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Abstract—In the framework of meshfree methods, we address 
the numerical solution of boundary value problems (BVP) for 
the non-homogeneous modified Helmholtz partial differential 
equation (PDE). In particular, the unknown solution of the BVP 
is calculated in two steps. First, a particular solution of the PDE 
is approximated by superposition of plane wave functions with 
different wavenumbers and directions of propagation. Then, the 
corresponding homogeneous BVP is solved, for the homogeneous 
part of the solution, using the classical method of fundamental 
solutions (MFS). The combination of these two meshfree tech­
niques shows excellent numerical results for non-homogeneous 
BVPs posed in simple geometries and when the source term 
of the PDE is sufficiently regular. However, for more complex 
domains or when the source term is piecewise defined, the MFS 
fails to converge. We overcome this problem by coupling the MFS 
with Lions non-overlapping domain decomposition method. The 
proposed technique is tested for the modified Helmholtz PDE 
with a discontinuous source term, posed in an L-shaped domain.

Index Terms—meshfree method, plane wave functions, method 
of fundamental solutions, domain decomposition, modified 
Helmholtz equation, non-homogeneous PDE, L-shaped domain.

I . In t r o d u c t i o n

Meshfree methods are becoming an increasingly popular 
alternative to classical element-based numerical methods, e.g. 
FEM or BEM, for the approximate solution of boundary 
value problems (BVP) for partial differential equations (PDE). 
Avoiding the time consuming and computationally demand­
ing mesh generation and numerical integration, especially 
for three-dimensional problems, are major advantages of the 
meshfree methods. Furthermore, most meshfree methods are 
simple to implement and, in smooth settings, outperform the 
classical schemes in terms of convergence and accuracy.

The method of fundamental solutions (MFS) is one of the 
most commonly used meshfree methods for the numerical 
solution of elliptic PDE. Although originally formulated in 
1964 as a Trefftz type method for homogeneous linear elliptic 
PDEs posed in smooth settings [1], the MFS has undergone a 
significant development in the last five decades [2]-[4] and it 
has now been extended to non-homogeneous Helmholtz-type
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PDEs [5]—[7], non-homogeneous Cauchy-Navier equations of 
elastodynamics [8], BVPs posed in domains with geometric 
singularities [9]—[11], harmonic problems with discontinuous 
boundary conditions [12], second order nonlinear Dirichlet 
problems [13], [14], large scale problems [15], [16], etc.

In [6] the unknown solution of the Helmholtz BVP is 
approximated by superposition of spherical acoustic waves 
(fundamental solutions) with different source points and dif­
ferent test frequencies. More precisely, discrete collocation is 
used to impose simultaneously the PDE (in the domain) and 
the boundary conditions (on the boundary) of the BVP. The 
resulting numerical method is known in the literature as the 
domain version of the MFS, or MFS-D, and its applicability 
has been justified in terms of density results for fundamental 
solutions in the solution space of the PDE. One clear drawback 
of the MFS-D is that it requires the solution of a large 
and fully-populated ill-conditioned linear system. For more 
complex domains and in non-smooth settings, coupling MFS- 
D with an iterative domain decomposition technique, see [7], 
can increase the computational cost of the method even further.

Here we propose an improved version of the method pre­
sented in [7], with a reduced run time of the algorithm. In 
particular, first we calculate a particular solution for the non- 
homogeneous PDE using a basis of plane wave functions 
instead of fundamental solutions. Note that, in 2D, exponential 
functions are evaluated much faster than Bessel functions. 
Also, the long standing open problem on how and where to 
distribute the source points for the fundamental solutions is not 
present here. Second, the corresponding homogeneous BVP is 
solved using the classical MFS. The domain decomposition 
method will be used only in the second step of the scheme, 
leading to the solution of a sequence of small-dimension 
boundary-only collocation linear systems.

We consider the following boundary value problem for the 
modified Helmholtz partial differential equation

Cu := (A — k2)u = f  in fl
('ll

Bu = g on T ’ w

where Q c  (d = 2 or d = 3) is a bounded domain with 
boundary T =  9f2, A is the Laplace operator, k > 0 and /  is 
a given source function. The operator B  defines the boundary 
conditions, which may be of Dirichlet, Neumann, Robin or 
mixed type, and g is the prescribed boundary data. These BVPs
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arise naturally, after applying the Laplace transform, in the 
solution of transient heat conduction problems, e.g. [17].

In order to solve problem (1), we represent its solution u 
in the form

u = up  + uH,

where up  is a particular solution of the PDE

Cup = f ,  in Q (2)

and uH satisfies the associated homogeneous BVP

J  Cu11 =  0 in tt
^  BuH = g — Bup  on T ^

Since the solution of problem (3) depends directly on 
up , an accurate approximation for the particular solution is 
crucial for the global accuracy of the scheme. In section II, 
we approximate up  by a linear combination of plane wave 
functions, whose high quality approximation properties are 
well known from the Fourier analysis. In section HI, we 
present a brief review of the classical MFS formulation, 
which is used to solve problem (3). In section IV, we couple 
the presented two stage method with Lions non-overlapping 
domain decomposition method, e.g. [18]. Finally, in section V, 
we illustrate the accuracy of the proposed method and present 
some numerical results for a particularly challenging case of 
problem (1), posed in a L-shaped domain, with a piecewise 
defined source term, where the classical MFS fails to converge.

I I .  A  Pa r t i c u l a r  S o l u t i o n  f o r  t h e  P D E

For a set of No distinct unitary directions 

D =  {d1,d 2, . . . , d JVo} c S d- 1 

and a set o Pq positive test frequencies

A =  {Ai, A2, . . . ,  Ap0} c  M+ ,

we approximate the particular solution up  of the PDE by a 
linear combination of plane waves

Po No

up (x) «  up (x) = J 2 J 2 aP>"Wxp(x,dn),  (4)
P—1 71=1

where W \(x ,  d) =  exp('«A x ■ d) and aPi„ € C.
The unknown coefficients a PtH are calculated by collocating 

the PDE on a set of Mo domain collocation points

Ao =  {xi,X2 , . . .  , x m 0} C E,

where E D D. Note that up  is not required to satisfy any 
boundary conditions and therefore the collocation of the PDE 
can be performed on a larger but simpler, usually rectangular, 
domain E. Also, numerical results show that the error is 
usually lower in the interior of the collocation domain.

Using the property A W x (x, d) =  —\ 2Wx (x, d), the collo­
cation process leads to the solution of the linear system

where a  =  { a lf l , . . .  , a PoiNo}, f  =  f ( X 0) and WA is the 
matrix block defined by

WX(xu  d i)  . . .  W X(xu d No)

W\{XMo,&l) ■■■ WA^MojdjVo).
(6)

Note that no differentiation is requires during the collocation 
of the PDE, which represents a major advantage of the 
plane wave approximation in comparison with other meshfree 
methods based on collocation of general purpose radial basis 
functions (RBF), e.g. [19].

System (5) is fully populated and ill-conditioned, as it 
is characteristic for meshfree methods based on global col­
location of smooth functions. Also, the system is usually 
over-determined, with Mo >  Po x  No, and we will use a 
least squares approach for its solution. To deal with the ill- 
conditioning, we will consider the truncated singular value 
decomposition (TSVD) regularization technique [20].

From a theoretical point of view, the approximation we use 
here may be justified in terms of a density result for plane 
acoustic waves in the L 2(Q) space, see [21].

I I I .  S o l v i n g  t h e  H o m o g e n e o u s  P r o b l e m

The fundamental solution for the modified Helmholtz equa­
tion is given by

4>(cg) =  <
^ K 0 {k,\\x \\),

1 exp(—K||a;||) 
4tt ||a;||

in 2D 

in 3D

where ||x|| is the Euclidian norm of x  € Rd and Ko is the 
Bessel function of the third kind and order zero. Note that 
$(x) has radial symmetry and a singularity at x = 0.

The classical method of fundamental solutions consists in 
approximating the solution uH of problem (3) by a linear com­
bination of translates of the fundamental solution, $ (x  — yj), 
also known as point sources, with singularities yj laying in 
the exterior of the domain ft.

More precisely, for a set of N i  distinct (source) points

y  = {i/iij/2, • • • ,2/iVi} c  r,
selected on an admissible [22], [23] fictitious boundary f ,  
e.g. the boundary of a larger domain SI D SI, we seek for an 
approximate solution of the form

JVj
uH{x) M uH(x) =  -  yj), (7)

3 = 1

where /3j € C are unknown coefficients.
Note that, according its definition, uH is an analytic function 

in which satisfies the homogeneous modified Helmholtz 
PDE. In order to calculate the coefficients /3j we impose the 
boundary condition of problem (3) on a set of M i distinct 
boundary collocation points

[-(A? +  «2)WAl - - - - (A |0 +  k2)Wi pJ  [a] =  [f], (5) X i  =  { x 1 , x 2 , . . . , x M l }  c r,
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which, in matrix form, corresponds to the linear system

B $ (x i  - y x )

B®(xMl ~ 2/i)

B $ (x i  — yNi)

B $ ( xmi -  2/jvi).
[b] =  [h ], (8)

where b  =  {Pi,.. -,Pni } and h  =  g(X{) — Bup (Xi).
We will usually consider more collocation points than sin­

gularities, M i > N i,  in order to deal with the ill-conditioning 
and the non-smoothness of the boundary T, and system (8) 
will be solved in the least squares sense. Again, Tikhonov or 
TSVD regularization may be required.

The convergence of the MFS may be justified in terms 
of density results for linear combinations of fundamental 
solutions in appropriate Sobolev spaces defined on T, see [7].

IV . I t e r a t i v e  D o m a i n  D e c o m p o s i t i o n  M e t h o d

As we will illustrate in section V, the method described 
in sections II-III generates an accurate numerical solution 
when problem (1) is posed in a simple domain and when 
the source function /  and the boundary data g are smooth 
functions. However, when /  or g is a discontinuous function or 
when n  has certain geometric singularities, the method shows 
low accuracy, no convergence and the approximate solution 
exhibits inappropriate oscillations near the singularities, as a 
consequence of the Gibbs phenomenon [24]. This behaviour 
is due to the analyticity (in O) of the basis functions used 
in (4) and (7), which are unable to fit accurately the singular 
solutions.

To alleviate the problem described in the previous para­
graph, we will couple the presented numerical scheme with 
Lions non-overlapping domain decomposition method.

Consider a partition of the domain D into two non­
overlapping sub-domains fii and H2, with a common interface 
7 =  OiUf22 and let IT =  dilUdQi, i = 1,2, see Fig. 1. Also, 
we denote by v the unit normal vector pointing outwards with 
respect to D j.

Fig. 1. Example o f a domain decomposition.

In the general case, /  and g may be discontinuous functions 
on 7  and d'y, respectively

f  f i  in fii [  gi on IT
f = \ f o  “ d 9 =  < r{ /2 m n 2 { 92 on r 2

and the solution of problem (1) can be represented as

{ui = up + Ui in f2i 
v>2 =  up + U2 in 0.2 ’

where the total solution u and its normal derivative dvu  should 
be continuous across 7.

Using the method described in section n , we begin by 
approximating a particular solution of the PDE in each sub- 
domain

C u f  = fi ,  in Oi, i = 1,2.

Note that these two problems can be solved independently 
and, in general, up  and up  do not match on 7. Denote by 
[up ] = up  — up  and [duup ] = dvup  — dvup  the jumps of 
the particular solution and its normal derivative across 7.

Next, we rewrite problem (3) in the form of two coupled 
BVPs with Robin-type transmission conditions on 7

{Cui  = 0  in fii
Bu?  = g i -  B u f on IT (9)

('dv +  g)up  =  (dv +  g )u?  +  [dvup ] +  y[up ] on 7 

and

{Cvff =  0 in Q2
B u f  = g 2 -  Bv% on IT (10)

(dv -  g)u2 =  (dv -  y )ui  -  [dvUP] +  g[up \ on 7

where g > 0 is a parameter. In this formulation, the imposed 
transmission conditions guarantee continuity for the total so­
lution u and its normal derivative dvu across 7.

Lions method consists in the iterative matching of u\ and u2 
on 7, by the successive solution of problem (9) and problem 
(10), starting with an initial guess for u §  and dvv ^  on 7. In 
each iteration, we use the classical MFS for the solution of 
the two problems, as described in section HI. Here, g  acts as 
a convergence parameter for the iterative scheme.

V . N u m e r i c a l  S i m u l a t i o n s

The accuracy of the method presented in sections II-IV 
will be illustrated for two examples of problem (1). We will 
consider only Dirichlet BVPs posed in 2D simply connected 
domains but the application of the proposed method to 3D 
problems and other boundary conditions is analogous. In the 
case of BVPs posed in multiply-connected domains, the only 
difference is that, for the MFS, a set of source points should 
be selected in every connected component of the exterior of 
the domain, see [23].

In order to evaluate the accuracy of the approximate solution

{ui = u p + Ui , in Hi 
U2 =U 2 +U2 , in 0 2

and since we assume that problem (1) is well posed, it is 
sufficient to measure the PDE collocation errors

en< ~  \\fi -  Cup \\L2{fli), i = 1,2,

the collocation errors of the Dirichlet boundary condition

£Ti ■= lift -  «i||L2(r4), i = 1,2,

and also to check how well ui and u2 match on the interface 
7, by evaluating the continuity error

e° := ||u2 - « i ||i ,2(7)
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and the differentiability error (continuity error of dvu)

£y •— dvU\ ||l2(7) •

We measure these errors using the discrete l2 norm, equivalent 
to the root-mean-square (RMS) error, calculated on a large set 
of domain or boundary error test points.

A. Example 1 -  square domain
For Cl =  [0, l]2 we consider problem (1) with k = 3, null 

Dirichlet boundary data, i.e. g = 0 on T, and source function

f ( x ) =  —20sin(7xi — 7x2) exp(^i +  X2), x & Cl,

for which the exact solution of the BVP is not known. In 
our opinion, the BVPs (considered by many authors) where 
functions g and /  are calculated from a given exact solution u 
are not appropriate for testing the numerical method. In such 
settings, the method proposed here shows numerical results 
with accuracy close to the machine precision.

In order to approximate the particular solution up  of the 
BVP we considered a set of N q =  100 unitary directions, 
uniformly distributed on the unit sphere S 1 and Po =  21 
integer test frequencies from the set A =  { 5 ,6 ,. . . ,  25}. We 
collocated the PDE using Mo =  2601 uniformly distributed 
points on the larger domain E =  [—0.1, l . l ]2.

The resulting linear system, with dimension 2601 x 2100, 
was solved, using the midi vide Matlab function, with a 
residual RMS error of order 10-12. On a uniform grid of 
40401 error test points in Cl, we measured £q =  6.19 x 10“ 12 
for the PDE collocation error. No absolute error accumulation 
was observed near the comers or near the boundary of Cl.

To approximate the homogeneous part of the solution, uH, 
we considered N \ = 400 source points, on the boundary of 
the square [—0.1, l . l ]2 and Mi =  800 collocation points on T. 
Both sets contained uniformly distributed points. The corre­
sponding MFS linear system was solved with a residual RMS 
error of order 10-7 and we measured £r — 6.40 x 10-7 , using 
6000 boundary error test points. In terms of the absolute error, 
marginal accumulation was observed in the neighborhood of 
the comers of the domain, which did not affect the global 
performance of the method.

In Fig. 2 we present the plot of the approximate total 
solution u =  up + uH, in Cl.

We also tested the method for the boundary condition

g(x) = (xi -  0.25)2 +  (x2 -  0.25)2, x e  T.

The remaining parameters for the BVP and the method were 
kept unchanged. We measured £r =  6.46 x 10-7 for this 
simulation and the results can be improved by increasing the 
number of collocation and source points or by varying the 
position of the fictitious boundary T, as it is characteristic for 
the MFS.

The situation changes dramatically when g or /  are non­
smooth functions. For example, for

f ( x )  =  H {x2 — 0.5), x  G Cl,

( 4 5 ^  ---- ---------- ''' ' ' 'o l f "  ^  1
0 0

Fig. 2. Approximate solution for example 1 with g(x)  =  0.

where H  (x) is the Heaviside step function, the lowest value of 
the PDE collocation error we observed was £n — 8.66 x 10-2 . 
The discontinuous source function could not be approximated 
accurately, using analytic plane wave functions, in the neigh­
borhood of the fine x 2 =  0.5. Naturally, a low precision 
particular solution invalidates the application of the remaining 
part of the numerical scheme and domain decomposition is 
one of the possible approaches to deal with this problem.

B. Example 2 -  L-shaped domain
Consider the L-shaped domain Cl =  [—1 ,1]2\] — 1,0[x]0,1[ 

and its partition into three sub-domains, as shown in Fig. 3. 
In the following, we use the notation from section IV.

r 1

r2 A  i

f2i

71

n 2 72

Z'l
>

v 2 vn3
t

r3

-1  - 0 .5  0 0 .5  1

Fig. 3. Domain decomposition for example 2.

Note that, even for smooth data g and / ,  the MFS (and also 
many other numerical methods) presents serious difficulties in 
approximating the solution of the BVP in the neighborhood of 
the comer point A  =  (0,0). Usually, the Gibbs phenomenon 
that occurs near that point affects the overall precision of the 
solution in Cl. This problem is due to the singularity of the 
solution u, induced by the singular comer A, and one way to 
deal with it is to enrich the MFS basis with a set of appropriate 
singular comer-adapted particular solutions of the PDE, as it 
has been done in [11] for the Helmholtz equation.
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Another possible way to alleviate the approximation prob­
lem in the neighborhood of point A  is to consider an ap­
propriate domain partition. Also, if /  is a piecewise defined 
and discontinuous function, domain decomposition is the most 
commonly used approach.

Consider problem (1) with k =  5 and g =  0 on I \  For the 
source function we took

—. in fL, i — 1,2
V I I * - C i l i a +  0.5 
100cos(37ra:i) cos(37TX2) in f̂ 3

which is symmetric with respect to the line x 2 =  —x\  and 
discontinuous on 71 = ]0 ,1 [x {0} and 72 =  {0}x] — 1,0[. 
Here Cx =  (0.5,0.5) and C2 =  -C i .

To approximate the particular solutions u f , i =  1,2,3, 
we considered No =  100 unitary directions and Pq =  16 
test frequencies from the set A =  {5,6, . . . ,  20}. For u f , we 
collocated the PDE using a set X0 of Mo =  2601 uniformly 
distributed points on the larger square E =  [-0 .1 , l . l ]2. 
The collocation points for the calculation of u f  and 
were obtained by reflection of the set Xq with respect to the 
coordinate axis. We measured £q1 =  sq2 — 2.53 x 10“ 10 and 

=  1.86 x 10—12, using 40401 error test points in Qim 
For Lions method, in each iteration, we apply the MFS to 

approximate u f ,  i = 1,2, from the BVP

{.Cu f  = 0  in Oi

B u f  = g -  B u [  on I \

{dVi +  g ) u ?  =  (dVi + g)u%  +  [<dViu p ] +  g[up ] on 7 *

and then calculate an approximation for by solving

(C up  =  0 in Q3

B u p  =  g — B u p  on T3

(dUl -  g)u%  =  {dVl -  g)v% -  [dUlu p ] +  g[up ] on 71 

(dU2 -  g)u%  =  (d„2 -  g)u% -  [dV2u p ] +  g[up ] on 72

( 1 1 )

( 12)

This formulation of the iterative method requires an initial 
guess for u §  and dUiu §  on 7*, in problem (11). For u §  we 
consider the interpolating polynomial defined by the values of 
the Dirichlet boundary condition on the end points of 7*. For 
the normal derivative we take dUiu §  = 0.

In fii, the MFS was applied with Ni = 600 source 
points, uniformly distributed on the boundary of the square 
[—0.01,1.01]2 and M\  =  800 boundary collocation points, 
from which 199 on 71. For and Q3, the corresponding 
knot distributions were obtained by reflection with respect to 
the coordinate axis.

For fi — 100, after calculating 70 iterations by Lions 
method, the solutions of the sub-problems matched accurately 
on 71 and 72 and we measures =  3.96 x 10-6 ,

=  3.60 x 10-3 and e =  3.85 x 10-3 . Since the gradient 
of the solution is singular at point A, we excluded a small 
neighborhood of this point when measuring e*., i =  1,2. 
The Dirichlet boundary condition was also well fitted by the 
method, with eVl = 4.41 x 10-6 , £r2 = 4.43 x 10-6 and 
£r3 =  3.23 x 10-6 . All errors were calculated using 2000 test 
points per linear boundary segment.

In Fig. 4 we present the contour plot of the total solution 
of problem (1) which exhibits the expected symmetry with 
respect to the line x 2 = —xi,  due to the same symmetry of 
the domain Q and the functions g and / .

Fig. 4. Contour plot of the approximate solution for example 2.

The convergence of the continuity and differentiability er­
rors, and evl i , i — 1,2, during the iterative process is 
illustrated in Fig. 5. The two plots are practically identical 
due to the symmetry of the problem. It can be observed that 
the method remains stable after reaching its optimal precision, 
which, in this case, occurs in approximately 40 iterations.

Fig. 5. Convergence of and elfi for i =  1 (left) and i =  2 (right).

Numerical tests show that the value of the parameter g > 1 
is inversely related to the speed of convergence of the method. 
For example, practically the same accuracy as before can be 
achieved after 30 iterations, for g  =  50 and after 65 iterations, 
for g  =  150. However, decreasing the value of g  corresponds 
to increasing the importance given to the differentiability in 
the transmission conditions, and this may lead to instability 
of the method, due to the singularity at point A. A  trade-off 
between speed of convergence and stability should be carefully 
considered, when selecting the value of g.

If the particular solutions u f  are accurately approximated 
and if an appropriate value of g  is selected, the maximum 
achievable precision of the method depends solely on the knot 
configuration considered for the MFS. For example, taking 
three times more collocation and source points and keeping 
all the remaining parameters of the method unchanged, the 
optimal precision of the method was achieved after 70 itera­
tions and we measures =  1.03 x 10-6 , s°2 =  1.11 x 10—6,
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ei, =  7.92 x 10 7 and e* =  1.12 x 10 5. Here, the Dirichlet 
boundary condition was approximated with £ rx =  1.31 x 10 ,
£r2 =  1.30 x 10-6 and £r3 =  8.81 x 10-8 . These results 
corresponds to a decrease of the differentiability error with 
more than 2 orders of magnitude. A plot of the approximate 
solution u is shown in Fig. 6.

-1 1

Fig. 6. Approximate solution for example 2.

VI. C o n c l u s i o n s

We have presented a meshfree method with domain de­
composition for the numerical solution of BVPs for the non- 
homogeneous modified Helmholtz PDE. After approximating 
the particular solution of the PDE in each subdomain by 
a linear combination of plane wave functions, Lions non­
overlapping domain decomposition iterative method was used 
to match the solution on the sub-domain interfaces. In each 
iteration, the homogeneous BVPs were solved using the classi­
cal formulation of the MFS. The proposed method was tested 
for a Dirichlet BVP with a discontinuous source functions, 
posed in an L-shaped domain, and it showed convergence and 
generated accurate numerical results.

Due to the discontinuity of some partial derivatives of 
the solution on the boundary of the domain, induced by the 
geometric singularities of the domain and also by the change 
in the type of boundary conditions in the sub-domains, also 
known as the Motz problem [25], further improvement of 
the numerical results was not possible. Following [11], an 
enrichment of the MFS approximation basis is one possible 
way to address this issue.
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