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Abstract—In this study we propose a meshfree scheme for
the numerical solution of boundary value problems (BVP) for
the  nonhomogeneous  Cauchy-Navier  equations  of
elastodynamics. The method uses the classical approach where
first a particular solution for the partial differential equation
(PDE) is calculated and then the corresponding homogeneous
BVP is solved for the homogeneous part of the total solution. In
particular, we approximate each component of the source term
of the nonho-mogeneous PDE by superposition of plane wave
functions with different frequencies and directions of
propagation. Using these expansions, a particular solution for
the PDE is derived in the form of a linear combination of elastic
P- and S-waves, at no extra computational cost. In the second
step of the scheme, we solve the corresponding homogeneous
BVP using the classical method of fundamental solutions (MFS),
with shape functions given by the Kupradze tensor. The
accuracy and the convergence of the proposed technique is
illustrated for a Dirichlet BVP, posed in a 2D multiply connected
domain, bounded by polygonal and parametric curves.

Keywords—meshfree method, plane wave functions, method
of fundamental solutions, Cauchy-Navier equations of elastody-
namics, nonhomogeneous PDE.

L INTRODUCTION

In this work we address the problem of elastic wave propa-
gation in a homogeneous isotropic material subjected to a
body force. In particular, we consider the interior wave
scattering problem where our goal is to recover the scattered
wave u*® generated by the interaction between a known
incident wave u™ and an obstacle with known material
properties. For rigid obstacles, the total wave u®® = u™ + u*®
vanishes on the boundary of the domain and mathematically
the problem may be formulated as a Dirichlet boundary value
problem (BVP) with boundary condition of the form u* =
,umc'

Let Q c R? be a bounded domain with a class C' boundary
I' = 0. In time harmonic settings, for a given body force with
intensity f, the displacement field u = u* satisfies. the Dirichlet

BVP for the nonhomogeneous Cauchy-Navier equations of
elastodynamics

* 2 = i
{(A +pw*)u = f in Q, )

u=g onT

where Ax is the linear elastic (Lame) operator defined by
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Ax= pA + (A + WV, 2)

® > 0 is a constant frequency, p > 0 is the constant density of
the material and A > 0 and p > 0 are material-dependent
constants called Lame parameters. Note that problem (1) is
well posed if —pw? is not an eigenvalue for the Lame operator
Ax in Q, e.g. [1]. Under this assumption, for f € [L*(Q)]* and
g € [H'"X(T")]%, the BVP has a unique solution u € [H'(Q)]%.

One possible approach for calculating an approximate
solution of problem (1) is to use an appropriate variant of the
method of fundamental solutions (MFS). According to its
original formulation, see [2], [3], the MFS is a meshfree
method for the numerical solution of homogeneous partial
differential equations (PDE) where the unknown solution of
the BVP is approximated by a linear combination of
fundamental solutions of the differential operator with
singularities (source points) located in the exterior of the
domain of interest. Since such linear combinations belong to
the solution space of the homogeneous PDE, the MFS requires
only an accurate fitting of the boundary conditions of the BVP.
This is usually done by discrete collocation or using a least
squares approach.

The MFS has attracted significant attention from the
scientific ~ community due to its straightforward
implementation, low computational cost and high accuracy in
smooth settings, see [4] for an overview of the MFS. As a
result, many variants of the MFS have been developed and
successfully applied to direct and inverse, interior and exterior
and linear and nonlinear problems in acoustics,
electromagnetism, elasticity, fluid mechanics, heat
conduction, options pricing, shape optimization, etc., see [5]—
[8] and the references therein.

In [9], we have proposed a numerical scheme related to the
MEFS, where the solution of problem (1) is approximated by a
linear combination of fundamental solutions (Kupradze
tensors) of the Cauchy-Navier operator A*+pw? with
different test frequencies and source points. This method
requires the solution (in the least squares sense) of a large and
fully populated ill-conditioned linear system, where the PDE
and the boundary conditions are collocated simultaneously,
using sets of domain and boundary collocation knots.
Although the basis functions in this method are related to the
differential operator, which significantly simplifies its
formulation and im-plementation, this method is still
computationally demanding for BVP in complex geometries
and higher dimensions.
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In order to alleviate the high computational cost of the
method presented in [9], a classical two-step approach may be
considered for the solution of problem (1). In this case, we
represent the solution u in the form

u=uf + u 3)
where u® is a particular solution of the PDE
(A* +poP)uf = f, inQ 4)
and u™ satisfies the corresponding homogeneous BVP

in Q,

(Ax +pw)utl =0
onTl

W g P 5)

In the framework of meshfree methods, a particular
solution of equation (4) is usually calculated in terms of a
linear combination of radial basis functions (RBF), e. g. thin
plate splines, multiquadrics, etc., using the dual reciprocity
method (DRM), see [10] — [13]. Problem (5) is then solved
using a meshfree method, e. g. the classical MFS. However,
deriving a particular solution using the DRM may be a
mathematically elaborate process, e.g. [14], especially in the
case of a vector PDE like (4).

In section II, we propose an alternative method for the
calculation of the particular solution of problem (4). We begin
by approximating each component of the body force f= (f1,/2)
by a linear combination of plane wave functions with different
test frequencies and directions of propagation. The
approximation properties of these shape functions are well
documented in the literature, e.g. [15], [16]. Next, by rescaling
the coefficients of the plane wave expansions, we derive an
approximation for the particular solution u® in the form of a
linear combination of pressure (P) and shear (S) elastic waves.
This is done at no extra computational cost. In section III, we
present the formulation of the classical MFS for the
homogeneous problem (5). Here, for the fundamental solution
of the Cauchy-Navier operator we use the symmetric
Kupradze tensor, see [17]. In section IV, we test the
performance of the proposed scheme for a BVP posed in a
multiply connected domain, bounded by polygonal and
parametric curves.

In the following discussion we will consider the two-
dimensional case of problem (1) and, in order to simplify the
notation, we will assume that the elastic media Q has a unitary
density p = 1. The generalization of the proposed method to
tree-dimensional problems is straightforward, taking into
account the expected increase in the computational cost due to
the solution of larger linear systems. We also note that the
fundamental solution of the Cauchy-Navier operator in the
three-dimensional case involves exponential functions which
can be evaluated much faster than the Bessel functions
required in the two-dimensional case.

II. A PARTICULAR SOLUTION FOR THE PDE

For a set of Ny distinct unitary directions
D ={d, d,,...,dy,}c S

and a set o Py distinct positive test frequencies

K = {Kl,KZ,...,Kpo}C R+,

we approximate each component of function f = (fi, f5)
separately, by superposition of (scalar) plane wave functions

fi@) = fo) = T2 X0ty abuWy, (x,dyn), 1=12, (6)

where Wx(x, d) = exp(ix x - d) is a plane wave with frequency
« and direction of propagation d, i =V-1 and o',, € C are
unknown coefficients.

The coefficients a',, are calculated by collocating
function f; using a set of My distinct collocation points

XO = {Xl,xz,...,XMO}C Z,

selected in an arbitrary, e.g. rectangular, domain X > 0. This
process leads to the solution of two linear systems of the form

Wiy Xo, D) ... Wi, (Xo,D)][ar] = [fe(Xo)], (7)
where a, = {al,, 1,...,ap,n,} and Wy is a basic matrix
block defined by

Wi (x1,dq) Wi (x4, dNO)

[Wky (Xo,D) = : : (3)

WK('XMO' d,) WK('XMO' dNO)

System (7) is ill-conditioned and it may be solved in the least
squares sense, with My > Py x Ny, e. g. using truncated
singular value decomposition (TSVD) regularization [18].
Also, from a theoretical point of view, approximation (6) is
justified in terms of the following density result for plane
wave functions, see [19]

L>(Z) = span{W(x,d)|xex : ¥ € R+,d € S1}.  (9)

After solving systems (7), the vector valued body force f
can be approximated by the linear combination

f(X) ~ f(X) = Zp,n ap,nWKp (x’ dn)l (10)
where a,, , = (ap n, ag‘n,) € C? are vector coefficients.

Next, for a given unitary direction d, and a test frequency
K p, we define the two types of elastic plane waves

¢p,n(x) =d, VI/;cp (x,d,,)(P — wave)

Ypn() = dE W, (r,d)(S —wave) D)

where d3 is a direction that is orthogonal to d,,. Using these
definitions and the decomposition

ap,nWKp (x' dn):(ap,n'dn) ¢p,n(x)+(ap,n' drll) ¢p,n(x) (12)

we represent f in the form of a linear combination of elastic
P- and S-waves

f(X) = Zp,n(ap,n ' dn)¢p,n(x) + (ap,n : d#)lpp,n(x)v (13)
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Finally, noting that the two types of elastic waves satisfy

(A= +w2)¢p,n(x) = (wz - KzZJ(l + 2“))¢p,n(x)

(14)
(A* + wz)lpp,n x) = (wz - K127 p—)lpp,n (x)
we can write the approximate solution %’ of equation (4) as a
linear combination of elastic P- and S-waves as follows
apn-dn ap,n'd#i

5P —
WO = Zon g zaezm

¢p,n(x) + l/)p,n(x)' (13)

w?-KEp

Note that, in order to calculate %" , only the solution of
the two linear systems (7) is required. Also, to ensure that %"
is well defined, we assume that the test frequencies k, € K
are such that w* — k5(A + 2p) # 0 and w* — Kkjp # 0.

III. MFS SOLUTION OF THE HOMOGENEOUS PROBLEM

The fundamental solution for the two-dimensional scalar
Helmbholtz operator A + 2 is given by

D(x) =1 HPO (el x 1), (16)

where || - || is the Euclidian norm and Hél) =Jo +iYp is the
Hankel function of the first kind and order zero, defined in
terms of the Bessel functions of the first and second kind and
order zero, Jo and Yo, respectively. Note that @(x) is a
radially symmetric function and, due to the logarithmic
singularity of Yy, its real part is singular at x = 0.

In the elastic case, for a given frequency ® > 0, two types
of waves (P and S) are propagated, with wavenumbers, kp and
ks, depending on the properties of the elastic media and
defined by

w

2 w? 2 2
(P —wave), k§ = " (S —wave) (17)

K =
P 2+2p

The fundamental solution for the elastodynamics operator A
+ ®? is defined in terms of the fundamental solutions of the
scalar Helmholtz equation with wavenumbers xp and xs and
it is given by the symmetric Kupradze tensor, see [17]

1
Gy = = (KEPeg [ + D (P — Pu)) (18)

where [ is the identity matrix and D = [al?,.] is the second order
derivative operator. Note that, in R? \{0}, G, is an analytic
function and satisfies the homogeneous Cauchy-Navier PDE.
A simplified form of (18), using the properties of the Hankel
functions and their derivatives, can be found in [9].

An analytic particular solution for the homogeneous
Cauchy-Navier PDE in Q may be defined by shifting the
singularity of the Kupradze tensor to an exterior pointy €/
Q, called a source point. In the classical MFS formulation,
we use a set of N1 such points

Y = {y1;}’2;---;}’1v1} CRZ\.(_)

to define an approximation for the solution u! of problem (5)
in the form of a linear combination of fundamental solutions

wl(x) ~ 8 (x) = T2, G, (x —ypB; (19)

with unknown coefficients 8; € C*. Note that finding the
optimal location of the source points for the MFS is a long
standing open problems for this method, see [20] — [22]. In
this study, we will consider that ¥ c T', where I is the
boundary of a larger domain, enclosing Q.

According its definition, % is a solution for the PDE in
problem (5) and it remains to calculate the unknown
coefficients B by collocating the boundary conditions. This
is done using a set of M; boundary collocation points

X = {xl,xz,...,le} crl

and the process leads to the solution of the block linear
system
Gw(xl - yl) Gm(xl - le)

: : [bl=[h] (3)

Gy, (xM1 - Y1) Gm(xM1 - le)

where b = {Bi,..., By, } and h=g(X,) — " (Xy).

In the case M, = N; system (20) can be solved using
Gaussian elimination. However, this system is ill-conditioned
and better numerical results can be achieved by solving it in
the least squares sense, with M| > Ni, and using Tikhonov or
TSVD regularization

IV. NUMERICAL RESULTS

In this section we apply the numerical scheme proposed
in sections II-III to problem (1) posed in the multiply
connected domain Q = P\{C; U C,}, where P is the polygon
defined by the vertices {(—1,-1), (1,-1), (1, 0), (0, 1), (—1,1)}
and C,, C; are two circles with radius 0.25 and centers (0,
—0.5) and (0.5, 0.5), respectively, see Fig. 1.

Two examples will be considered for the numerical tests.
In the first one, in order to validate the method, we pre-select
the exact solution u = (u1, uz) of the BVP and then calculate
(analytically) the Dirichlet boundary condition g and the body
force f. In this case, the quality of the approximate solution U
= (L1, ti») will be evaluated by measuring the error

& = 2??2(”7143_ ol 2 @) (21)

In the second example, we consider non-matching
boundary and domain functions g and f and the exact solution
of the BVP is not available. Here, we infer about the quality
of U by

05

-05

-1 -0.5 0 05 1

Fig. 1. Domain for Examples 1 and 2.
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measuring two types of approximation error. First, we
analyse the domain collocation error of the forcing term
approximation

Eq = }2%}2{”]2]— ff’”LZ @
This error is directly related to the approximation error of the
particular solution WP, which is calculated by rescaling the
coefficients of f, see (15). The second type of error we
analyse here is the boundary error of !

& 1= gr__lzi\.)Z(”gf - @b - ﬁ?”LZ -

where g = (g1, g2), 0" = (@f, ¥ ) and " = (@, @ ). Note
that, by the well posedness of problem (5) and since

the classical MFS is a Trefftz type method, the approximation
error of @il in Q is bounded in terms of ¢r, e.g. [1]. Finally,
using the triangle inequality, the error of @ in Q may be
bounded as follows

£r=1511)2(”u€ —ll2 @) < Kigq + Kaer

where K; > 0 and K, > 0 are appropriate constants.

Remark 1: The errors €, er and gq will be estimated using
the discrete 12 norm which is equivalent to the root-mean-
square (RMS) error

1 1/2
o= 9ll, = (5 Zeeslv(@ — 5@)I?)

where Z is a large set of domain or boundary error test points.

A. Example 1 — known exact solution

We consider problem (1) with frequency ® = 3.5, Lame
parameters A = 1 and p = 2 and exact solution

u(x) = {x?sin(mx,), x2cos(mx;)}

Accordingly, the Dirichlet boundary condition on I is defined
by restriction on I', g = u|r, and the forcing term is calculated
analytically as f= (A% + ©?)u.

For the plane wave approximation of the body force f we
considered Ny = 25 unitary directions, uniformly distributed
on the unit sphere S' and Py = 10 integer test frequencies from
the set K= {1, 2, ..., 10}. We collocated each com-ponent of
f = (f1,/2) using an uniform grid of My = 400 points in the
square domain T =[-1.2,1.2]> > Q.

The resulting two linear systems were solved using the
mldivide Matlab function, with a residual RMS error of order
1077. For the collocation error in Q we measured eq =
1.25%1077, using a set of 70450 error test knots. From this
approximation of the body force, a particular solution " was
obtained by recalculating the coefficients of the plane wave
expansions, see (15).

To solve problem (5) for the homogeneous part of the
solution, we considered a set of M; = 1042 boundary
collocation knots, uniformly distributed on I' =Ty U I'; U I,
with an approximate density of 100 points per unit length of
arc. For the source points, we took the artificial boundary I' =
o U T Uy, see [22], where Ty =0.9 x Iy, £=1,2 and I’ lies

at a constant distance of § = 0.05 from I'o. Approximately 50
source points per unit length of arc were considered here,
which corresponds to a total of Ny =531 points. An example
of the knot distribution for the MFS solution of problem (5)
is shown in Fig. 2.

Fig. 2. Knot configuration for the MFS.

The above knot configuration corresponds to a linear
system with dimensions 2084x1062 which was solved with a
residual RMS error of order 107%. Using 4166 error test
points, we measured gr = 7.98 x 107 for the boundary error
of Gt

For this example, since its exact solution is available, it is
also possible to measure the RMS error of the total
approximate solution i = ” + 6" in Q. In particular, for
70450 error test knots, we obtained € = 9.46 x 1077. The
corresponding maximum absolute error was of order 10 and
no significant error accumulation was observed near the
corners or the edges of the domain.

It should be noted that an accurate approximation for the
body force f, and consequently for the particular solution u,
is essential for the performance of the numerical scheme
since problem (5) involves Wi’ in the boundary condition.

As it is common for meshfree methods, higher accuracy
may be achieved by increasing the number of test
frequencies, unitary directions and collocation and source
points. For example, by taking Ny = 70, Py = 40 and M, =
3600 we calculated an approximation for the body force with
an RMS error of go = 5.87x10—11, which represents a
decrease of 4 orders of magnitude in comparison with the
previous results. A better approximation for the particular
solution allowedus to obtain a more precise homogeneous
solution and consequently a more accurate approximation for
the total solution of the BVP. More precisely, for the solution
of problem (5) we took M; = 1573 boundary collocation
points and N; = 10628 source points, with the same
distributions as before. The corresponding linear system was
solved with a residual RMS error of order 107"* and we
measured a boundary error of € = 6.39 x 107'2. For the total
approximate solution {i the RMS error was & = 9.34 x 1074,
which corresponds to an improvement of 7 orders of
magnitude in comparison with the previous results. The
corresponding maximum absolute error was of order 107!,

Note that the precision of the above numerical results is
close to the maximum machine precision and therefore no
significant further improvement is possible. These results
also validate the implementation and the applicability of the
proposed numerical scheme.

B. Example 2 — unknown exact solution

For this example we consider problem (1) with frequency
® = 2, Lame parameters A = 1 and p = 3, forcing term
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f(x) = {exp(x; + x,),sin(2mx;)exp(2x,)}, x € Q

and Dirichlet boundary condition

g(x) = {% {sin(4mx,x,), cos(4mx,x;)} on I
1 onl; UT,

Note that functions g and f are unrelated and therefore the
exact solution of the BVP is not known here.

For the plane wave approximation of function f, we took
Py = 40 non-integer test frequencies from the set K= {i— 0.5
1= 1,2,..,40}, No = 70 unitary directions and My = 3600
collocation points. The corresponding RMS error in the
domain was go = 1.81 x 10—11 and the absolute error of each
component of f in Q is shown in Fig. 3.

g ; . : '
0.5 {
0
-0.5
At |
-1 -0.5 0 0.5 1

Fig. 3. Absolute error of f; and f, in Q

<10 <10

- N W s 0O N

-1 -0.5 0 0.5 1

For the solution of problem (5) we took N; = 1571 source
points and M; = 2083 collocation points, with the same
distributions as before. We measured er = 4.68 x 10—6 for the
boundary RMS error. As expected, the maxima of the
absolute error occur near the corners of the domain, see Fig.
4. This fact is due to the singularities of the solution, induced

10 10

10»12 10-12

0 02 04 06 08 1 0 02 04 06 08 1

Fig. 4. Absolute error of & (left) and ## (right) on I". Semi-log scale.
Normalized arc length of T".

by the geometric singularities of the boundary, which cannot
be accurately approximated by the analytic fundamental solu-
tions. A possible approach to tackle this issue can involve a
subtraction of singularity technique or an enrichment of the
MEFS approximation basis by a set of singular particular
solutions of the PDE, see [23].

In Fig. 5 we present the plot of the real part of the
approximate solution i in £). Note that i is a complex valued

Fig. 5. Real part of the first and second component of u in Q.

function and therefore, since the problem data f and g are both
real functions, the magnitude of its imaginary part can give
us an idea about the quality of the approximation. In fact, in
the last simulation the imaginary part of u is neglectable, with
an order of magnitude of 10~

We also tested the numerical scheme for higher values of
the frequency ® in problem (1). In particular, we took ® =
5,10,20 and kept the remaining parameters of the BVP and
the method as in the previous simulation. Since the source
term in the PDE was kept unchanged, the error of the
particular solution remained the same and we measured only
the boundary error of the MFS solution of problem (5). The
corresponding numerical results are presented in Table I.

TABLE 1
RMS ERROR OF i/ ONT" FOR w = 5, 10, 20.

w er

5 | 5.84 x 1076
10 | 6.50 x 10~°
20 | 1.26 x 1074

The results from Table I indicate that, for a fixed knot
configuration, the accuracy of the MFS solution decreases
when the value of the frequency is increased. This is the
expected behavior since the frequency of the problem is
directly related to the complexity of the solution.

V. CONCLUSIONS

In this work, a meshfree technique was presented for the
numerical solution of BVP for the nonhomogeneous Cauchy-
Navier equations of elastodynmics. An approximate solution
of the problem was calculated in two steps. First, each compo-
nent of the source term was approximated by superposition of
scalar plane wave functions with different directions of prop-
agation and frequencies. From these expansions, a particular
solution for the Cauchy-Navier PDE was derived, at no extra
computational cost, in the form of a linear combination of
elastic P- and S-waves. In the second step, the homogeneous
part of the solution was approximated via the classical MFS.

The proposed method was applied to two examples of the
BVP, posed in a multiply-connected 2D domain. In the first
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case, where the exact solution of the BVP was known,
accurate numerical results were obtained even with a
relatively small number of test frequencies, unitary directions
and collocation and source points. The results were improved
by increasing the parameters of the method and this
improvement was limited only by the maximum available
machine precision.

In the second example, non-related body force and
Dirichlet boundary data were considered. The quality of the
approximate solution was analysed in terms of the domain
collocation error of the body force approximation and the
boundary error of the homogeneous part of the solution. Here,
although accurate numerical results were also obtained, the
increase of the precision was limited due to the singularity of
the solution induced by the geometric singularities of the
domain. In particular, the analytic basis functions of the MFS
are insufficient for accurately fitting the solution in the
neighborhood of the corners of the domain.
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