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Abstract

In this work, the Cauchy problem for the time-fractional telegraph equation of distributed order in
R™ x R" is considered. By employing the technique of the Fourier, Laplace and Mellin transforms, a
representation of the fundamental solution of this equation in terms of convolutions involving the Fox H-
function is obtained. Some particular choices of the density functions in the form of elementary functions
are studied. Fractional moments of the fundamental solution are computed in the Laplace domain. Finally,
by application of the Tauberian theorems we study the asymptotic behaviour of the second-order moment
(variance) in the time domain.
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1 Introduction

Fractional partial differential equations (FPDE) with distributed order have been studied over the past decades
(see e.g. [2)3Q20,2T25,31]). One reason of the interest is the relation of these equations with physical processes
involving times-scales, for example, fractional kinetics, the Cauchy problem of time-fractional diffusion-wave,
generalized time-fractional diffusion, time-fractional reaction-diffusion, fractional sub-diffusion equations, and
continuous random walk processes (see [16,24] and references therein indicated). For a general overview of
fractional pseudo-differential equations of distributed order we refer to the work of Umarov and Gorenflo [33].
The idea of fractional derivative of distributed order goes back to Caputo in [11] to study anomalous diffusion in
viscoelasticity. He introduced the integro-differential operator (also called distributed order fractional derivative)
in the form

(05 0= [ * o (8) (D°F) (1) d5.

D?# being the Caputo fractional derivative of order 3 and p(8) a non-negative weight/density function or non-
negative generalized function. The integral over the order parameter of fractional differentiation is used to sum
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the contributions of the variable order model over the physical domain. First results about general solution of
linear distributed order differential equations were obtained by Caputo in [9] and Bagley and Torvik in [7,[§].
Later, Naber [25], Umarov et al [33], and Kochubei [19] studied linear distributed order FPDE with temporal
fractional derivatives and give some existence and uniqueness results for the initial-value problems for these

equations.

The time-fractional diffusion equation of distributed order was already studied in the literature in the one-
dimensional case. The research work of Mainardi and his collaborators found important connections with Fox
H-functions via the use of integral transforms such as Laplace, Fourier and Mellin transforms (see [21H23]).
Chechkin et al [I0,[12] discussed the properties of diffusion equations with fractional derivatives of distributed
order for the description of anomalous relaxation and diffusion phenomena getting less anomalous in the course
of time, called, respectively, accelerating subdiffusion and decelerating superdiffusion. Fundamental solutions
for time-fractional diffusion equations of distributed order were presented in [3] and [I5] for the one-dimensional
case that is, one space variable. It was proved in [I5] that in the cases of the time-fractional diffusion and wave
equations of distributed order the first fundamental solution can be interpreted as a spatial probability density
function evolving in time. Boundary value problems for the generalized time-fractional diffusion equation of
distributed order were studied in [20] and maximum principles for such equation were presented in [2]. More
recently, we can find the work of Sandeva et al [30] where it was investigated the solution of generalized
distributed order diffusion equations with composite time-fractional derivative by using the Fourier-Laplace
transform method. There are also works dealing with numerical methods for solving these equations but our
focus is on the analytical analysis for FPDE of distributed order.

Time-fractional diffusion-wave equations of distributed order are also studied in the literature by different
methods. In [4H6] the authors obtained the solution via the resolution of an integral equation of Volterra type,
while in [3L[I5] the authors use appropriate joint integral transforms to obtain the solution. The simultaneous
presence of distributed order differentiation 0 < a < 1 and 1 < 8 < 2 generalizes the single order time-fractional
diffusion-wave equation, to the so-called telegraphic equation. In this paper, our aim is to study the following
multidimensional time-fractional telegraph equation of distributed order

/1 ba (B) [ g+8fu (z, t)} dps +a /0 b1 (@) [ OC+8f‘u (z, t)} do — 2 Agu (x,t) + d*u (z,t) = q(a,t), (1)

(see (M), in Section] for more details). In most of the works presented in the literature, the analytical resolution
of equation () is based essentially on the application of integral transforms (see [21]). In our work, we use also
integral transforms, more precisely by using the combination of Laplace, Fourier and Mellin transforms, we find
the explicit solution of equation () with appropriate initial and boundary conditions, in terms of convolutions
involving Fox H-functions. The key points to obtain our main result is the use of the classical Titchmarsh’s
Theorem to invert the Laplace transform, and the use of the Mellin transform to invert the Fourier transform.
The combination of these tools were used in [23] and [3] for the one-dimensional case and for special cases of the
equation (IJ). In our case, we deal with two order-density functions b; (o) and b (8) and the complete equation
in several space variables, which results in more elaborate computations. As a byproduct the first and second
fundamental solutions are obtained as Fox H-functions. For some choices of the density functions we were able
to compute explicit solutions for equation (). Using our computations we manage to compute the fractional
moments of arbitrary order of the first fundamental solution in the Laplace domain. In fact, the knowledge of
the second-order moment (variance) is important to classify the type of diffusion. By the Tauberian theorems
we study in more detail the asymptotic behaviour near zero and near infinity of the second-order moment for
the cases of fast/slow-diffusion and super fast/slow-diffusion.

The structure of the paper reads as follows: in the Preliminaries’s section we recall some basic facts about
fractional derivatives, integral transforms, and special functions, which are necessary for the development of
this work. In Section [B] we obtain a representation of the solution of equation (Il) via convolution integrals
involving Fox H-functions. In the following section, we consider some particular cases of the density functions
b1 () and by (B), such as constant functions, linear functions, sinusoidal functions, and exponential functions.
Moreover, since the choices of the density functions b; () and by (8) are independent it is possible to have
different particular cases of equation ([Il) by considering different expressions for the density functions. In
Section Bl we obtain the expression of the fractional moments of arbitrary order in the Laplace domain of the



first fundamental solution of ({l). Making use of the Tauberian theorems we study the asymptotic behaviours
of the second-order moment in the time domain for ¢ —+ 0% and ¢ — +oco from the asymptotic behaviours of
the corresponding second-order moment in the Laplace domain for s — +o00 and s — 0%, respectively. In the
final part of the paper we present and analyse some plots of the second-order moment for some particular cases.
As it will be shown the graphical representations support the analytical conclusions obtained via the Tauberian
theorems.

2 Preliminaries

Let a,b € R with a < b and o > 0. The left Riemann-Liouville fractional integral I, of order v > 0 is given by
(see [17))

(I;+f) (z) = T (1,7) /a (x fit))l—y dt, T > a.

Let “D7, denote the left Caputo fractional derivative of order 7 > 0 on [a,b] C R, which is defined by (see [17])

z  pm)
(CDZ+f) () = (I77D™f) (z) = ! )/ ( A0 dt, x> a, (2)

I'(m —~ x —t)y—mtl

where m = [y] + 1 and [y] means the integer part of 4. The previous definitions of fractional integrals and
derivatives can be naturally extended to R™ considering partial fractional integrals and derivatives (see Chapter
5 in [29]). For instance, in (), 06;8,55 u (x,t) denotes the partial left Caputo fractional derivative with respect to
t with starting point ¢ = 0.

In this work some integral transforms are used, namely, the Laplace, the Fourier and the Mellin transforms.
The Laplace transform of a real valued function f (¢) is defined by (see [17])

- +oo
LU WYE) =Fls) = / et f(t) dt, Re(s)eC

and when it is applied to (@) leads to (see formula (5.3.3) in [I7])

m—1

L{DLFW}(s) =s"f(s)— Y fDa)s"77,  m=[y]+1 (3)

Jj=0

Concerning the inverse Laplace transform of functions involving a branch point, we have the theorem from
Titchmarsh (see [32]).

Theorem 2.1 Let f(s) be an analytic function which has a branch cut on the real negative semiaxis, which
has the following properties

~ 1
f(s) =0(1), |s|— 400, f(s)=0 <H> , Is| =0,
for any sector |arg (s)| < m —n, where 0 <n < 7. Then the inverse Laplace transform of f(s) is given by

F = F @} = 1 /O T (Fre™)) ar:

™

The Laplace convolution operator of two functions is defined by the integral

t
(F29)®) = [ - wgwidv,  ter* (4)
0
and the application of the Convolution Theorem to () leads to

L{(f*9) @)} (s) = L{f}(s) L{g}(s). (5)
The n-dimensional Fourier transform of a function f (x) of x € R™ is defined by (see [17])

-~

FU@Hn) =fo) = [ i@ s, weR,



while the corresponding inverse Fourier transform is given by the formula
~ 1 .
f@) =F {0} @) = g [ e iwdn, aere (©)
(2ﬂ') Rn
The Fourier convolution operator of two functions is defined by the integral
(f*29)(x) = | flz—2)g(z)dz,  wzeR” (7)
R’Vl
and the application of the Convolution Theorem to () leads to
FAS *2 9) ()} () = F{f} (5) F {g} (%) (8)
For the n-dimensional Laplace operator A, = Y | 68—;2 we have (see formula (1.3.32) in [I7])

FAAS (@)} (k) = —[6]* F{f (2)} (). (9)

Another integral transform that we use in this work is the Mellin transform. For f locally integrable on ]0, +o00[
it is defined by (see [17])

+oo
M)} (s) = 1 (5) = / Wl f(w)dw,  se€C, (10)
and the inverse Mellin transform is given by
=Mt _ L d 0 =R 11
S) =M@ ) =g [ W@ ds w0 3= Re(s). (ay

The condition for the existence of (0] is that —p < v < —¢q (called the fundamental strip), where p, ¢, are the
order of f at the origin and oo, respectively. The integration in (] is performed along the imaginary axis and
the result does not depend on the choice of v inside the fundamental strip. For more information about this
transform and its properties, see e.g. [I7,27]. The Mellin convolution between two functions is defined by

T du

Goaao@ = [ 7 (%) ot 2, 12)

u

and satisfies the Mellin Convolution Theorem (see formula (1.4.40) in [I7])

MAf xrmgh(s) = MA[f}(s) MA{g}(s).
The following relation holds (see (1.4.30) in [I7])

mr(3)} e =smin s, (13)

and the Mellin transform of the Bessel function is given by (see formula (8.4.19.2) in [27])

M{Jy <%>}(s) F?s(fi;)l)’ 72<Re(s)< (14)

(VNIAN

The solution of the time-fractional telegraph equation of distributed order obtained in this work involves

the Fox H-function H,"", which is defined, via a Mellin-Barnes type integral in the form (see [1§]), by

o (1, 01).- (a, ) Dby +49) [y PO —ai—ows)
P i 27T’L/H [(a; +a;s) 12 F(l—b‘—ﬁ‘s)z %

(bla ﬂl)v"'?(b(ﬁ ﬂq =ntl g=m+l ! !
where a;,b; € C, and a;,3; e RT, fori=1,...,pand j =1,...,¢, and L is a suitable contour in the complex

plane separating the poles of the two factors in the numerator (see [18]).



The particular cases studied in Section [ involve the use of the two-argument inverse tangent arctan (x,y).
This function computes the principal value of the argument function of the complex number z = x + yi. In

terms of the standard inverse tangent, whose range is }f%, %[, it can be expressed as follows

Y .

arctan (—) , ifx >0
x

T_ arctan (E) , ify >0

2 Y

arctan (z, y) =4 -7 _ ,1ctan (E) , ify<o0 ‘ (16)
2 Y

arctan (g) +, ifx <0
x

undefined, ifr=0andy=0

Throughout the paper, we assume that all the involved functions are Laplace and Fourier transformable, in
order to be possible to obtain a general solution of ().

3 Time-fractional telegraph equation of distributed order

Let us consider the following time-fractional telegraph equation of distributed order

/1 ba () [ g+0tﬁu (z, t)} dBf +a /0 b1 (@) [ OC+8f‘u (z, t)] do— & Agu (x,t) + d*u (x,t) = q(z,1), (17)

for given order-density functions b2(8) > 0 and bi(«) > 0, subject to the following initial and boundary
conditions
1

u(z,0) = f (z), %(x,()) =g(x), lim  w(z,t) =0, /1 ba(B) dB = Cs, /0 b1(a)da = C, (18)

|z| =400

where (z, t) € R" x RT, A, is the classical Laplace operator in R™, the partial time-fractional derivatives of
order 3 €]1,2] and « €]0,1] are in the Caputo sense and given by @), a € R{, ¢,d € R, and C;,C € RT.
The positive constants C; and Cs can be taken as 1 if we want to assume the normalization condition for the
integral. In order to obtain the solution of (I7)-(I8) we extend the ideas presented in [25] and [3] to find the
fundamental solution related to the generic order-density functions b2 (8) and by ().

3.1 Solution in the Fourier-Laplace Domain

In order to analytically determine the solution of (IZ)-(I8) in the space-time domain we start applying the
Fourier and Laplace transforms to (I7). After that , there are two alternative strategies related to the order in
carrying out the inversions of the Fourier and Laplace transforms are performed (see [21]):

(S1) invert the Fourier transform, giving @ (x, s), and then invert the remaining Laplace transform.
(S2) invert the Laplace transform, giving @ (x,t), and then invert the remaining Fourier transform.

In this work we consider (S2) where the inversion of the Laplace transform is performed via the classical
Titchmarsh’s Theorem, and the inversion of the Fourier transform is performed via the Mellin transform.

Let us start applying in (7)) the Laplace transform with respect to the variable t € Rt and the n—dimensional
Fourier transform with respect to the variable 2 € R™. Taking into account relations ([B]) and (@), and the initial
conditions in ([IJ]), we obtain

~

S(k.s) /1 ba(8)s% dB — F() /1 bo(8)s%~1 dB — §(x) /1 ba(8) P2 d

1 1
+ au(k,s) / bi(a)s®da —a f(k) / bi(a)s® Vda + ¢ |k|?u(k,s) + d* u(k,s) = q(k,s),
0 0



which is equivalent to

) = Fs) [sB2(5) +5 B1(5) =5 %] +3(s) [Bs (5) - &] . 3(ns) o)
s s2 [B2(s) + B1 () + [A[’] 2 [Ba(s) + By (s) + |n2]’

where j?(n) and g (k) are the Fourier transforms of the functions f (z) and g (), respectively, and

By (s) :c% [/12 by(B) 8P dﬂ+d2} , (20)
Bi(s) = ;12 /Olbl(a) s da. (21)

3.2 Solution in the time-space domain

In this section we perform the inversion of the Laplace and Fourier transforms in order to obtain our solution
in the time-space domain. Let us consider the following auxiliar functions in the Laplace domain

_ - By (s) + B (s)

Uy (k,8) = s? (B (s) + By (s) + |w2) (22)
- B 1

Uz (k,8) = s? (B (s) + By (s) + |w]2) (23)
53 (H’ S) _ B2 (s) (24)

s (Ba (s) + Bi(s) + [k[?)’
with p > 0. Supposing that these functions are in the conditions of Theorem 2.1l which happens for the particular
cases we consider in Section M we have

+o0 . )
Uy (K, t) = —% / e "' Im (171 (n,re”)) dr, (25)
0
+o0 . )
Uz (k,t) = —% / e " Im (ﬂg (FL, re”)) dr, (26)
0
+o0 . )
us (k,t) = —% / e " Im (ﬂ3 (,‘i, re”)) dr. (27)
0

In order to simplify 23], (26), and ([27)), we need to evaluate the imaginary parts of the functions ﬁj (n, Te”),
j=1,2,3, along the ray s = 7e’™, with r > 0. In this sense, by writing

_ p2 = p2(r) = |Ba (re'm)|
By (r€'™) = pa (cos (o) + i sin (y27)) => 1 _ , (28)
72 =m2(r) = — arg (B2 (re'™))

_ pr = p1(r) = |By (re'™)|
By (re'™) = p1 (cos (yam) + i sin (yi7)) => 1 _ , (29)
M =mn()= - arg (Bl (Tem))

we obtain, after straightforward calculations, the following expressions for the imaginary part of the functions
uj, j=1,2,3

. B Inf?
Im <y (k,re"™) ¢ = K1 (p, |6|,7) = 5 , (30)
{ ( )} p () [(AJr |n|2) +BQ}
. . _B
Im < e (k,7e"™) ¢ = Ko (p, |6|,7) = 5 , (31)
. {ﬁg (erem)} Ko (o lelr) = p2 {91 sin (117 — 7o) + |k sin (7270} | (32)

(=r)? [(A + |n|2)2 + 32}



where
and B = pasin (y2m) + p1 sin (7). (33)

A = pg cos (y27) + p1 cos (71 7)
Applying the inverse Laplace transform to (I9) and taking into account Theorem 2.0l and expressions (28]

@8), @7), @), @), and B2), we obtain
f (k) /+°° ot {Kl (1, |k|,r) — d_j K> (1, x| ,7’)} dr
0

) = —
2

—+oo
e [K @ el r) — L Ky (2, |x] ,r>] dr
0

Q)
2|5

~ + 400
G *t/ e " Ky (0,|k|,7) dr (34)
0

where #; is given by (@) and in the last term me made use of (B). For the inversion of the Fourier transform

taking into account (@) and (&), we obtain
1 [t d?
wet) = ~f@e 7 {2 [T [ @) - S Ka 0| arf
0
1 [t d?
—a {1 [T e (K ) - G e el ar @)
T Jo c
1 [F
—q(x,t) kg% FI {—2 / e " Ky (0, k|, 7) dr} (z). (35)
e 0
Making use of the following formula presented in [29] for the inverse Fourier transform
(36)

af 7E ;
o (w) wh Ty (Jol w) du,

1 —1TK K K =
W/ il dr =1

and since we are dealing with radial functions in x, (35]) can be rewritten as
d? n
K (1,w,7‘)] drw? Jz 1 (|z|w) dw

e g [ o

u(z,t) =—
™ )2
2
[Kg (2,w,r) — %K (2,w,7’)} drw? Jn 1 (Jx|w) dw]

1 |x|1% oo ptoo
*?Q(z,t)*t*z 2 ﬂ/ / 7”K2(0w7’)drw2<]n 1 (|| w) dw
=L@ | [T et B T ke - & ] w? g el ) aw a
=-——f@)* ; et s L(Lw,r) = = K (Lw,r)| w? Jg_y (|2|w) dw dr
I
1 +o0 |:L'|17% +oo J2 B
— —g(x) %4 / 67”—3/ {Kg(Q,w,r)—2K (2,w,r)] w?2 Jo_q (|Jz|w) dw dr
™ 0 (2m)2 Jo ¢ :
Iz
Lo | [ Bl T a0 vt g ) o
WCQQ xz, t ¥z ) e (27r)g ; 2 (0, w,r) w 21 (Jz|w) dw dr
I3




To compute explicitly I, I, and I3 in [B7) we are going to use the Mellin transform. First, we rewrite these
integrals as a Mellin convolution (I2)). In fact considering the following auxiliar functions

g1 (w) = K1 (1,w,r) — (Ci_QKQ (Lw,r) g2 (w) = K3 (2,w,r) — Ccl—2K2 (2,w,7)
1 1
gs (’LU) - K2 (Oawar) f(’LU) - (27‘()% |:L'|n w%+1 J%_l (E)
we have
I = M{g1*m f} (ﬁ)
+oo 1 dw
:/0 g1 (w) f (m) o
= o w,r —d—2 w,r U}EHM%H x| w dw
= [ e - G| S el w)
A A _& 5 Ja 1 (2] w) dw
- /O [Kl (1w,) - 5 Kg(l,w,r)] wh Js_1 (ol w) d
and analogously,
I, = M{g2*pm f} (ﬁ) and Is = M{g3*m f} (ﬁ) - (38)
From the relations (I3 and ([I2) we have for Iy
w5 =M f () o) = Mo} (9 M1 (o),
which is equivalent to
ML} (=s) = M{gi}(s) M{f}(s). (39)
In a similar way we obtain
MLz} (=s) = M{g2} (s) M{f}(s), (40)
and
MA{I3} (=s) = M{gs}(s) M{f}(s). (41)

Let us now compute the Mellin transforms that appear in (39), {0), and (). Taking into account (0, we
obtain
1 teo L ey 1
MA{f}(s) = ﬁ/ wi Tt wT 2T Jo_q | — | dw.
(2m) 2 Ja|* Jo w

Considering the change of variables = = % and taking into account (), (I4), and the duplication formula for

the Gamma function (see [I])

Voo T(22) (42)

IR T

we get
M{f}(s) = —— /m s-4-1 <2>d
§) = ——7— 2271 n_q | —= z
ﬂ'% |ZL'|2 25 0 2 1 \/E

1 2 s n 1
= M{Je [ =) (2= -2
w8 ol 20 {(f)}(2 4 2)

e s 01
= ﬂ-% |$|2 5 T (%) R _Z < Re (S) < Z — 5
1 I'(n-—2s)

= T n ntl—s AN (43)
m*7 fof” 201 T (%5572) T (3)



Now, we calculate the Mellin transform of the function g;. Taking into account (I0), B0), I, and @B3), we

get
+oo d2 +oo
Mg = [ et G de -G [ w s () du
0 ¢ Jo
B +oo ws+1 d2B +oo ws—l
:*_/ T T T W
o (Atw?) + B2 rJoo (A+w?)® + B2

Considering the change of variables w? = z in (@4)) we obtain

B t+oo Z% d2B oo Z%_l
== dz — d
MAgi}(s) 2r Jo 224+ 2Az+ A%+ B? * T2y /0 24242+ A2+ B2
I4 IS

Taking into account formula (2.2.9.36) in [28§]

/+°° xo~1 dr = sin[(1 — )] ¢z 71
0

az?+br+c a% sin(y) sin(ar)

ac > b?, 1) = arccos (

with
s s 9 9 A
a:§+1f0rI4, a:§f0r15, a=1, b=A, c¢= A+ B°, 1 = arccos
and making use of the following property of the Gamma function (see [1])
1
csc(mz) = =T (1—2)T(2)
T
we compute the integrals I and I5, getting

S
z2

—+oo
Iy = d
4 /0 2124+ A2+ B2 Y

77 sin (_%) 2 2\i—32
- sin (1) sin ((£ +1) 7) (4% +B%)

Nyey:s

i)

).

___T Fra+3)Tra-01+3)) A2 4 p2)i2
TR0 () r(i-2) W+B)
and
. . rEra-3) sy oyt
I; = dw = — A®+ B%)*
5 /0 2124+ A2+ B2 Sin(w)F(%(%—l))l"(l—%(%—l)) (4%+ BY)
Hence, from ([@9) and (E0) we conclude that [@H]) takes the form
Br TQA+3Tr(1-(1+%)) s_1
M _ 2 2)) (g2 g2)iz
{91} (s) 2rsin () T (%) T (1 B %) ( + )
d*Br r)ra-s) 2 251
. A+ BY)* .
W (2 0) T (-2 G-0)

(45)

(49)

(51)



Let us now calculate the Mellin transform of go. Taking into account (I0), 1), B2), and B3)), we get

+oo d2 +oo
Mg} )= [ Ke o) do =5 [T 0t Ky @) du
0 ¢ Jo
p2 [T 1 (A4 w?)sin(yam) — B cos (yam) 2B [T w1
= ) w o2 2 dw + I} o2 5 dw
" Jo (A+w?)"+B cr Jo  (A4+w?)"+B
_ p2sin (7y2m) /+°° wi (A4 w?) d — Bpg cos (yam) /+oo ws™t dw
r? o (A+w?)’+B? r? o (A+w?)?+B?

d2 o] wsfl
+ 53 o2 2 dw
creJo  (A+w?)"+B
) (7w e (7w
" o (A+w?)"+B? r 0o (A+w?)’+ B2

Bpycos (o)  d*B oo w1
+ - 2 T 53 2)2 2 dw
r cr 0 (A+w?)"+ B

pa sin (y2m) /+°° wst!
= e W
r o (A+w?)" +B?

 ACpasin (am) = B pacos m) + £ /“"’ vl (52)
c3r 0 (A+w?)" 4+ B?
Considering the change of variables w? = z in (52)), we obtain
pasin (yom) [T 23
—_— d
M{ga} (s) = 272 /0 22 4+ 247+ A2 + B2 o
, ACpasin (ham) — Bepa cos (om) + &°B /*"" A (53)
2¢2r2 22 +2Az+ A2 + B?

The two integrals in (53]) correspond to the integrals I4 and Is. Hence, from ([49) and (B0 we arrive to
mpasin (yom) T (1+35) I'(1—(1+3))

s 1
M — _ A2 B2 1472
{92} (5) 2T2Sin(w) F(;—w) F(lf ;_w) ( + )
o (Ac2p2 sin (y27) — Bc?pa cos (y27) + dQB) T (%) r (1 — %) (A2 N BQ) P
2 292 gj S S ’
cirsin (4) rEE-0)r(-£6-1)
(54)
We finally calculate the Mellin transform of g3. Taking into account (I0)), (1)), and B3]), we get
+oo
Mg} (&)= [ 0 Ka(0,w.r) du
0
+o0 1
=-B / Wl —————— dw
0 (A+w?)” + B2
+o0 s—1
=-B / w—2 dw. (55)
o (A+w?)” +B?
Considering the change of variables w? = z in (55)), we obtain
o0 ——1
=—= dz. 56
M{gs} (s / 22+ 2Az+ A% + B2 (56)
The integral in (BB) corresponds to the integral Is. Hence, from (B0) we arrive to
B re)rr-:3 s
M{gg}(S) — T (2) ( 2) (A2+BQ)4 1' (57)

2 (2 (3-))r(1-2(-1)
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Now, using the inverse Mellin transform (III) applied to (39), [@0), and ([@I)) we obtain, respectively, the repre-
sentation of integrals Iy, Is, and I3 in terms of Mellin-Barnes integrals and, consequently, as Fox H-functions.

For the integral Iy, taking into account (1), (33), (&1)), and @3], we obtain

; B(A2+B%)7F 1 /woo P(143) T(n—s)T(-3) (248t
= poy: . — S
rrts (21a))" sin () 27 Jyieo T (5) T g) r(zl— 2T (1 _ gg_w) ||
Bd2 (A2+Bz)*1 1 /v-i—ioo F(nfS)F(lfg) (A2+BQ)*i .
n—3 n . o9 ) ) S
rem T (2 fe])" sin(9) 270 Jyioo T (=24 82) T (2 - 5) D (14 £ - 82) ]
which is equivalent, by (3], to the following expression in terms of Fox H-functions
1 1
Jow (26262
B(A?+B?%) * 12| (A24B2)7T 2 2 27
- n=3 n . H4:3 e B
ro oz (2]z])" sin (¢) || i 1 1—-n 1 0 (0
T2)7 2 72)7\7 2w
1
-1 1 (1 -, 1)a (0, _) ) (_£7 i)
Bd? (A% + BQ) 02| (A24B2)77 2 w27
5 _n-3 P 3,2 (58)
ré2nz (2]z|)" sin (¢) || l-n 1 R
2 72)° T 2w
For the integral I, taking into account (1), (33), (B4), and @3], we obtain
pa sin (yom) (A% + B2) % 1 /woo T(1+3) T (n—s)T(=3) (4% + B2) 74 ]
= 3 o X — - i S
ArE ) ) b T () Tes o) r(-g) <
(Ac?py sin (yom) — Bc?pa cos (yomr) + Bd?) (A% + B2)71
r2¢2 7"z (2)z])" sin (¥)
1 /W’OO T(n—s)T(1-3%) (424 B2) 77 )
— s
2mi Jyioo T (24 82) T (2 -5) T (14 £ - &) 2
which is equivalent, by (3], to the following expression in terms of Fox H-functions
1 1
b Looas [ (6969 (2)
1 p2 sin (yom) (A2 + BQ) 2 2 (AQ n Bz)—z 2 2 ot
2 = po—: PR ; ~ 7
P2t 2z))" sin () 2] AN AN
"2)7 2 72)7\7 2w
(Ac2p2 sin (ya7) — Bc?pa cos (o) + Bd2) (A2 + BQ)_1
r2e2 w5 (2]z])" sin (¥)
1
1 (1*TL, 1)7 (07 5)7 (%7 i)
2 2\~ 1 7T
xml2| A8 " (59)

T 2
|| 1-n 1 Vv Y
(F2) (5 %)

Finally, for the integral Is, taking into account ([, B3)), (57)), and [@3]), we obtain

B e twatey (e

11



which is equivalent, by (3], to the following expression in terms of Fox H-functions

) Ti(AuBQ)‘l » M (1-mn,1), ( > <%%> (60)
T (202))" sin(y) ] (1_771%)(‘ﬁ 2£)

From (B])), (59), and (60]) we conclude that the representation (37 of the solution u (z, t) of (IT)-(I8]) corresponds
to the sum of convolution integrals involving Fox H-functions.

In the next subsection we summarize our calculations in the main result of the paper.

3.3 Main result and corollary
Taking into account (37)), (B8), (BY), and (@) we obtain our main result.

Theorem 3.1 The solution of the time-fractional telegraph equation of distributed order (D)) subject to the
conditions ([I8)) is given, in terms of convolution integrals, by

u(x,t) = ]Rnf(z)Gl(ac—z,t)dz—i—/ g(z)Gg(x—z,t)dz—i—/n/Oq(z,w) Gs(x—z,t—w) dwdz,

n

(61)
where the fundamental solutions Gy, G2, and Gs are given by
-1 +ooB A2 B2 7% —rt
Gl (ZC,t) _ — / ( + § ) (&
= (22" 7 sin ()
A2 32 7% 2 1 A2 32 7%
x |H ( + ) +_2(A2+BQ)2H* ( + ) dT,
|| c |z
-1 “+o00 (A2 +BZ)7% efrt (A2+B2)7i
Gy (x,t) = —= / - —p2sin (yom) H | ——————
2(®:0) = 5o 22" r2 sin (1) pzsin (72) E
1 A% + B? 3
f% (Ac?ps sin (yam) — Bc?pa cos (yom) + Bd?) (A* + B?) 2 H* % dr,
c T
o “+ oo B A2 32 -1 —rt A2 32 7%
PP 1 L [EI A
2r'z (2)z)) sin (1) ||

where py and 2, A and B, and 1 are given, respectively, by relations 28)), B3), and @), and the functions
H and H* are expressed in terms of the following Fox H-functions

@) | et |0 (13): (03) (o 5)
2] ] <1, %) <12n7%), <0, %>
)

H

f(x):5(fc):H5(fci)7 g9(x) =q(z,t) =0, a=c
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with A € RT in [[D)-F), then the solution u(x,t) given by (GI) corresponds to the eigenfunction of the
time-fractional telegraph equation of distributed order in R™ x RT. Moreover, if additionally by (8) = 0 (resp.
b1 (o) = 0) we obtain the representation of the eigenfunctions of the time-fractional diffusion (resp. wave)
equation of distributed order in R™ x RT.

Considering a = 0 in Theorem [B.], we have the following simplifications
Bi(s)=0, A=pcos(yr), B=psin(yr), A*+B*=p’ = ¢=nm,
which give the following result.

Corollary 3.3 The solution of the time-fractional wave equation of distributed order

/12 bs(B) [ € ofu (z,t)} df — 2 Agu (z,t) + 2 u (z,t) = q(z,t)

for given order-density function ba(f), subject to the following initial and boundary conditions

ou

ww0) =@, G0 =g@.  lmou@=0 [ w@Ed-1,

is given, in terms of convolution integrals, by

u(x,t) = Rnf(z) Gl(zfz,t)dqu/ g(z) Ga(z — 2z, 1) der/n/Oq(z,w) Gs(z— 2z, t—w) dwdz,

n

where the fundamental solutions Gy, G2, and Gs are given by

o AUl e ) R (e | K

Gs (z,1) - /m <" H*( ! ) d
Tl) = T
’ et Q) Jo e BN

with p and ~y given by relations 28)), and the functions H and H* are expressed in terms of the following Fox

(1-n, 1), <1, 1), (0, 1)
H(lelx/ﬁ) = s |9U|1\/5 (1—n 1)2( | 7)2 7

2 72 2

2
[0

* 1 0,2
H* | —— | = Hy"
(|z| \/ﬁ) 2 Jxl P 1-n 1 5y
2 2 ’(_%5)

H-functions

Remark 3.4 If we consider the one dimensional case in the previous result, i.e., when n = 1 in Corollary [3.3
we obtain the same results presented in [3] for the time-fractional Klein-Gordon equation of distributed order
where we corrected some missprints. Moreover, we observe that the definition of the Foxr H-function considered
in [J] is different from the one considered in this work, more precisely, the authors considered the change of
variable s — —s in ([I3).

The numerical implementation of (61]) is possible, however, depends substantially on the study of the asymptotic
behaviour of the fundamental solutions G, G2, and G3 through the study of the asymptotic behaviour of the
associated H-functions. This is not the subject of this work and is left for future work. We would like to remark
also that (61]) is a very general solution, but for particular cases of the dimension, the fractional parameters,
and/or the density functions, it is possible to get simpler expressions.
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4 Particular cases

In this section we consider the cases where the density functions b; and bs are constant functions, linear
functions, sinusoidal functions, and exponential functions. We start pointing out that it is not possible to
obtain simple/pratical expressions for p1, p2, 71, and 72 in 20) and (ZII), and therefore for A and B in (33),
for arbitrary functions bs () and by («). For this particular choices of b; and by we obtain, when possible, the
correspondent expressions of p1, pa2, v1, 72. We observe that the quantities A and B depend on p1, p2, 71, V2
and they appear in Theorem [B.J1 Due to the independence of the choice of by and by it is possible to obtain
different versions of Theorem [B.1] and Corollary B3l For example, it is possible to obtain an explicit expression
of the solution of (IT7)-([IX) when b; is a linear function (see Subsection ) and bs is an exponential function
(see Subsection [A.7).

4.1 Single order case

Here we consider the case of the time-fractional telegraph equation in R™ x RT with single order fractional-
derivative. Putting

bl(a):(s(a_al)a 0<061§1, bQ(B):é(ﬁ_Bl)a 1<ﬁ1§23
in (I7) then we get

a 1
— aq — B1
By (s) =58, By (s) =58 (62)
From (G2) we have that
B T\ g a1 o T B T\ i B1 if1m
1(7’6)—027’ e, 2(7"6)—027’ e
and relations (28)) and (29) become
a 1
J e _ 51
P1(7’>*02 ' pg(r)—C—Qr
1 (r) = aq (const.) 2 () = B1 (const.)
In these conditions, (I9) becomes
~ F(R)[s7 " +as™ 1] +G(x) 87 +7(s,s)

. (63)

u(k,s) = St ase 1

If we additionally consider in (G3)
o) =0() =[]o(), 9(x) =0, q(xt) =0,

it becomes
~ sh—1 pgsn!

u(Kk,s) =
(k) sP1 + as™ + ¢ |k|?

which corresponds to the Laplace-Fourier transform of the first fundamental solution of the time-fractional
telegraph equation of single-order deduced in [I4] (see expression (4.1) in Section 4), and therefore there is a
consistency in the obtained results.

4.2 Multi-order case

We now consider the case of the time-fractional telegraph equation in R™® x R* for multi-order time-fractional
derivatives, i.e., let

q

bl(a):Zajé(afaj), 0 <ap <ag < -+ <ag <1, a; €R,
j=1
P

bg(ﬁ):ij(S(ﬁ—ﬁj), 1<ﬁ1 <ﬁ2<"'<ﬁp <2, bjGR,
j=1
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in (I7), so that

q p

a ) 1 )

Bi(s) = 5 D as™, By(s) = 5 D bis™.
j=1 i=1

In this case we were not able to compute the correspondent expressions (28) and (29]) for this case.

4.3 Uniform distributed case

Here we consider the case where the density functions bs (3) and by («) are constant, i.e., let us consider in (7))
by (o) = k1 and by (8) = K2, with kg, k1 € RT, which implies from 20) and (2I)) that

Ko $2 — s

2 In(s)

aky s—1

Bi(s) = 2 ()

By (s) = (64)

Let us now obtain the expressions for p; and ;. Taking into account (29)), (G4)), and the definition of the
complex logarithm, we have that
B, (re”) _am re’™ —1 _akm _—r—=1  —am (r+1) 1 (65)

2 In(retm) 2 In(r)+ir 2 In (r) +im’

Taking into account (I8), we have the following representation in terms of complex exponentials:

_ 1 1 .
= aky(r+1) :am(r—i— )e”, (66)

c? c?

= T 11;(8)1; e (i) i (_i (g arctan (_my))))_ 67

From (@0) and (67]), expression (65]) becomes

) A (5 i (222)))

and hence
a K1 r+1
pr=pilr) =
In? (r) + 72
1 1 |
m = (r) = - — — arctan (__n (T)>
2 9w T

Now we pass to the deduction of the expressions of ps and 7,. From (64]) we have the following relation

1 s2—s S Ko
B == =—=B
2(5) 2 In(s) aky 1(5)

which implies that

a7 2
By (re'™) = 2 Ze By (re'™) = AL (F+1) exp <z (g + arctan ( In (r)))) ,

c2y/In? (r) 4 72

and hence

Y2 =7 (r) =— (% + % arctan (—lny)))



4.4 Linear density functions
Here we consider the case where the density functions b (o) and bs (8) are linear functions, i.e., let us consider
in (I7)

b1 () = 2q, 0<a<l; by (B) =—2(8—2), 1< g <2

Considering the change of variables s = t and s® = ¢ and making an integration by parts, we have from (ZI))
and (20) that

2asln(s)—s+1 2 sln(s)—s?+s

Bi(s) = ——5—, By (s) = — 68
) =F e R N o

Let us now obtain the expressions for p; and ;. From (29) and (68]) we have that

. 2q re'™ In (re”) —re™ +1
By (re'™) = = _ . 69
1 ( ) c2 1112 (Te”) ( )
Since
zi=re " In(re™) —re™ +1=—rhn(r)+r+1—irr

— \/(r +1—7rIn(r)” +7r272 exp (—i (g + arctan (Hn(rl—ﬂ_r_l))) :

29 = In® (re'™) = In? (r) — 72 +i2n1n (r)
= (In* (r) + 7°) exp (i arctan (In” (r) — 7%, 27 ln(r))),

then (69)) takes the form

2. \/(r—i— 1—r 1n(r))2 + 272

By (re'™) =
1 (re) c? In? (r) + 72
1 —r—1
X exp <Z (g + arctan <TH(L> + arctan (1112 (r) —n% 2rln (7’)))) )
r
and hence

2¢ [(r+1—rn (T))2 + r2n2

P1 (T) - 3 2 2

c In®(r)+m

rin(r)—r—1

1
— — arctan (In® (r) — 7%, 21
= ) ﬁarcan(n (r) —=°, 2x1n (r))

1
v (r) = —1— = arctan
i
Now we obtain the expressions for ps and 7, in a similar way. From (28)) and (G8) we have that

73 re'™ In (rei”) — (rei”)2 + et

By (re'™) = c? In? (reim)
Since
2 2 .
n=5 =g exp (im)
zo =re'™ In (re'™) — (7"6”)2 +re™ = —r(n(r)+r+1) —irm

- T\/(ln (r) +7+1)> + 72 exp <z (g + arctan <1n(r)%“)>> ;

zz=1In" (re’™) =In*(r) — 7% +i2nln(r)

= (In*(r) + %) exp (i arctan (In” (r) — 7%, 27 In (1)),

16



then

By (Tem) = 2r \/(hl (+r+1) +m

c? In? (r) + w2
1 1
X exp <z <g — arctan (M) — arctan (1112 (r) — 72, 2rln (7’)))) ,
T
and hence

2r | (In(r) +r+1)> + 72
p2 =p2(r) == ( ()2 ) 5

¢ (In? (r) + 72)

1 1 In(r)+r+1 1 9
Y2 =72 (r) = 5 — - arctan (T) — —arctan (In? (r) — %, 2r1n(r))

4.5 Sinusoidal density functions

Here we consider the case where the density functions by () and b () are sinusoidal functions, i.e., let us
consider in ([I7T)

bl(a):gsin(om), 0<a<l; bQ(ﬂ)ngSiH(ﬂﬂ), 1< pB<2.

Integrating by parts, we have from (2I) and 20) that

ar  s+1 2 s(s+1)

T 232 2 (s) + 72’ Bas) = (70

By (s = )
1(s) 2¢% In? (s) + 72

Now we deduce the expressions for p; and ;. From (29) and ({0) we have that

am ref™ +1

By (re™) = & —4————. 71
1 (re) 2¢2 In? (reim) + w2 (1)
Since
zi=re™+1 =1—r4/(1—7r)* arctan (1 —r, 0),
29 = In® (re'™) +7* =In(r) (In(r) +i2m)
1 1
= (In* (r) (In® (r) + 472))* exp (4 T _ arctan | — (r) )
2 2m
then ({I) becomes
By (re'™) = ar” \/(1 —7)?In? ((In® (r) + 472)) exp ( i ( arctan (1 —r, 0) — T + arctan In (r)
! 22 ’ 2 2 ’
and hence
2
aTm 2 2 2
p1 =pi(r) = 52 \/(1 —7)"In* (r) (In® (r) + 472)
(72)
1 1 1 In (r)
m=m)= —3 + = arctan (1 —r, 0) + — arctan < - )
Now we deduce the expression for ps and ~2. From (70)) we have the following relation
. 1 . .
By (re'™) = o re'™ By (re’™) . (73)

Therefore, from (73) and ([72]) we immediately conclude that

7"77'2
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and hence

T7T2

p2 =p2(r) = 5.2 (1—7r)*In? (r) (1112 (r) + 4m?)

Y2 =72(r) = 3 + - arctan (1 —r, 0) + ~ arctan < 25:))

4.6 Sinusoidal density functions II

Here, we consider another case where the density functions by (o) and bs () are also sinusoidal functions. Let
us consider in (7))

bl(a):%sin(%), 0<a<l, bg(ﬂ)gSiH(ﬁ—;), 1< B<L2,

where by and by are such that

/Olbl(a) da+/12b2(6) 3 = 1.

Integrating by parts, we have from (2I) and 20) that

ar 2sln(s)+m
Bl(s)i ()

T 22 42 (s) + 12 Bz(s)*i—s(mimn(s))
2 4In"(s)+7

= . 74
2¢2 41n® (s) 4 w2 (74)
From (2Z9) and (74]) we have that

iy am 2re’™ In (Tei”) + 7
Bl (7"6 ) — @ 41I12 (Tem—) +ﬂ_2

Since

z1=2re" In(re’™) +m =7 —2r In(r) —i2rm

= ((w —2r In(r))* + 4r27r2)% exp (—i (g + arctan w)) :

2rm

zo =41In® (re’™) + 7° = 4In® (r) — 37> + i 87 ln (1)

1

= ((4 In® (1) — 37r2)2 + 6472 In” (T)) * exp (i arctan (41n* (r) — 372, 871n(r))),

then expression ([78]) becomes

, am 7 —2r In(r))? + 4r2m2
Bl (Teur) — F (2 ( l) 5
"\ (41n° (r) — 372)" + 6472 1n (r)
2r 1 —
X exp (l <g + arctan <%> + arctan (41n (r) — 377, 87 ln (T)))) ,
rT
and hence
arm 7 —2r In(r))? + 4r272
p1 = p1(r) 92 (2 ( l) 2
¢\ (4In* (r) — 372)" 4 6472 1In” (r)
1 1 2r 1 — 1
m=m)= -5 arctan (%) - = arctan (4 In? (r) — 372, 87 ln ()

Let us now obtain the expressions for ps and ;. From (28) and (74]) we have that

iy T re’™ (rre™ —21n (re'™))
32 (Te ) - 2_02 41I12 (Teiﬂ-) + 7T2 ’ (76)
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Since

z1 =re'™ (mre’™ —2In (re'™)) =r(rr +2In(r) +i2m)
=r ((Tﬂ' +2In(r)* + 4772) : exp (z (g — arctan (%ﬂln(r)))) ,
Zo = ((4 In? (1) — 37r2)2 + 6472 In? (T)) : exp (i arctan (4 In? () — 372, 87ln (),

then expression (G takes the form

i T (rm 4 21n (r))* + 4n2
By (re'™) = 202 5 3 5
¢ (41n* (r) — 372)" + 6472 In* (r)
21
X exp <z <g — arctan (W) — arctan (4 In? () — 372, 87ln (7’)))) ,
T
and hence

T (rm +21n (r))? + 4x2
(41n* (r) — 3#2)2 + 6472 1n* (1)

21 1
Ln(r)) — = arctan (41n* (r) — 372, 87 1n (r))
7r

1 1
Y2 =72 (T) = 5 arctan o

4.7 Exponential density functions
Here we consider the case where the density functions by () and bs (3) are exponential functions, i.e., let us

consider in (I7)
1 2
by () = e, 0<a<l, by (B) = c e P, l<p<2.
e—1 e—1

From (ZI)) and (20), we have that

a es—1 1 s(s—e)
B = B = . (s
1(s) e2(e—1) 1+1In(s)’ 2(s) 2e—1)In(s)—1 (77)
From (29) and (7)) we have that
a ere’™ —1 (78)

By (re'™) = —.
1 (re™) e2(e—1) 1+ In(re)

Since

zi=ere™ —1 = (er +1)e™,
| ) 1 T In(r)+1
zo=1+1In (Te”r) =1+In(r)+ir = ((1112 (r) + 1) + 7r2) P <Z <§ — arctan (7)>) ,
™

then (78)) takes the form

By (reim) = —© (er +1) exp <Z <g + arctan (%))) :

c*(e—1) \/(1112 (r)+ 1)2 + 2

and hence
a (er +1)

c(e—1) \/(1112 (r)+ 1)2 + 2

1 1 In(r)+1
71 =m(r) =§+;arctam(7(7)T )

pr=pi(r) =
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Let us now obtain the expression for ps and ~2. From (28)) and (77) we have that

. 1 re'™ (ref™ — e
Balre™) =Zen (fei”) - 1)' (79)

Since
z1 =re™ (re'™ —e) =r(r+e),

2 =In(re™) =1 =In(r) = 1+ ir = ((n(r) = 1)° + wQ)% exp (z (g — arctan (M))) :

™

then ([79) takes the form

By (re'™) = . (el_ S \/( (Tr()T_Jrle))Q — exp <Z (g — arctan <m(7ﬁ%>)) :

and hence

5 Moments

In this section we obtain the expression for some fractional moments of the first fundamental solution G; of the
time-fractional telegraph equation of distributed order (7)) in the Laplace domain, and we apply the Tauberian
theorems to study the asymptotic behaviour of the second-order moment in the time domain for ¢ — 0" and
t — 400 knowing the asymptotic behaviour of second-order moment in the Laplace domain for s — +o0o and
s — 0, respectively.

It is well known that the Mellin transform (I0) can be interpreted as the fractional moment of order s — 1
of the function f (see [I3]). Therefore, we can calculate the fractional moments of arbitrary order v > 0 of Gy,
where G 1 denotes the Laplace transform of G;. Denoting by s the variable in the Laplace domain and by r the
radial quantity |z|, we have, from the definition of the Mellin transform, that

M (s) = /OJFOO ¥ Gy (r,s) dr = /OJFOO PTG (rys) dr = M {r" Gy (r, s)} (v=mn+1). (80)

Recalling that for the case of the first fundamental solution G; we assume in (1) that

n

fla) =6(z) =[[6 (), g(z) =q(z,1) =0,
we have, from ([9]), that

Gi(rt)=L"" {]—“1 {ﬁl ) ]p (s ]p_l} (r, s)} (r,t)

which is equivalent to
7,8).
p—l} ( )

Let us now calculate the inverse Fourier transform that appears in the previous expression. As it was done in
Section [l we make use of the Mellin transform to calculate the integral. In fact, taking into account (B6), we

Gi(r,s) = L{G1(r )} (r,s) = F ! {51 (H,s)‘ ~ L G (s)

p=1 c?

have that
~ a2 ~
F1 {m (k,s) o ug (K,s) p—l} (r,s)
rl=% [t o a2~ .
- (2m) % /0 {ul (w,s) —1 2 (w,s) ’p—1:| w? Jz_1 (|| w) dw (81)
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where # 4 denotes the Mellin convolution given by ([[2) at the point 1 with

~ d? ~ 1 1
ga (w) =11 (w,s) T E (w,s) - and  fy(w) = @ F 2" wi ™l Jg-1 (E) :
Denoting by Ig the integral in (8I), we have, by relations ([3) and (), that
w16} 6) = M {gusa s (3 ) ) = M) (=) M{f2} (-9
which is equivalent to
M6} (~8) = M{as} (s) M{fi} (5). (82)

Since fy4 is equal to f in (@3], we have that
1 I'(n-—s)

P Bl 2 T T )

M{fa} (s) =

(83)

Now we calculate the Mellin transform of function g4. Taking into account (I0), and 22)), 23) with p =1, we
get

+oo = d2 ~
Mg} (s) :/0 w {ul (w,s) ]pzl - Sz (w,s) \p_J dw
By (s)+ 2By (s) —d? /+°° ws™! d
- s o Ba(8)+Bi(s)twr ™
Taking into account formula ({@6]) with
o =s, a=1, b=0, ¢ =By (s)+ B (s), wzg,
and making use of ({@8]), we conclude that
7 (? By (s+ 2 By (s — d?))) csc (sm) 1
M = B B 2
{94} (s) 2s osc ((1—8) %) (B2 (s) + Bi(s))
W(CQBQ (s+0231 (s—dQ))) P(l—s) (s s
2s F(1.;5)F(1;s) ( 2(5)+ 1(5)) (8 )
From (B3), (84), (82), and ([B0) we conclude that
= d? =~
M{r"}‘l {Ul (n,s)’ f—2uQ(n,s)’ }(T,S)}('ynJrl,s)
p=1 C p=1
_ (Ba(s)+PBi(s)— ) (Ba(s) + Bi(s) " T'(n+s)T(1+s)T(—s) (85)
i FEE T ) TG TS,

By the duplication formula of the Gamma function (42]), we have the following equalities for the Gamma
functions that appear in (85)

P(n+s)  2mts7t /n+s
s o () (&)
FF((ll}S)) - \Q/E r(i+2), (87)
FIE%(__S;) - 2_\/8;_ F(_g)' (88)

Taking into account (86]), (87), and (B8], expression (8] simplifies to

M{rnfl{il (5,5) i p_l}(r,s)}('yn+1,s)

b—1 — 0_2 ﬂg (H, S)

BB DB B (e 1y
T2 28 2 2

s=y—n+1

21



and consequently the fractional moments of arbitrary order « in the Laplace domain are given by

-+

(¢ By (s) + ¢ Bi(s) — (f) (B2 (s)+ Bi(s) "7 ov=n (7 + 1) r (3 - n) : (89)
T2 c2s 2 2

M7 (s) =

If we restrict (89) to the diffusion case studied in [13], i.e., if we consider d = 0, b3 (8) = 0 and by (@) = § (v — 1),
with 0 < a; < 1, we have that By (s) =0 and By (s) = & s, and (89) becomes equal to

C2

~y—n+1
—~ 4¢%) 2 ag(y—nt1 1 3 _
G e () ().

Taking into account the following formula for the inverse Laplace transform (see (2.1.1.1) in [26])

£ {Si} (1) = lfy(:), V>0, (91)

we conclude that

(4) 7 T () T e

M (t)A— n
T2 [} —n+1
2 I‘(l 1(Y2 ))

which coincides with the expression (68) in [I3], and shows consistency in the obtained expression. Let us now
analyse expression ([89). We start pointing out the following special cases:

e When v =n — 2k — 3, with n > 2k 4+ 3 and k € Ny, the correspondent moments in the Laplace domain

become infinite.

e When v =1 (mean value), we have

— ’B 2B (s) —d?) (B Bi(s)*?
M’ (s) = [ Bafs) + " Bi(s) 2) Ba&) + B )T g1y, (2-%) (92)
w2 s
which becomes infinite when n = 4 + 2k, with k& € Np.
e When v = 2 (variance), we have
n—>5
—~ 2B ’B —d?) (B B R —
W2 () = B2 T B ) — ) B @ BiE)) T pun (5 n) (93)
T2 s 2
which becomes infinite when n = 5 + 2k, with k& € Np.
e When v = 3 (3rd moment), we have
~ >B 2B (s) — d%) (B Bi(s)??
M () = (C B E T B 2) Ba &)+ B1S) - oy, (3-2) (94)
w2 s

which becomes infinite when n = 6 + 2k, with k& € Np.

5.1 Tauberian analysis for the second-order moment (variance)

In this subsection we make use of the Tauberian theorems to derive, from (@3] with d = 0, the asymptotic
behaviour of M2 (t), for t — 0% and + — +o0o knowing the asymptotic behaviours of M2 (s) for s = 400
and s — 0, respectively. To better understand the diffusion and wave cases, we perform a separate analysis
considering particular choices of b;(«) and bo(3). Let us recall some necessary Laplacian inversion formulas
that can be found in [20]:

e Formula (2.5.1.12):

, n e N. (95)

e Formula (2.5.6.5):

! {Siyln” (as)} (t) = “H) /Om FwﬂH <f)w+yl dw,  Re(u) <0, a>0, Re(s) > 0.
(96)
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5.1.1 The diffusion case

Here we consider by (8) = 0 = Bz (s) = 0, and some particular choices of by () in (@3). For Bz (s) = 0 the
second-order moment in the Laplace domain becomes

—n 5-n nES
1\712(s)=21 F,(Q ) (Bi(s)) . n#5+2k keNg. (97)

T2 S

From (@7) we immediately see that for n = 3, the moment does not depends on Bj (s) and it is given by

~ 1 1
M?(s) = —, so that M?(t) = e
0

dms
Therefore, in the following particular cases we omit the analysis for the dimension n = 3.
o Slow-diffusion: Let us consider
b1 (@) = k16 (a—a1) 4+ Kkad(a—ag), O<ap<azs<l1, kKi,ke>0, K1 +Ka=1
which implies that
Bi(s) = Tt s + s, (98)

Considering ([@8) in ([@T) we have the following behaviour of M? (s) when s — 0T

n— n—3 n—3
e 2 2T (st ) 2 0m) ) g
N 71'%71 cn—3 S 71'%71 cn—3 '

Concerning the symbol ~ used in the previous and subsequent expression, it must be understood in the

following sense: given two functions f (w) and g (w), we say that f and g are said to be asymptotically
f(w) f(w)

equivalent as w — oo (resp. asw — 0),i.e. f ~ g, if and only if lim,, o) = 1 (resp. lim, 0 o) = 1).

Making use of (@) to invert the Laplace transform, we obtain for ¢ — +o0

c2 toq
—_— n=1
arky T'(1+ 1)
c t% 9
n =
M (t) ~ 4./a k1 F(1+71)
n—3 _ —a1(n—3)
21" (g k1) 2 T (532 t— =2
( nl,)l (%32 - , 0<a1<min{1,%3}/\n:4+2k,k€N0
T2 cn—3 F(l— a1(7;73)) n

(99)

2
In the normal diffusion process, corresponding to oy = 1, we have that MT(t) —c¢>0,ast — 4o0.
M?(t)
7
to a slow-diffusion process, as was observed in [23] for the case n=1. Also, we note a different behaviour of

M? (t) along the dimensions described, and the restriction of the parameter o for dimensions n = 6 + 2k,
k € Np.

From ([@8) we have the following behaviour of (7)) when s — 400

However, in the fractional case it holds — 0, as t = +o0, for all the dimensions. This corresponds

5 n=3 _ n=3 5—
M2 (s) — 2™"a F( °3") (mas™ 4 hps®e) @ 217" (aky) * T(°F") moowm

—1
T en=3 s 5 en—3

Making use of (@I]) to invert the Laplace transform, we obtain for ¢ — 0
C2 tO(Q
- n=1
aky T'(14+ a9)
c £
M? (t) ~ 4,/ary T (1 )
n—3
217" (anp) * T (35")
i en—3 1"(1_ @)’

n=2

—ag(n—3)
2

0<a2<min{1,%} A n=4+2k keN

(100)
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o Super slow-diffusion I: Let us consider

b1 (@) = k1 (const.), 0<a<l,
which implies that
arky s—1
B = — .
1(s) 2 In(s)

From (I0I)) we have the following behaviour of (7)) when s — 07

W2 ) = 20 T D) () T

~

21" (ary) 2 T(

(101)

n—3 5—n
2

) ()T

3—n

(1-8) 7= s

n—1
Tz "3 T2

Making use of (@) (for n = 1) and (@0) (for n = 4+ 2k, k € Ny) to
obtain for t — +o0

2
— In(1),
a K1
: ¢ L femeptl,
M2 (1) ~ { s { =,
2171 (a4y) T T (352) (—1)°2" [+ W'
n—1 n—3 / dw
w2 ¢l r(32) Jo Tl+w)
For n =1, we see that w

n—1

cn—3 S

invert the Laplace transform, we

(102)

, n=4+42k keNy

— 0, as t — 400 and the decay turns out to be slower in comparison with

the previous case of slow diffusion. Therefore, this case corresponds to a super slow-diffusion process.

The decay turns out be different along the dimensions, although, we don’t have explicit formulas of the

asymptotic behaviour of M? () at infinity to confirm it.

From (I0T)) we have the following behaviour of (@7)) when s — 400

3—n
5—n 5

n-3
_ 2 (k) 2 T (5

) (In(s))

n—3 3—n

s)) ?

1\/,[2 (S) n—1 3—n
T T Cn73 (S—l)TS

Making use of (@) (for n = 1), and (@6) (for n = 4 4+ 2k, k € Np) to
obtain for ¢t — 0T

4./a k1 £

217 (ak1) 2 T (552) (In(

—1
7T_n2 cn—3

5—n
2

invert the Laplace transform, we

27" (a 'ff,)l%s L(%32) L /+OO wngitszuw dw, n=4+2 keNg
e T b T
o Super slow-diffusion II: Let us consider

b (o) = 2a, 0<a<l,

which implies that
Bi(s) = i_j shis) —s+1 52)2 (_s; 1 (103)

From (I03)) we have the following behaviour of (7)) when s — 07

) = Lr L(3%) (sh-s+D™T  aFT(5) (aE)™
272 7wz n3 (In(s)) s 272 1z 3 S
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Making use of ([@3]) (for n = 1, 2) and (@6) (for n = 4 + 2k, k € Np) to invert the Laplace transform, we
obtain for ¢t — 400

g—aln2(t), n=1
C
M2 (t) ~ Wor In(t), n=2 . (104)
n—3
a"z I (352) 1 oo yn—tgw
dw, n=4+2k keN
2”T+I7rn516”*3r(n*3)/0 Ti+w ™ "707F ’

2
As explained before this case corresponds also to a super slow-diffusion process since MT(t) — 0ast — 400

as can be easily observed for dimensions n =1 and n = 2.

From (I03) we have the following behaviour of ([@7) when s — 400

n—3 n—: 3—n
F(%3") (sho(s)-s+1)’z a7 D(35") (ln(s)) °
=

ntl n—1

285 piE n3 (In(s))"*s 272 gz 3

n—3
2
1

5—n

a
n
2

M2 (s) =

Making use of ([@3) (for n = 1) and (@6) (for n = 4 + 2k, k € Ny) to invert the Laplace transform, we

obtain for t — 01

2
—2—atln(t), n=1

M2 (1) ~ { — L—l{w}(t), n=2

n—3 _ n—>5 3+n
a ? F(E’T") 1 Tt e Y
— dw, n=4+2k, keN
e T T :
o Super slow-diffusion III: Let us consider
bl(a):gsin(om), 0<a<l
which implies that
ar®  s+1
Bi(s) = — ———. 105
1(s) 2¢2 72 +1n® (s) (105)
From (I05) we have the following behaviour of (7)) when s — 07
5—3n n—2: n—2: 5—3n n—2 3—n
MQ( ) 2% aTSF(FTn) (S—l—l)TS 255" 4 231—‘(5_7") (7r2+ln2(s)) 2
S) = S-n — n—3 ~ 5—n n—
Tz cn? (71'2—1—11&2(5))2 s Tz en? S

Making use of ([@1]) and (@5) (for n = 1) to invert the Laplace transform, we obtain for ¢ — 400

2C2 2
m In (t), n=1
1
2 2 2
c ) (7% +1n” (s))
2 AN N e O % -9
M2 () ~ § o o 5 (1), n . (106)
255 o (52) (2 mP(s) T
_ Jou (t), n=4+2k keN
T 2 c"—3 S

Again, we can see that this case corresponds to a super slow-diffusion process, although only for n = 1

we have an explicit expression of the asymptotic behaviour of M? (¢) at infinity.

From (I05) we have the following behaviour of (@7)) when s — 400

2T (+ )T 2 E () ()

2
~

5" en-3 2\ T =
Tmec (72 +1n* (s)) s 7T

M? (s) =
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Making use of (@1]) and (@) (for n = 1) to invert the Laplace transform, we obtain for ¢t — 0

2
wt hl (t), n = 1
1
c (7r2+ln2 (s))?
201) ~ L1 t), =2
M (t) 21V 2a s2 ®) "
5—3n n—3 =
27 =" g5 I (8= 2 4 n? 2
R o RS it o) S O SR
Tz "3 sz

5.1.2 The wave case

Here we consider by (o) = 0 = By (s) = 0, and some particular choices of by (8) in (@3). For B; (s) = 0 the
expression for the second-order moment becomes

M? (s) = QI_HE,(%) (B (s) 7 . n#5+2k keN,. (107)

T2 s

From (I07) we immediately see that for n = 3, the moment does not depend on B (s) and it is given by
1

~ 1
M?(s) = o so that M? (t)

Therefore, in the following particular cases we omit the analysis for the dimension n = 3.

o Super fast-diffusion: Let us consider
b2 (B) = K16 (B~ Ba2) + K20 (B — B2), 1<p1 <P2<2, Ki,k2 >0, K1+hky=1

which implies that

K K
By (s) = C—; s?1 4 0_22 s%. (108)

From (I08) we have the following behaviour of (I07) when s — 0

— _ 2171 (352) (k1 s™ + ko sﬁz)%3

M (s)

n—3
217k 7 T (35) sees
s 2 :

~

a5t on-3 s 7T ¢n3

Making use of ([@I)) (for n =1, 2, 4) to invert the Laplace transform, we obtain for ¢ — +o0

c? th
, n=1
K1 I (1 + ﬂl)
c tB_21
, n=2
AVELT (14 &)
M?2 () ~ o (109)
-
v ’ , n=4 A1<p <2
8em (1 %)
n—3
2l-m 2 T (5 (n—3)
' (:3) z*l{s—‘“ an *1}(15), n=6+2k keNy
—5 ~n—3
T2z ¢
For n =1, 2 we can see that M@ 400, which corresponds to a super fast-diffusion process. However,

t
for n =4 (and also n = 3) we have that w — 0, which shows a slow-diffusion process. Therefore, we

conclude that in the wave case the type of process vary from dimension 1 to higher dimensions.

From (I08) we have the following behaviour of (I07) when s — 400

n_3 n_3
M2 (S) _ 9l-np (5—Tn) (Hl sh + Ko sﬂ2) 2 9l—n 5223 T (S_Tn) 532(373)71-

~

—1 , — 1
7T ¢n—3 S 7T ¢n—3
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Making use of (@) (for n =1, 2, 4) to invert the Laplace transform, we obtain for ¢ — 0T

c? 182
’ n=1
ra T(1+ f2)
c tB_22 9
n =
Wrr(1+8)
M? (t) ~ by (110)
-
vz : , n=4 A 1<B<?2
8cm r(i1- %)
n—3
21711 2T 5—n .
H27 ( 2 )E_l {SBQ(Z 3)_1}(15)7 n:6+2k,k€N0
T2 cn—3
o Fast-diffusion I: Let us consider
b (8) = k2 (const.), 1<p<2,
which implies that
By(s) = B2 5 s (1)
s) = — .
2 2 In(s)

From (II1)) we have the following behaviour of (I07) when s — 0

n=3 3-n
—~ 2l=n 2 T (352 —In(s)) =
M (s) = e TO5) i)
T2 T (1-s) 2 s

[§]
3
L]
o
3
|
w
wn
y

Making use of (@) (for n = 1) and (@6) (for n = 4 + 2k, k € Ny) to invert the Laplace transform, we
obtain for ¢t — 400

2

S, n=1
R2

MO~ 4;%551{£_E%;Di}(07 n=2 S (1)
91l—n ;12”%3 I (5_Tn) (_1)3—% 400 wn;s tg,Tn_i_w
L

e T b T(5rw)

dw, n=4+2k, keNg

In this case, we only could obtain an explicit formula for the asymptotic behaviour of M? (¢) at infinity for
M?(t)

the dimension n = 1. It shows a fast-diffusion process since =~ — +00, as t — +00. Since the growth

is not so pronounced when compared with the super fast-diffusion process of the previous example, we
called it only fast-diffusion process. For dimensions higher we cannot present any conclusion.

From (II1)) we have the following behaviour of (I07) when s — 400

n-3 3—n n 2R _n 3—mn
W 22T ) W) 2T () ()

Tz e (s—1)7 sz w3

Making use of (@) (for n = 1) and (@6) (for n = 4 + 2k, k € Ny) to invert the Laplace transform, we
obtain for ¢t — 0T
2 42 1
(= , n=1
K2 2 t

M2 (1) ~ ZR%gc—l{Qﬂgﬁi}@% n=2

n=4+2k keN,




o Fuast-diffusion II: Let us consider

ba(B) =-2(8-2), 1<p<2
which implies that

2 sln(s)—s?+s

B8 =2 —

(113)

From (II3) we have the following behaviour of (I07) when s — 0

—3

Pz (sl - 1s) D) (b))

M? (S) = Tati -1 n—3 ~ ol 1
272 g2

cn=3 (ln2 (s))T s 27z

cn—3 sz

Making use of (@) (for n = 1) and (@6) (for n = 4 + 2k, k € Ny) to invert the Laplace transform, we
obtain for ¢t — 400

M2 (1) ~ { —In(s)* } (1), n=2 L (114)

n—>5

n - 2 +o0 3;"+w
. (,,1 ) / YT gw, n=4+2k keN
22W2C”3F(2)0 T (35" +w)

For n = 1 we see that @

— 400, as t — 400 and corresponds to a fast-diffusion process. For higher

dimensions we cannot present any conclusion.
From (II3) we have the following behaviour of (I07) when s — +o0

n—3

S - ) CEhE )T ) me)

2% 177 3 (1112 () s 275 gz (3

s4—n

Making use of ([@0)) (for n =1, 2), and ([@6) (for n = 4 + 2k, k € Ny) to invert the Laplace transform, we
obtain for t — 07

t2

2025111@), n=1

9 c 1
~{——=tn| - =9
M) ~ {5 n(t), n

T ﬂ) +oo ,n 4t3+n+w

3n—5 n,2—1 / Y d'LU, n=4+ 2]€, ke NO

2"t o3 Jo T(d—n+w)

o Fust-diffusion III: Let us consider
by (B) = ,g sin (), 1<pB<2

which implies that

_w? ws(s+1)
By (s) = 2 I (s (115)

From (II5) we have the following behaviour of (I07) when s — 0

5-8n 5 _p n>s 328 (5—n 2 2 =N
272 T(5)  (s(s+1)* L2 () (PP (s)
Tz n3 (7r2+1n2 (s))nT s nz en3 s

M? (s) =

— — 5—
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Making use of (@) and (@) (for n = 1) to invert the Laplace transform, we obtain for ¢ — +o0

2c?
? t 1112 (t) y n=1
(% +1° ()"
c 7 +1In” (s))?
2 ~ Lo — 7 (1), =2
M? (t) - o (t) n . (116)
272" " T (352) (7% +1n*(s)) =
— e — (t), n=4+2k, keNg
T2 3 s2
For n = 1 we see that M- _, 400, as t — 400 and corresponds to a fast-diffusion process. For higher

t
dimensions we cannot present any conclusion.

From (II5) we have the following behaviour of (I07) when s — +o0

n— _3n 3—n

M) - 2o LEF) G+ 2 () (i)
5—n n—3 5—n

T (12 4% (s)) 7 s T

Cn_3 S47n

Making use of (1)) and (@3] (for n = 1) to invert the Laplace transform, we obtain for ¢t — 0

c? 2 1.2
Pt In” (¢), n=1
(x2+ 0% s))*
c 1 7 +1n” (s))?
M2 (t) ~ 27_(_\/5‘6 S2 (t)a n=2
5—3n n—3
2= 05 T 5—n 2 1 2 p)
e (32) pa) J”i (5)) (1), n=4+2k keNo
Tz ¢h3 s*n

5.1.3 Graphical representations
In this section we present and analyse the graphical representation of the asymptotic behaviour of M? (), for
some of the cases studied previously separating the diffusion and the wave cases.

The diffusion case: In Figure [l we have the graphical representation of (Q9)), (I02), (I04), and (I06]) for
n = 1 and using a logarithmic scale.

------- Normal diffusion
—_— Slow-diffusion (a=1/2)
108 Super slow-diffusion

------ Super slow-diffusion Il ",,-"'-

-_ Super slow-diffusion 1|~ _.-*" -

Figure 1: Representation for n = 1 of the normal diffusion, slow-diffusion, and super slow-diffusion processes.

Looking at the plot we see that, for large values of ¢, the transition from the normal diffusion to slow-
diffusion and then to supper slow-diffusion is characterized by slower growth of the variance. It is also seen
that for the different super-slow diffusion processes that we exhibit, the behaviour of M? (¢) at initial times is
not the same at large values of ¢, justifying the necessity of the logarithmic scale. In the following figure we
present a graphical representation of (I00) (on the left) and (@9) (on the right) for oy = 0.5, 0.75, and different

values of the dimension.
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Figure 2: Representation of the slow-diffusion process for ¢ — 07 (left) and for ¢ — +oo (right), for ay
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0.5, 0.75 (1st and 2nd lines respectively), and different values of n

From these plots we see that the diffusion along the dimensions is different and has a transition of the
behaviour at n = 3. In fact, for n = 1 and n = 2 the variance increases for large values of ¢ with different slope,
for n = 3 the variance is constant, while for n = 4 (and also n = 4 + 2k, k € N) the variance decreases for large
values of t. This is also consequence of a different behaviour of the variance for small values of ¢, where the
diffusion is faster when the dimension increases (as we can see in the plots on the left). Finally, we present a
graphical representation in logarithmic scale of ([@9) for n = 1, 2, 4, and different values of «;.

MA(t)

1000

1001 |

MA(t)
3

I
10'

I
102

I I I I I
10° 10* 10° 108 107

0.010

0.001

MA(t)

1078 77

I
10%

I I I I
104 10° 108 107

Figure 3: Representation of the slow-diffusion process for n = 1, 2 (first line from left), and n = 4 (second line),
and different values of «;.

The plots show the different behaviour of the power functions t*!, t%, t=% for n = 1,2, 4 respectively (see
@3)). As the parameter o; tends to 1, the variance of the diffusion process tends to the variance of the normal
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diffusion process. The increase of the dimension induces a reduction of the range of the plots.

The wave case: In Figure [d we have the graphical representation of (I09)), (I12), (I14), and (I16]) for n = 1,
and using a logarithmic scale.

Wave-diffusion | -
Super fast-diffusion (8=3/2)
10" Fast-diffusion
------- Fast-diffusion Il

Fast-diffusion Il

107F

M(t)

1000

Figure 4: Representation for n = 1 of the wave-diffusion, super fast-diffusion, and fast-diffusion processes.

From the analysis of the previous figure, we see that, for large values of ¢, the transition from fast-diffusion
to super-fast diffusion and then to normal wave-diffusion is characterized by a gradual increase of the variance.
For the different super fast-diffusion processes that we exhibit, the behaviour of M? (¢) at initial times is not
the same at large values of ¢, as we can see in the plot. Next, we present a graphical representation of (II0)
(on the left) and (I09) (on the right) for 81 = 1.5, 1.75, and different values of the dimension.
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i
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Figure 5: Representation of the super fast-diffusion process for t — 0% (left) and for ¢ — +oo (right), for
B1 = 1.5, 1.75 (1st and 2nd lines respectively), and different values of n

The analysis of the previous figures leads to similar conclusions to those obtained from Figure[2l Again we
see that there are different behaviours along the dimensions and occurs a transition at n = 3. In fact, forn =1

and n = 2, the variance increases for large values of ¢ with approximately the same slope, for n = 3 the variance
is constant, while for n = 4 (and also n = 4 + 2k, k € N) the variance decreases for large values of ¢. This fact
comes from the different behaviour of the variance for small values of ¢ (see the plots on the left), where the

diffusion is faster when the dimension increases. Finally, we present a graphical representation in logarithmic
scales of (I09) for n =1, 2, 4, and different values of j3;.
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Figure 6: Representation of the super fast-diffusion process for n = 1, 2 (first line from left), and n = 4 (second
line), and different values of ;.

The plots reflect the different behaviour of the power functions 1, t%, and t—'F for n = 1, 2, 4 respectively
(see ([[09)). The variance of the diffusion process tends to the variance of the normal wave-diffusion process,
when (3 tends to 2.

6 Conclusions

The telegraph equation containing fractional derivatives in time and/or in space are usually adopted to describe
both diffusive and wave-like anomalous phenomena, due to the simultaneous presence of the first and second
order time derivatives, and therefore a detailed study of their solutions is required. Our attention in this work
was focussed on the time-fractional telegraph equation in R® x R™ of distributed order, which, for some particular
choices of the density functions, can be related with sub/super-diffusive processes. Specifically, we were able
to worked out how to express their fundamental solutions in terms of Fox H-functions by a combination of the
Laplace, Fourier and Mellin transforms.

The presented approach corresponds to a generalization of the techniques used by several authors for time-
fractional diffusion-wave equations of distributed order (see [15,123], for example), however, the simultaneous
presence of two density functions lead to more elaborate computations and a more complicated expression for
the solution. We were able to obtain a representation of the fundamental solution in terms of a Laplace-type
integral of a Fox H-function. Moreover, the general expression for the fractional moments of arbitrary order were
deduced and the second-order moment (variance) was studied in detail via the Tauberian theorems, for specific
choices of the density functions. We show during the paper that for particular choices of the density functions
and/or some parameters in (Il) we recover several results presented in the literature for the time-fractional
diffusion-wave equations of single and distributed order, which reveals consistency of our results.
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