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A scaling analysis in the SIRI epidemiological model
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For the spatial stochastic epidemic reinfection model SIRI, where susceptibles S can become infected 7,
then recover and remain only partial immune against reinfection R, we determine the phase transition
lines using pair approximation for the moments derived from the master equation. We introduce a scaling
argument that allows us to determine analytically an explicit formula for these phase transition lines and
prove rigorously the heuristic results obtained previously.
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1. Introduction

In [10], we presented the phase transition lines between no-growth and compact growth, between
compact growth and annular growth and between no-growth and annular growth in pair approxima-
tion for a reinfection model, called SIRI. It describes a susceptible, infected, recovered epidemic
process, SIR, with additional partial reinfection, a transition from partially immune recovered
R to the infected class 7, hence the name SIRI. This model is a simplified version of general
multi-strain models, as, e.g., described in [3,4], where after an initial infection, immunity against
one strain only gives partial immunity against a genetically close mutant strain. For a recent
investigation of reinfection models in the biological context, see for example [9]. In the physics
literature, models with partial immunization have also found wide interest [ 1,5] due to their critical
behaviour connecting directed percolation and dynamic percolation.

In particular, the findings of two thresholds in reinfection models [3] have sparked discussions
around the so-called reinfection threshold. The geometric interpretation in the spatial set-up as
given in [5] for their partial immunity models has helped us to understand the two thresholds,
found in the biological mean field models to correspond to the transitions from no-growth to
annular growth and from annular growth to compact growth [10]. The existence of these two
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thresholds in systems with the possibility of reinfection with partial immunity, as known from, e.g.,
influenza, malaria and tuberculosis (see [3], and personal communication G. Gomes, Oeiras), has
consequences for disease control and vaccination policies. The accurate matching of the models
used in biology with those used in physics is vital for the mentioned applications and is given in
[10] and the present study, in which the most interesting phase transition line is rigorously proven
(the second phase transition having trivial form of a straight line in parameter space).

We compare the especially tricky phase transition line between no-growth and annular growth
with simulations [10]. In pair approximation, these critical points have different values for the SIS
system [7] and the SIR system [6], as opposed to the mean field values which are the same for SIS
and SIR. In the present article, we prove the analytical formula of the transition line presented in
[10] between no-growth and annular growth. The proof of this analytical formula of the transition
line has a difficulty far beyond the calculation of the other transition lines. For the analytic
calculations, we have to introduce a scaling argument that, in particular, allows us to overcome the
difficulty arising from an indetermination occurring in the proof. This scaling argument consists
of computing the ratio (R)*/(I)* of the average of the recovered individuals (R)* against the
infected individuals (/)*, observing that several terms along the computation vanish.

In Section 2, we describe the spatial epidemic model for reinfection, the SIRI model, in its
stochastic description. We present the dynamic equations for the expectation values of the total
number of infected, recovered and for the pairs (S7)*, (RI)* and (SR)* closed via the pair
approximation as given in [10]. In Section 3, we prove the analytical formula of the transition
line between no-growth and annular growth using a scaling argument.

2. The SIRI epidemic model

To describe reinfection in a simple epidemic model, we investigate an extension on classical SIS
or SIR models extending to the SIRI model [10]. We consider the following transitions between
host classes for N individuals being either susceptible S, infected I by a disease or recovered R

S+1-5 141,
1 -5 R,

R+I1-141,
R -5 s,

resulting in the master equation (11) for variables S;, I; and R; € {0, 1},i =1,2,..., N, for N
individuals, with constraint S; 4+ I; + R; = 1, see Equation (8). The term ‘master equation’ has
been used for different types of equations in stochastic systems, see historic remarks in [11, p. 97
f.] to clarify the terminology.

The first infection S + 1 LAy + I occurs with an infection rate 8, whereas after recovery

with rate y, the respective host becomes resistant up to a possible reinfection R + [ LNy +1

with a reinfection rate B. Hence, the recovered are only partially immunized. For further analysis
of possible stationary states, we include a transition from recovered to susceptibles o, which might
be simply due to demographic effects (or very slow waning immunity for some diseases). We will
later consider the limit of vanishing or very small «. In the case of demography that would be
in the order of inverse 70 years, whereas for the basic epidemic processes like first infection g,
we would expect inverse a few weeks. We consider that the N individuals live on a regular lattice,
where each corner has the same number, Q, of edges.
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2.1. The ODE:s for the moments

In [10], we presented the following ordinary differential equations (ODEs) for the first moments
(S), (I) and (R) (see Equation (6)) and for the second moments (SS), (I1), (RR), (SI), (SR)
and (I R) (see Equation (7)) in pair approximation:

%m = B (SI) — y(I) + B (RI), (1)
d%“” = y{I) — a(R) — B (RI), )
%m) = a(RI) = (y + B) (SI) + (Q — 1) (SI) — B QQ_ 1 (2<%>_+<§flj>)<,§§m

LA QQ— 1 <SR<>R<)RI>’ )
i(Rl) =y (QU) — (SI)) — (@ +2y + f) (RI) + B QQ_ 1 N<S_R<>,> <_S<I;>

N 5QQ— (Q(R) — <SR>< ;>2<R1>) (RD) @
j (SR) = y(SI) + o (Q(R) — 2(SR) — (RI))

_IBQ—I (SR) (SI) _3Q—1<R1> <SR>_ )

Q N—(I)—(R) Q (R)

For a detailed discussion of the pair approximation applied to the SIRI model, see Section 2.4.
We recall that the expectation value of the total number of infected hosts (/) at a given time ¢ is

N
nmn=>" (Z )p(sl, IR, S ..., Ry, 1)

N
=YD L p(Si, 11, R, S5, .., Ry, 1) (6)

i=1 SIR

N
Z )(@),

where ) (g denotes the sum Zélzo 21171:0 Z}zlzo Zézzo e Z}QNZO, and p(Sy, I1, Ry,
Sy, ..., Ry, t) is the probability of the state Sy, 11, R;, S», ..., Ry that occurs at time ¢, given by
the master equation for the SIRI model (Section 2.2).

Similarly to the first moment, the second moment (S7) of the expectation value of two
individuals neighbours in which one is susceptible and one is infected is the pair given by

N N
OHOEDY ZZ Jii Sili | p(St IRy Ry ) =YY Ty (S (). (7)
SIR i=1 j=1 i=1 j=1

The other first and second moments are defined similarly. These are dynamic variables, e.g., (1) (),
and the stationary values will be denoted by (7)*, (R)*, etc.
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2.2. From the master equation to the dynamics of the moments

We are going to determine the ODEs for the first moments (S), (/) and (R) (see Equation (16)),
and for the second moments (SS), (I1), (RR), (SI), (SR) and (I R) (see Equation (24)) using
the master equation that we present below. We use the term master equation as specified in [11],
especially in application to chemical reactions. For spatial systems, our approach corresponds to
the master equation as used by Glauber [2] for an Ising spin dynamics. There the spin variable
at each lattice site o; can take values —1 or +1, whereas our state variables, e.g., I;, can take 0
or 1. Whereas Glauber fixed the transition rates to obtain the desired stationary states to give the
original Ising model, we fix the transition rates due to the infection dynamics (in the way chemical
reactions are described [11]). But the structure of our master equation has the same formal form
as the one used in the spatial set-up by Glauber [2].

Let p(Si, I, Ry, S2, b, Ry, ..., Ry, t) be the probability of the state Sy, Iy, Ry, Sz, I,
R,, ..., Ry that occurs at time ¢. Let J; ; € {0, 1} be the elements of the N x N adjacency
matrix J, symmetric and with zero diagonal elements, that describes the neighbouring structure
of the individuals: if J; ; = 1, then the individual i is a neighbour of j and if J; ; = 0, then the
individual i is not a neighbour of j. Following Glauber [2], the master equation for the SIRI model
gives the time evolution of the probability p(Si, 11, Ry, S2, I, Ra, ..., Ry, t) with respect to the
underlying regular grid describing the spatial interactions of the model:

d
EP(Sla Ii, Ry, 82, I, Ry, ..., Ry, 1)

N
- Z Jl]I Si)p(Sl7IlaR1"'-71_Si’1_Ii’Ri"'7RNst)

(1_I)p(Sl’Ille’---’Sl"l_Ii’l_Ri""RN9t) (8)

Il
-

'Mz

N
Z Ij (1_Ri)p(Sl’Illey---7Si’l_Ii71_Ri-"’RN9t)

a(l=R)p(S1, L1, Ry, ..., 1 =8, ;1 —R; ..., Rn, 1)

'Mz an

—

N
Z JUI S,' + ‘}/I, +l3~ Z J,‘jlj R,‘ +O[R,'

1 j=1

-pC--Si, i, R -+ -).

Mz

The expectation value of the marginal quantity /; is defined by

1
(r)_ZZZZ > L p(Si, LR\, Sy ... Ry. 1)

=01=0 R;=0 S;= Ry=0

= Zli p(Si, I, Ry, S2, ..., Ry, 1),
SIR
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where ) "¢z denotes the sum Z;l 0 Z}l —0 Z}elzo Z;FO e lefe,\,:o’ and its dynamics is given by
Z I; P(Sl,ll,RuSz,--- Ry)

SIR
=A+B+C+D+E, (9)

with

N N
A=>"5L Y BD Jli | (1=S0) p(.. 1= S 1= L, R, ..),

B=Y I Zy(l—lk)p( S 1= I 1= Ry, .,

SIR k=1
N N
C=>"15LY B|D Jili | 0=R) p(.... S 1= L 1 = Ry ..,
SIR k= =1

N
D= 1LY a(l—R)p(...01=S.li1=R ...

SIR k=1

N N
Z Z Z‘]kjlj Sk+)/lk+/§ Z.ijlj Ry + aRy

SIR j=1 j=1
p(. cey Sk, Ik, Rk, .. )

Making a change of variables, we observe, for any expression f, that

1

1
Y3 £kl R p(St oo Sk 1= I, 1 = Ri, ..., Ry)

;=0 R¢=0

_ZZf(Ska Ik,l_Rk)p(Sla,SkvlkaRkaaRN) (10)

=0 Ry=
Hence, we have A = A; + A,, where

N

N
Av=>"5 Y B JgLi | S pCo Sis I R ),

SIR  k=1Aksi j=1

=) (-1 ZJ,JI Sip(ooy Si I R, . ).

SIR

Similarly, we have B = B; + B;, where

N
=>"L Y v LpC... Sl Re.. ),

SIR  k=1Ak#i

=Y =1y L p(....Si, Ii, Ri, ..,

SIR
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C = Cy + C,, where

N
Ci=Y 1 Z ﬁ(Zkal,- Ri p(.., Sk, I, Ry, .. ),

Jj=1

N
G, = Z(l —I)B Z-Iijlj Rip(....S8, i, R;,...),

SIR j=1

D = D + D,, where

N
=L Y aRpC...S I Ri...),

SIR  k=IAk#i

ZlaRlp( S, L R,

SIR

and £ = E| + E,, where

N N N
_Zli Z B Z]kjlj Sk + vyl + B ZkaIj Ry + a Ry
j=1 j=1

SIR  k=1Ak#i

p("'v‘s]ﬁlkkav-'-),

N N
_Zli p Z-Iijlj Si+vyli+B Zjijlj R; + aR;
SIR j=1 j=1

p(, Si’ Il', R,‘, )

We note that A} + By + C; + Dy + E; = 0. Observing that I; - (1 — I;) = 0, we obtain that
B, = 0. Since one individual can not stay in more than one state, we obtain that /; - R; =0
and [; - S; = 0. Therefore, D, = 0 and

Ey=-y Y IFp(....S.1Ii.R;...)

SIR
=—y Y Lipt...S. L. Ri....)
SIR
= —y (I;). (11)
Hence, Equation (9) becomes
Sy=mrct (12)

Observing that (1 — 1;) - S; = S; — I; - S; = S;, we get

,BZZJ,JISp( iy I, Riy )

SIR j=1

N
=B Iy {1;S:). (13)
j=1



Journal of Biological Dynamics 485

Since (1 — I;) - R; = R; — I; - R; = R;, we obtain that

N
szléZZ‘]i/IjRi p(...,S,',Il',Rl‘,...)

SIR j=1

=

(14)

Il
=
&
\N

=

Applying the formulas in Equations (11), (13) and (14) to Equation (12), we obtain the dynamics
of (/;)

d N . N
Rl =ﬂZIJZ-j <1jSi>+ﬁ21ij (IiR) —y (L) (15)
J= J=

The expectation value of the total number of infected hosts at a given time is defined in Equation (6).
Hence, by Equation (15), it follows that

where (S7) is defined in Equation (7) and (R1) is the pair given by
N N
(RO =Y (D D" 7y Ril; | p(Si. L. Ri..... Ry.0).
SIR \ i=1 j=I

Doing a similar reasoning for the mean total number of susceptible and recovered hosts, we obtain
the following ODE:s for the first moments

d

3 (S) =a(R) = B (S),

d ~

3 (=B —y)+B (RI), (16)
d

dr

Now, we have to compute the ODEs for the second moments. We will present the details for
the dynamics of the pair (S7) defined in Equation (7) and the ODEs for the order moments follow

similarly.
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The local expectation value (S;/;)(¢) is defined by

(SiI;)(t) =Y Sil; p(St. I, Ry, Sa. ... Ry. 1),
SIR

where ) qr denotes the sum le —0 Z}l —0 Z}elzo lezzo e Z}esz and its dynamics is given by

Z Sil; P(51,11,R1,Sz,-.., Ry)
SIR
—A+B+C+D+E, (17)

with

A=Y S Z,B(Zjlklk) (1—=8) pC..,1 =S, 1—I,R;,...)

SIR
N
B=> SI; > y(I=1)p(....S.1—L,1=Ry,..)
SIR =1
C=) S Zﬁ(ZJHJk) I—=R) pC...S 1 =1, 1 =Ry, ...)
SIR
D= ZSI Za(l—Rl)p( — S, L,1—R;,..)
SIR
N N
—Z Sil; Z |:,3 <Z Jzklk> Si+yL+B (Z Jzklk) R, +06R1i|
SIR =1 k=1 k=1

p(... S, IRy, .. ).
Hence, making a change of variables as in Equation (10) we have A = A| + A, + As, where

N N
A=) S Y B <Z J,k1k> St pC.., S, IRy,

SIR I=1AI£i Nl#j k=1

=Y (=S)1 ﬂ(ZJlklk)S P S I Ri, ),

SIR

N
A=) S(1—-1)p (Z ijlk) S; p(....S;, I;,R;,...).
k=1

SIR

Similarly, we have B = B| + B, + B3, where

N
:ZSZI] Z Vllp(---,Sl,Il’Rl,---),
SIR I=1AI£i Nl
=Y SiLiyLp(...S. LR ...,

SIR

=> SA=I)y 1 p(....S;. I;. R, ..,

SIR
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C = Cy + C, + C3, where

N N
C1 = Z Silj Z ,é (Z Jlklk) Rl p(. Cey Sl, I[, Rl, .. .),

SIR I VNESUNES] k=1
Z SI ﬂ(ZJlka>R P( s l’ za la"')’
SIR

N
C3:Z 1—1 (Z ]k1k>Rjp(...,Sj,Ij,Rj,...),
k=1

SIR
D = D, + D, + D3, where

N
:Z S,'Ij Z OlRlp(...,Sl,I],Rl,...),
SIR I=INIFEINIF#£]
Dy=) (1=S)l;a R p(....S. I R, ..,
SIR
:Z Silj o Rj p(...,Sj,Ij,Rj,...)
SIR

and E = E; + E, + E3, where

N N N
- Z Sil; Z |:,3 (Z Jlk1k> S+yL+p (Z Jzklk) R, + 01sz|

SIR I=1Al£iNl#] k=1 k=1

p(""Sl9Il7Rl"")7

r /N N
=-> SI; |B (Z Jiklk) Si+vli+B (Z zk1k> R; +ocR,}

SIR k=1 k=1

~p(...,Si,I,',Rl‘,...),

N
—Z Sil; (Z J,/Jk) S;+yIli+p (Z ka> R; +O‘Rj:|

SIR k=1

p(...,Sj,Ij,Rj,...).

We start to note that A + By + C; + D; + E; = 0. Observing that the state variables are in the
set {0; 1} and therefore, e.g., (1 — S;) - S; = 0, we have that A, = 0 and B; = 0. We also observe

that, e.g., S; - I; = 0, because one individual cannot stay in more than one state. Hence, B, = 0
C2 = 05 D3 = 0’

SIR

2521 IB(ZJlka> .,Si,I,',R,',...)
:_,BZ lkZSIIk p( s Diy 1iy ’)

SIR

= _18 Z Jik (S,Ijlk>, (18)
k=1
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and

Ey==) S} y-p(...Si 1, R)...)
SIR

= -y Z S,'Ij-p(...,Sj,Ij,Rj,...)
SIR

= —y (Sil;). (19)
Therefore, Equation (17) reduces to

d
3 (Sil)) = A3+ Cs+ Dy + By + Es. (20)

Observing that S;(1 — 1;)S; = S;S; — Si1;S; = S; S, we obtain that

N
Ay =B S5 (ijklk> PG Si Ry,

k=1 SIR
N

=B > JulSiS;I). 1)
k=1

Similarly, since S;(1 — I;)R; = §;R;, we have

N
C3 = Z SiRj ,BN (ijklk) p(...,Sj,Ij,Rj,...)
k=1

SIR

Il
=
™M=

T D SiRiL p(....S;. Ij R, ..)
SIR

k=1

M=

B

Jii(SiR;Iy), (22)

~
Il

1

and with the relation (1 — $;)1; R; = R;I;, we also have

DZZZ R,'Ij p(...,Sl',Ii Ri,...)
SIR

Applying Equations (18), (19), (21)~(23) in the dynamics of (S;/;) given in Equation (20), we
obtain that

N
- B Z i (SiljIi) — v (SiI;).
k=1
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Hence, by Equation (7) we obtain for the dynamics of the pair (S7) the ODE

d NE o4
(5D = ;;led (Si1;)
N N . N N N
=B DD T SiSihy + B Y YN Ty (SiR; L)
i=1 j=1 k=1 i=1 j=1 k=1
N N N N N N N
b YN TR =B Y Y Y Tpdu (S LiL) =y Y Y Ty (Sid))
i=1 j=I i=1 j=1 k=1 i=1 j=I1

SIR

N N N
(SRI)(1) =) _ (ZZZ Jidix SiRiI, | p(S1, 11, Ry, ..., Ry, 1)

and (1; S;I) is the local expectation value.
Doing similar computations for the others pairs, we obtain for the dynamics of the second
moments the following ODEs:

%(SS) =2a(RS) — 2B (SSI),

%(11) =28 (ISI) =2y (I1) +2B (IRI),

%(RR) = 2y(IR) — 28 (RRI) — 2a(RR), (24)
d

E(SI) = B (SSI)+ B (SRI) — y(SI) — B (ISI) + a(RI),

%<RS> — y(SI) — B (RSI) — B (SRI) + a(RR) — a(RS),

d i i
S (RI) =y 1)+ B (RST) + B (RRI) = y(IR) = p (IRI) — a(RI).

2.3. Balance equations for means and pairs

As in [10], we explain how to use the balance equations to reduce the number of equations in the
ODE:s for the first moments (see Equation (16)) and second moments (see Equation (24)) to the
five equations presented in Equations (1)—(5). The balance equations are also used in Section 2.4
to find a closed form of the ODEs for the moments.
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From S; + I; + R; = 1, it follows immediately that for the means

(S$)+{I)+(R)=N (25)
holds, and from this that
d d d d
—N=0=— —(I)+ —(R 26
dtN dt<S>+dt<>+dt< ) (26)

also holds. A check of the results of the dynamics Equation (16) is to insert the three equations
into Equation (26) and verify the sum to be equal to zero. In this case, it can be confirmed by eye
immediately. For the pair dynamics in all variables S, I and R, however, the check of the balance
is not so obvious. The balance equation is now, again for regular lattices,

(SS)+(II)+(RR) +2(SI) +2(SR) +2(IR) =N - Q, (27)

which can be obtained by explicitly expressing all terms including variable S in terms of the
independent variables / and R, hence

(SR) + (IR) + (RR) = Q(R), (28)

etc. The pair balance dynamics is now

d d d d d d d

—(N-0)=0=—(SS)+ —(UI)+ —(RR) +2—(SI) +2—(SR) +2—(IR), (29

dt( Q) dt< >+dt< >+dt< )+ dt< )+ dt< )+ dt< ) (29
which is exactly fulfilled by the ODE system for the pair dynamics given in Equation (24). From
these balance equations, we can reduce the ODE system for total expectation values and for pair
expectation values to five independent variables (I), (R), (SI), (RI) and (SR).

2.4. Pair approximation

As in [10], to obtain approximate expressions for the triples appearing in the equation system (24)
in terms of pairs we will do some assumptions in the model. For a detailed discussion of the pair
approximation in general, see [6—8]. We will study the pair approximation for the triples (RST)
and (I RI). The approximations for the other triples follow similarly.

We consider only the true triples (/ RI) in which the last site of, e.g., infected is not identical
to the first; hence with the definition

—~—

N N
(IRIY=Y">"" > JjJalliR;1L), (30)

i=1 j=1  k=1k#i

we have

——

(IRI) = (IRI)+ (RI) (31)
when the local variable at site k, here I, is of the same type as the one in i, here /; and simply

—_—

(RSI) = (RSI) (32)

when the local variable at site k, now I, is different from the one in i, now R;. For triples,
which are by nature just pairs, i.e., with i =k, we have locally (I;R;I;) = (IiZRj) = (liR}),
since [; € {0, 1}, so they should be counted as pairs, i.e., given by Equation (31), whereas in
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Equation (32) for i = k we have (R;S;I;) = (R;S;I;) =0, since R;, I; € {0, 1} and S; + I; +

R; = 1. The difference between (I RI) and (I RI) does first appear in the triples, since in the pairs
the diagonal of the adjacency matrix is zero, avoiding the eventual double counting of singlets.
Then we consider all the possible combinations, where sums over the adjacency matrix only
come to play, Z?[:l Jij = Q,. These indicate the number of neighbours to a lattice site 7, and
from now on we will only consider regular lattices (later the square lattice with periodic boundary
conditions). Hence we can assume that all Q; are equal, i.e., Q = Q; for all i.
The pair approximation yields

(RSI) = </R\JSI> ~ 0-1 ' (RSg)(SI),

(33)

obtained from an analogue for the Bayesian formula for conditional probabilities applied to the
local expectation values
(R;S;) - (S;1Ii)

(R;S; I}) =~ (34)
T (S)
and a spatial homogeneity argument, namely
(ST)
(Sily) = (§i1;) ~ NO' (35)
and
(S)
Si)y~ —. 36
()~ = (36)
For the triple (I RI), the pair approximation is given by
— Q-1 (RI?
(IRI) = (IRI)+ (RI)  —— - + (RI). (37)

Q (R)

With expressions like the one in Equations (33) and (37) and using the balance equations, we obtain
the closed equation system for the dynamics of the moments presented in Equations (1)—(5).

3. Analytic expression of the phase transition line

Let
E=a+yQ+5 (38)
F=D++D>+4a(Q — 1)E, (39)
where
D=yQ—-pQ—-1—al(Q—-2). (40)

We observe for the transition line between no-growth and annular growth that the stationary value
(I)* and also the stationary value (R)* tend to zero, but their ratio stays finite. Hence, we conclude
the following lemma:

LEMMA 3.1  The scaling limit of (R)*/(I)* when (I)* tends to zero is given by

R)* F
lim B _vE 41)
(=0 (I)*  2aE
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Proof We consider the equilibrium manifold of the ODE system given by Equations (1)—(5).
We use Equations (1), (2) and (5) to compute (S7)*, (RI)* and (SR)*, and we replace their values
in Equations (3) and (4) giving the following two implicit equations:

B+2
oy — P2 (<1>* = g<R>*) + ((Q D+ g<R>*)
B 14 14
(42)
,(1_2 N =) = (R —a/BO(R)" 2 y<1>*—a<R>*) .y
0/0—1L(N—(I)—(R)+(R* B0 (R
and
2 B+2
oy - Iy - B2 11y - Sry)
By B 4

+2(Q -1 (R) (1 - 2k ) (43)

y BO (N — (I)* — (R))

s _ % s 2(y<1>*—oe<R>*)>
+(Q@—-D () —=(R 1— = =0.
@ )(< ) V< ) )( BO(R)*

We start proving that if (7)* tends to zero, then (R)* also converges to zero. We observe that
the function in Equation (42) is continuous at (/)* = 0, and its value is

g<R>*<1_2 N — (R)" = (@/BO)(R)* +g_a):0' m
(0/(Q =N = (R + (R " Fo

P+2y %Ry +
g v Y
Hence, we obtain that (R)* = 0 or
~ BO(B+vQ+a)
BBQ(Q —2)+ Ba(Q—1) = B(yQ+a)

But the value presented in Equation (45) is not a solution of Equation (43) for (/)* = 0. Hence,
the stationary state (R)* converges to zero when (/)* tends to zero. Let

Ny, = —0157 0,
Nos =Ba (—yQ+a(Q—1), (46)
Nopo=aByNO,

(R)" =

(45)

and

Dso=y*(Q - 1),

Dy =—By Q(Q —1)—2ay (Q— 1) +2y*(Q — 1),
Di;=0*(Q—-1)—ByQ(Q—1—3ay Q+2ay +y°0Q,

Doz =0a*(Q—1)—ay Q, (47)
Dyo=—y*N(Q - 1),

D =NyQa(Q-1)+80(Q-1)-v0),

Doy =Na(yQ —a(Q — ).
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Solving Equation (43) in order to isolate the parameter S, we obtain that

Ng({I)*, (R)*, B)
B) = —, 48
p(6 Ds((I)*, (R)*, ) (*5)

where Ny is given by
Ng((I)*, (R)*, B) = Nyo(I)*(R)** 4+ No3(R)*> + Ny (R)*?, (49)
and Dg is given by

Ds((1)*, (R)*, B) = D3.o(1)*> 4+ Dy {I)**(R)* + Dy o (I)*(R)*? (50)
+ Do3(R)*® 4 DyoI)** + Dy 1 (I)*(R)* + Do (R)**

Substituting in Equation (42) the expression for 8 given in Equation (48), we obtain

=0, (51)

where the denominator is given by

DI, (RY; B) = BO(R)™ (yON — (R)*(yQ —a(Q — 1) =y Q(I)*)
-((R)* — O(N = (1)")), (52)

and the numerator is given by
NUI*, (R); B) = CaolI)* + C3.1 (1) (RY* + Con (1) (R)*> + C15(1)*(R)*
+ Coa{R)™ + Ca0(1) + Cot (I)2(R)* + Cra(I)*(R)* (53)
+ Cos3(R)” + C(I)** + B(I)*(R)* 4+ A(R)*’

with
A==2aN’Q*a+yQ+B), (54)
B=2yN*Q*(yQ — B(Q — 1) —a(Q —2)), (55)
C =2y*N?*0%*(Q - ). (56)

The other coefficients C; ; of the numerator are not presented here, because we will not use them
in the future computations. We are going to find the limit of the ratio (R)*/(I)*, when (I)* tends
to zero, such that

NI, (R)*; ) =0 (57)

is satisfied. Dividing Equation (57) by (I)*? and furthermore defining the ratio of recovered over
infected (V)* = (R)*/(I)*, we obtain that

Cao(I)? 4+ Ca 1 (I)*(R)* + Ca2(R)™ 4 C13(V)*(R)*> 4 Coa(V)**(R)*?
+ C3.0(I)* + Co 1 (R)* + C1o(V)*(R)* 4 Co3(V)**(R)* (58)
+C + B(V)* + A(V)*? = 0.
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When (I)* tends to zero, we already proved that ( R)* converges to zero. Hence, from Equation (58),
we obtain

A(VY2 4 B(VY*+C =0, (59)

*

in the limiting case when (I)* tends to 0. Therefore, there are two solutions (V)7 , for (V)
given by

. —B++BT—4AC

Since C = 2y2N20*(Q —1) > 0 and A = —2aN2Q%*(@ +yQ + B) < 0, we conclude that
—4AC > 0 and so B> —4AC > B?. Hence, Equation (59) has a unique positive solution

~B—+BX—4AC
(VY = o . (61)

Inserting into Equation (61) the expressions of A, B and C presented in Equations (54)—(56), we
obtain Equation (41). ]

Now we will use the value of the ratio (R)*/(I)* at criticality to obtain the analytic expression
of the phase transition line.
Let

G(B)=yBO - F?, (62)

and

HP)=2Qa(Q-1)+B2Q-1)—yQ)-E-F+(yQ—a(Q—1)) - F
—4a(Q —1)- E?, (63)

where E and F are defined in Equations (38) and (39), respectively.

THEOREM 3.2 Leta > 0. The phase transition line B(B) = B.(B, a, v, Q, N) between no-growth
and annular growth for the spatial epidemic SIRI model in pair approximation is given by

- G
AVl 64
B(B) S (64)
with0 < B <y/(Q —1)

Proof We observe that Equation (48) can be rewritten in terms of (/)*, (R)* and (V)* =
(R)*/(I)* as follows:

Ly (R)* + Ny, (V)*?

B(B) = : (65)
D3 o(I)* + Ly(R)* 4 Dag + Dy (V)* + Do (V)*?
where
Ly = Ni2(V)* + Nos(V)*2, (66)
Ly =Dy + Dy o(V)* + Do3(V)*, (67)

and the coefficients N; ; and D; ; are presented in Equations (46) and (47), respectively. The
phase transition curve follows from Equation (65) by letting (/)* tends to zero. Under this limit,
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Equation (65) reduces to

Noo(V)*?
Dy + Dy 1(V)* + Do (V)**

B(B) = (68)

Hence, the numerator of Equation (68) is given by

y2F2

4a?E?

= 5)/3NQF—2, (69)
4aE?

Noa(V)** =afy NQ

and the denominator is given by

- F
—¥2NQ - D+ NyQa(Q—1)+F0(0 1) — VQ)zy—
oF
)/2 F2
+ Na(yQ —a(Q — 1))@
- F
= 2N (—(Q —D+Qa(Q-D+BRQ-DH-yQ 57—
aF
F2
+(y0 —a(Q — 1))@)- (70)

Dividing Equation (69) by Equation (70), we obtain the explicit formula for the phase transition
curve of the SIRI model, which can be written as given in Equation (64). |

This completes the expression for the critical curve p(ﬁ ) for the general @ and y case. When
« tend to 0, we obtain the following expression for S(8):

s
s
s
- s -
. s
s

Figure 1. The phase transition line between no-growth and annular growth determined from the analytic solution in the
limiting case when « tends to zero, which is explicitly given in Equation (71). The horizontal transition line of the SIRI
limiting case when o = 0 and the phase transition points of SIS and SIR limiting cases are also presented as calculated in
[10]. The SIS and SIR limiting cases are given by dashed lines. (Parameters Q = 4 appropriate for spatial two-dimensional
systems and y = 1 were used.)
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COROLLARY 3.3 In the limit when o tends to zero, the phase transition line between no-growth
and annular growth B(p) for the spatial epidemic SIRI model is given by

5 ~
lim p(f) = — 2= 1PC=D (71)
=0 yQ(Q—-2)+B(Q -1

In Figure 1, we show the horizontal transition line corresponding in the left-hand side to
transition from no-growth to compact growth and in the right-hand side to transition from annular
growth to compact growth [10], and the obliqual line is the phase transition between no-growth
and annular growth as determined in Corollary 3.3. The intersection of these two lines is the phase
transition for the SIS model and the intersection of the obliqual line with the horizontal axis is
the phase transition line for the SIR model.

4. Summary

We have computed the analytic expression of the phase transition line between no-growth and
annular growth for the spatial reinfection SIRI model using pair approximation for the moments
derived from the master equation. We have introduced a scaling argument that allowed us to
determine analytically an explicit formula for the phase transition line between no-growth and
annular growth. This scaling argument consisted in computing the ratio (R)*/(I)* of the average
of the recovered individuals (R)* against the infected individuals (7)*.
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