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Abstract In this work, the eigenfunction problem for the time-fractional telegraph operator of distributed order in R” x R™ is con-
sidered. By employing the technique of the Fourier, Laplace and Mellin transforms, an integral representation of the eigenfunctions

involving the Fox H-function is obtained.

INTRODUCTION

Fractional partial differential equations with distributed order have been studied over the past decades. One reason of
the interest is the relation of these equations with physical processes involving times-scales, for example, fractional
kinetics, the Cauchy problem of time-fractional diffusion-wave, generalized time-fractional diffusion, time-fractional
reaction-diffusion, fractional sub-diffusion equations, and continuous random walk processes. For a general overview
of fractional equations of distributed order we refer [3, 4, 5].

One interesting topic in the analysis of fractional partial differential equations is the study of the existence of eigen-
values and the correspondent eigenfunctions. The knowledge of eigenvalues and eigenfunctions plays an important
role in the study of the existence of solutions of nonlinear perturbations of the fractional partial differential operators.

The aim of this paper is to obtain an integral representation of the eigenfunctions of the time-fractional telegraph
operator of distributed order in R” x R™. This integral representation involves Fox H-functions, and it is deduced via
a combination of the Laplace, Fourier, and Mellin transform. For the inversion of the Laplace transform the classical
Titchmarsh’s theorem plays an important role.

PRELIMINARIES

Let a,b € R with a < b, and CDZ+ the left Caputo fractional derivative of order ¥ > 0 on [a,b] C R, defined by (see
(21)

Cryy 1 S AL0)
(ol >(x)_r(m—y) /a Gt x> (1)

where m = [y] + 1 and [y] means the integer part of . This definition of fractional derivative can be naturally extended
to R” considering partial fractional integrals and derivatives (see Chapter 5 in [6]).
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In this work some integral transforms are used, namely, the Laplace and the Fourier transforms. The Laplace

transform of a real valued function f () is defined by (see [2]) 2 {f (t)} (s) = f(s) = Jy""e ™ f (t) dt, with Re (s) €
C, and when it is applied to (1) leads to (see formula (5.3.3) in [2])

2{DLf)} () =57 (5) Zf Qs m=[ 41 @
Concerning the inverse Laplace transform of functions involving a branch point, we have the theorem from Titchmarsh

(see [7)).

Theorem 1 Let f(s) be an analytic function which has a branch cut on the real negative semiaxis, such that f (s) =
O (1), when |s| — oo, and f (s) = O (\%I) when |s| — 0, for any sector |arg (s)| < ©—1, where 0 <1 < 7. Then the

inverse Laplace transform of f (s) is given by f (t) = £~ {f(s)} (1) = —% Jor e Im (f(rei”)) dr, where ITm (+)
denotes the imaginary part.

The n-dimensional Fourier transform of a function f (x) of x € R" is defined by (see [2]) F {f (x)} (k) = flx) =
Jrn €5 f (x) dx, with ¥ € R", while the corresponding inverse Fourier transform is given by the formula

~ 1 .
f) =7 {F0} ) = Gl /ne*w"ff(x)dx, XER. 3)

For the n-dimensional Laplace operator A, = }/", 88722 we have
FA{Af (0} (1) = = [K[> F {f (0} (x0). @

The Fox H-function H,,;' is defined, via a Mellin-Barnes type integral in the form (see [1]), by

(a1, @), (ap, o) / L(b;+ Bjs) T T(1 —a; — ous)
rs B0 B | 2 v “t+“t>H?:m+1F<1—bf—ﬁ/S)

Hyd' |z 7 ds, ()

where a;,b; € C,and o, f; e R", fori=1,...,pand j=1,...,q, and € is a suitable contour in the complex plane
separating the poles of the two factors in the numerator (see [1]).

TIME-FRACTIONAL TELEGRAPH EQUATION OF DISTRIBUTED ORDER

Let us consider the following eigenfunction problem for the time-fractional telegraph equation of distributed order

/ ba(B) [ .0 u(e) dB+/ bi(@) [ §.0%u (1) der— A (,0) = Au(x,0), ©)
1

for given order-density functions b, () > 0 and b; () > 0, subject to the following initial and boundary conditions

u(x,0) = 8 (x) = [T5(x). g’:(xO) 0, lim u(xr) /b2 VB = Cs, /b1 ayda=Ci, %)

=1 x| =0

where (x, 1) € R" x RT, A, is the classical Laplace operator in R", the partial time-fractional derivatives of order
B € [1,2] and & € [0,1] are in the Caputo sense and given by (1), A € R™, and C;,C, € R™. The positive constants
C1 and G, can be taken as 1 if we want to assume the normalization condition for the integral. Let us start applying in
(6) the Laplace transform with respect to the variable ¢ € R™ and the n—dimensional Fourier transform with respect to
the variable x € R". Taking into account relations (2) and (4), the initial conditions in (7), and making straightforward
calculations we obtain

sBy(s)+sBi(s)+As
2 (By(s)+ By (s)+|x[?)’

=0

(x,8) = ®
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where

B6) = [ baB)Pap 2, 519 = [ hi(@)sda )

Let us now invert the Laplace and Fourier transforms in order to obtain our solution in the time-space domain. Let us
consider the following auxiliar functions in the Laplace domain

= By (S) + B (S) =~ 1
K,8) = , K,8) = . 10
0SS = B () + 31 (9) + KT 008 = B, 181 () + %P 1o
Applying Theorem 1 for the inversion of the Laplace transform, we obtain
-~ 1ot —ri = i ~ [ — 71 = i
ul(KJ):_;./o e ’Im(ul (k‘.,reﬂ>> dr, MZ(KJ):_E./O e ’Im(uz <K,re”))dr. (11)

In order to simplify (11), we need to evaluate the imaginary parts of the functions ﬁj (K, re'™ ), Jj = 1,2, along the ray
s = re'™, with r > 0, which is the branch cut of the function s*. In this sense, for j = 1,2, by writing

' pj =p;(r) =B (re”)|
B (re'™) = pj (cos (3ym) +isin (7)) = I o (12)
¥ = (r) = —arg (B (re'™))

we obtain, after straightforward calculations, the following expressions for the imaginary part of the functions u;,
j=12

—B|k|? B
r {(A+\K|2)2+BZ}7 r {(A+|K|2)2+BZ}

where A = pycos (17) + pi cos (y17) and B = pysin(y»7) + p; sin (7). Applying the inverse Laplace transform to
(8) and taking into account expressions (11), and (13), we obtain

m {in (i.re™) } = K1 (xl.7) = m {iiy (i, re™) } = Ko (|].1) = ,(13)

. ot _
i) =~ [ e K (k) + 2K (] ) dr (14
For the inversion of the Fourier transform, taking into account (3), we obtain
1 [t
) == {4 [ e Kl Al ] ). (s)
0

Making use of the following formula presented in [6] for the inverse Fourier transform

S

1 X'

@ O A=

and since we are dealing with radial functions in k, (15) can be rewritten as

+DO n
| 000 wE g (xlw) . (16)

[SIE]

u(x,t) = L /+w67” |x|17:§,l /er [Ky (w,r) + A Ky (w,r)] w2 Ju_y (|x|w) dw dr. 17
7 Jo @2n)> Jo ’ 2

1

The inner integral in (17) was already calculated in [8] using the Mellin transform (for more details see Section 3)
and has the following representation in terms of Mellin-Barnes integrals

B(A2+B2)’% 1 /}/+ioo r(1+3%) _s (A2+BZ)7% 7541
5 27 s s : 5 K
ra'T (20ul)" sin(y) 27 S T(3)T(3) D(*7 = 3) T(1-37) B

B(A2+Bz)7 1 /’}“rioo F(H—S)F(l—%) (A2+Bz)7% 7sds
) ) ’

ra’s (2)" sin(y) 270 Sy T(=F+5) T (55" - b
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where y = arccos ( Mﬁ) . The previous expression is equivalent, by (5), to the following expression in terms of
+

Fox H-functions (see formula (58) in [8])

1 1 v
BB ol i)t a=n0.(13).(03).0:57)
2 (2)" sin () W

rm

1 v oy
- 111 077 s\ T Ty A
B(AquBz)_1 02 (A2+Bz)7% (1=n )( 2) ( T 271:)

-2 n=3 . 32 (18)
rez (2]x])" sin(y) |x] l-n 1 <7£ K)
2 '2)'\ rm’2¢;
From (18) we obtain the following result.
Theorem 2 The eigenfunctions of the time-fractional telegraph operator of distributed order are given by
1 1 1
o too B A2 BZ 2, A2 BZ 2 _1 A2 B2 7
wr ) = —— / (W48 "o, [(A2E) —a(A24B?) C o @WHB) Vg )
2% @) Jo rsin () N B

where the functions 7€ and 7* are expressed in terms of the following Fox H-functions

T P

|x| — s |x]| 1 1 l-n 1 4 7

(13) (F2)-(0.35)

1 vy vy

_1 1 (l_n’ l)a (07 7) ’ (777 7)

L[ (A24+B*) 7 2, p2\h 2 n’2x

w ( Iﬂ) — 17 (A*+B%)
al <1—n 1) (L2
2 '2)°\ &m’21n
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