllers in which
while robustness is not achieved, two steps are performed: step K and step D. In step K, a preliminar controller is designed by
H_, minimization, and in step D another minimization is done in which an upper bound to (M) is obtained, where M is like in
Eq. (10) and Fig. 12 [20]. The robustness pursued here is then the robustness of performance. One knows that robustness was not
achieved while (the superior limit to SSV) m(jw) > 1 for some w. Algorithm 1 presented below realizes this process [20]. The step
K involves a H_ -synthesis step, that is, a controller with the classical separation structure of an observer and a state feedback is
produced.

13
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Fig. 10. Closed-Loop ULTITDS.

5.1. Main results for the design algorithm

Examining the Algorithm 1, the closed-loop nominal system M(s) is then necessary. One must then guarantee that the closed-loop
system in Fig. 10, that is the plant + controller, could be put in the form of Eq. (1). Lemma 5 is then important in this regard.

Lemma 5. The closed-loop system in Fig. 10 where the controller K(s) is obtained by DK-iteration has a state-space representation of the
form:

x(t) = (Ay + AA)X(t) + Br(t) + F,x(t — 1), 24)
where x(t) = [x(t) 2(®)]T.
Proof. As shown in Algorithm 1, in each iteration a H,-synthesis step is performed, which produces for the controller K(s) a well
known separation structure of a state feedback u = F_ %(¢) and observer:

2(0) = A X(t) + Bu(t) + Zo, Lo o(t) (25)
where A, is stable and ¢ = Cx is the plant output [20]. As the ULTITDS plant is of the form:

x(t) = (Ag + 4A)x(t) + Bu(t) + F x(t — 1), (26)
one can write:

AR el | A R B
which concludes the proof. []

DK-iteration must guarantee robustness of performance, and not only robustness of stability, for the closed-loop system in

Fig. 10 [20]. The structured singular value, as defined in Definition 2 can be used in the following way [20]:

Theorem 8. Consider the system in Fig. 12, and assume that the nominal system M is (internally) stable. Then the system has robustness
of performance if, and only if:

wilM(jo) < 1, Vo, (28)
where u is computed with respect to the matrix:
- A 0
A= . 2
20

and A with the same dimensions as F, (M, A)T.

Proof. It can be found in Skogestad and Postlethwaite [20]. []

Now, the complete matrix M(s) must be used, and not only M,,(s). The uncertainty matrix 4 is fully complex (that is, all the
entries are complex functions) and ||4]|,, < 1. If one refers to Fig. 11, one can give a simple interpretation: the vector of external
signals w(s), in the robustness of performance analysis, is given by A(s)z(s), which is the second feedback loop in Fig. 12. It represents
the worst disturbances/reference that can occur, which should use information of the performance signal z(r) in order to make it
goes to infinity, which is the worse performance and is equivalent to make the system in Fig. 13 unstable. The controller’s designer
goal would be to avoid this instability by designing an appropriate controller K(s), which in principle is possible as she knows the
model of w (that is the family of matrices A(s)) [20].

As the plant is of the form in Fig. 1, it can be put in the form of Fig. 3. The closed-loop system is then of the form in Fig. 13. In
order to be useful for the Algorithm 1, this closed-loop system must be put in the form of Fig. 12. Theorem 9 is then necessary:

14
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Fig. 11. General control system.

—’M

Fig. 12. M-A-Structure for robust performance analysis.

Theorem 9. The closed-loop system in Fig. 13 can be put in the form of Fig. 11 where the augmented plant P(s) is given by:

Altdeiay | =1 | —Aiodelay
P(S) = All,delay 1 AlZ,delay > (30)
MAotgetay | 0| A2 getay

and in the form of Fig. 12, where M(s) is given by:

I = Ay geray KU = All,delayK)_l A1 detay = A1.delay KT = All,delayK)_lAl2,de1ay

- 31D
A1 detay KU = Ay gorayK)™!

M(s) =

-
Az getay = Aot detay KU = A1 geray K™ A2 getay

Proof. If one considers the augmented plant of Fig. 13 as the one having as inputs the signals w, r, p and as outputs the signals
z, ¢ and v, it can be represented by:

v Al dgelay —1  —A12delay r 1
z |=| Atidgeay I A2delay w |+ 0 |r (32)
q A21,delay 0 A22,delay p 0

which is in the form of Fig. 11 with K and 4 removed. Consider now that the controller K(s) is inserted and r, = K(s)v. After
substituting in the first line in Eq. (32), one has:

v=—(I - Ay gK)'w— = Ay K A gKp+ = Ay 4K)7'r,
and as r; = Kv, after substituting in the second and third lines in Eq. (32), one has that the M (s) system is given by:

[ z ] _ [ I = Ay getay KU = Ay o1y )7 ‘ A detay = Midetay KT = A1 gty )™ A1 detay ] [ w ]+
q =21 geray KU — All,delayK)_l ‘ A2, detay = A1 detay K — All,delayK)_lAIZ,delay p

-
+ [ All,delayK(I - All,delayl<)_1 (33)
At detay KU = A1y gerayK)

which concludes the proof. []

5.2. Examples of application and discussion
The Algorithm 1 together with Theorems 4 and 9 establish a practical methodology for controller design via DK-iteration for
ULTITDS. After putting the plant + controller in the form of Fig. 12 (application of Theorem 9), for each Padé approximation

of e (in general only seven approximations are necessary) the Algorithm 1 is applied. Padé approximations are necessary as
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A delay

Fig. 13. A-A-A-Structure in closed-loop with controller.
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Fig. 14. ULTITDS in closed-loop.

the MATLAB® functions only works with rational matrices of transfer functions. For each Padé approximation, a controller K, (s)
will be obtained for ||m]|,, very close to one. A truncated sequence of controllers that guarantees robustness of performance (and
consequently robustness of stability) K, (s) is obtained.

Algorithm 1 DK-iteration.
Result: A stabilizing controller K(s) that guarantees robustness of performance.
Find the nominal augmented plant P(s) as in Fig. 11 and the structure of matrix A.
Start with an initial guess for D, usually set D = 1.
WHILE (m(jw) > 1) or a pre-specified maximum iteration number is not reached
Step K: Synthesize a M -controller K(s), that is, solve miny||DFy(P,K)D™'||,, with fixed D(s). Use Matlab® function
[K,y,Info] = hinfsyn(DPD™!)
Calculate M(s) with the upper LFT of Fig. 11
Step D: Find D(jw) that minimizes 6(DM D~ !(jw)) in each frequency, with fixed M. Use Matlab® function mussvunwrap(Info)
Adjust the magnitude of each element of D(jw) to a stable and minimum phase transfer function D(s). Use Matlab® function
fitfrd
Calculate m(jw), where m(jw) is equal to upper bound of x. Use Matlab® function mussv(frdModel,BlockStructure)

Example 4. Consider again the plant in Example 1. One wants to design a closed-loop MIMO controller K*(s) for this plant, so
that the closed-loop system is the one in Fig. 14. One wants a steady-state error less than 10~ and a settling-time less than 103
for unit step response. Those specifications must be translated in weight matrices that ultimately will be included in the augmented
plant P(s). Algorithm 1 were executed for Padé approximation till third order, in which convergence was secured.

Simulink is used to simulate the system of Fig. 14 with unit step input and with variations of 6, and §,. In Figs. 15-17 it is
presented the step response in open-loop for different 5. The closed-loop step response is presented in Fig. 18 for the same §’s (i.e,
6, =6 =-1,6 =6 =0and § = 8 = 1). One can see that the performance specifications are satisfied for all values of &,
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Fig. 15. Uncertain TDS without control for 6, =6, = —1.
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Fig. 16. Uncertain TDS without control for §, =6, = 0.

which means that robustness of performance is achieved. For simulation and replication of the results of this paper, MATLAB® and
Simulink® version 2020a were used.

Example 5 (The Cure of a Computationally Modelled Neuropathology [40,41]). In [40], the authors simulate a symptom of Alzheimer’s
disease (memory failure) using the Hopfield artificial neural network continuous model without delay. In that problem, a controller
was designed to correct the effect of memory failure. A more realistic model would include time delay into the Eq. (8) of the model
in [40], which could represent delay in neuron firing. The new time-delay model (adapted from Eq. (14) of [41]) is then:

(1) = —du (1) + Ty, __yy tanh[u, (D] +0.24F, ju, 1yt —7) +I;. 34

To have a model with 12 neurons, one uses n = 12 and i = 1,2,...,12, the values d; and T = 0.5T,, are the same as for [40]
and the F matrix is unit diagonal. The delay takes the value r = 4.5 seconds. In this example, in accordance with Figs. 19 and
20, the network cannot remember the letter L of 12 neurons (I = [1,-1,-1,1,—-1,-1,1,—1,—1, 1,1, 1]), the initial condition being
u® =1[0,0.5,0,—1,0,0.5,0,1,1,—1, 1, 1]. Note that Fig. 19 shows the trajectories of the responses of the u;-neurons over time, which
are represented in Fig. 20 obtained using Matlab®’s function imshow(). Therefore, here one has a 12th order differential equation
with a delay.

The controller is designed from a system with time delay and & uncertainties instead of nonlinearities, which is valid for some
classes of problems (Lurie problem). In this case, according to [26], the nonlinearities can be modelled as uncertainties, taking:

Fop = {Zanh(uj) | tanh(0) = 0,0 < ujtanh(uj) < 2u12.,uj # 0},

where F,, is the set of all nonlinearities of Eq. (34) mapped in the first and third quadrants of the plane, with angular coefficients
equal to 2. Thus, the fixed static nonlinearity tanh(u) is replaced by a set of uncertain but fixed linear functions au, where the
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Fig. 17. Uncertain TDS without control §, =6, = 1.
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Fig. 19. Temporal response of the network with memory failure.
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Fig. 20. The network cannot clearly remember the letter L.

parameters « = [ay, &y, ..., ;] are fixed but unknown real constants, such that, 0 < «; < 2. Therefore, Eq. (34) takes on the new

form:
(1) = —du (1) + T i1y @ty 1) (®) + 0.24F; jut,__y)(t — 7) + 1. (35)
By carrying out the normalization process, one takes o; =1+ 6;, |6;| <1, i=1,2,...,12. So, (35) becomes:
;) = =du; () + T, - pyp—i—y®) + T} jy—i—1)0; + 0.24F; ju,_ ;1 (t — ) + 1. (36)

Taking the values i = 1,..., 12 for Eq. (36), one obtains the explicit model of differential equations that simulate the memory
fault:

mw@® = -—w@® + 075, + 0756, + 024up(t-7) + I,
Mz(t) —Uz(z) + 0.75“11 + 07552 + 0.24u11(t - T) + 12,

(37)
up(M = —up@® + 075 + 075, + 024u@t-7) + I

Putting the system in the form of Eq. (1), one has:

-1 0 0 0.75
0 -1 - 075 0 1 w0 I w0
Ay = : : - : : » B=| oo » C=[: : ,
0 0750 - -1 0 0 L} 0 = b )y
0.75 0 0
[12x12]
024 ... 0 0 - 0.756; 12
F=| + .. , AA= : : =2Aj5j,
=l
0 oee 024 [12x12] 075512 [12x12]
0 —~ 0 0
0 = 075 0 -~ 075 0 0 0
where A, =| @ .. . A=) : : s Ap =]
0 : . . 075 - 0
[12x12] 0 w0 0 )L [12x12]
0.75 0
As A; = E,G, with p, = 1, E| = : s Epp = : and
0 Jiaxiy 075 )iaxn)
Gi=(0 1 )[1><12]""’012:( b0 )[1><12]'

Similar to the previous example, the DK-iteration and Theorem 9 are applied. After 3 iterations, as shown in Figs. 21 and 22,
the cure for the memory fault is obtained, and the network remembers the letter.

6. Conclusion and future work

In this paper, new methodologies for analysis and design of uncertain linear time-invariant time-delay systems (ULTITDS) were
presented. The techniques are extensions, for time-delay systems, of necessary and sufficient condition for robustness of stability
and performance, as well as design methodologies. Several auxiliary original results were presented (in order to prove the main
theorems) that are interesting in its own right. Padé approximation theory, as well as H_, robust control results, were used in the
development of the presented methods. In particular, the existence of an upper bound function m,,,(j@) for p.,,(jo), that is,
the structured singular value for a linear time-invariant time-delay system, was proved. This function is then used in the analysis
and design methodology in order to verify and synthesize robust systems. As far as the authors know, such results are not in the
literature.

Theorem 4, which is the main theorem proved in the paper, is a generalization of one from Skogestad [20], and was presented,
in a version for non-linear systems, as a conjecture in Pinheiro and Colén [26,35]. To the best of the authors’ knowledge, the results
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Fig. 21. Temporal response of the network with control.

Fig. 22. In this case, the network remembers the letter (cured).

from section four till the end are original contributions. Examples were presented which confirm the theoretical results obtained
and show that those methods are less conservative than others in literature. For future research, the following can be highlighted:

+ One can extend the results for ULTITDS with two or more different time-delay values.

+ One can extend the results for ULTITDS with uncertainties multiplying the time-delay terms.
« Extend the theory to the discrete time domain.

« Extend the theory to uncertain time-delays.

« Estimation of the velocity of convergence of the Padé approximation will be pursued.

In the field of applications, the theory presented in this paper can be applied to various problems involving ULTITDS
(see [2,5,12]). Some specific possibilities are:

Renewable energy industry, where the results can be useful in the design of robust controllers for power take-off (PTO) of wave
energy converters (WEC) with delays. It is observed in works such as [59-64] the need of robust controllers, as in WEC-PTO
systems there are many non-linearities (which can be modelled as uncertainties). In the paper [64] the author asserts that
robust control of the WEC-PTO is a significant emerging area as it aims to insert uncertainties into WEC models in order to
find robust control and greater robustness in wave energy extraction.

Neuroscience, more specifically, in modelling and control of neuropathologies [40,41]. The idea is to obtain controllers that
could be implemented in neural implants to relieve the effects of the Alzheimer disease.

Epidemiological mathematical models, like the one presented in [65-67], which establishes an epidemiological model of
COVID-19 with five variables. Uncertainties in the parameters are common in such models, as well as time-delays, and control
techniques could be devised in order to control the spread of the disease.

Cardiac devices [68-70], since there are many variables with uncertainties and time-delays in such cases. For example, in [69]
the authors deal with automatic heart rate control in cycle ergometer exercise. This is an important component, especially for
patients who are in the process of rehabilitation, to ensure that their limits are not exceeded and that the exercise does not
cause damage to their health. Other possibility of application could be in controlling pressure in diabetic foot by using insole
of new biomaterials [71]. Such devices have significant uncertainties and delay and can be enhanced by means of pressure
actuators in a closed loop scheme.

Finally, some techniques for linear time-invariant systems can be generalized for systems described using Lie groups and
Differential Geometry [72-74]
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