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Abstract

In this paper, we consider a non-homogeneous time-space-fractional telegraph equation in n-dimensions,
which is obtained from the standard telegraph equation by replacing the first- and second-order time deriva-
tives by Caputo fractional derivatives of corresponding fractional orders, and the Laplacian operator by a
fractional Sturm-Liouville operator defined in terms of right and left fractional Riemann-Liouville deriva-
tives. Using the method of separation of variables, we derive series representations of the solution in terms of
Wright functions, for the homogeneous and non-homogeneous cases. The convergence of the series solutions
is studied by using well known properties of the Wright function. We show also that our series can be written
using the bivariate Mittag-Leffler function. In the end of the paper some illustrative examples are presented.
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1 Introduction

The telegraph equation is a second order linear hyperbolic equation given by

0%u ou 0%u
+a— + bu

pr 5 :c@—f—f(x,t), zeR, t>0, a,b,c>0, (1)

together with initial conditions, and/or boundary conditions when restricted to a closed interval. Equations
of the form arise in the study of propagation of electrical signals in a cable of transmission line and wave
phenomena, but serve also as mathematical model for several other phenomena such as random walks, solar
particle transport, traffic jams, population dynamics, and oceanic diffusion (see [1] for a list of references about
these applications). In fact, the telegraph equation is more suitable than the diffusion equation in modeling
reaction diffusion since it has the potential to describe both diffusive and wave-like phenomena, due to the
simultaneous presence of first and second order time derivatives.

Analytical and numerical methods for solving the telegraph equation were studied in the last decades and
are an active area of research (see [1,/16,{17,{19] and the list of references therein). In our work we are interested
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in the fractional version of the telegraph equation. During the past decade, several generalizations of
appeared where time- and/or space-fractional derivatives were considered instead of the integer derivatives.
The time-space-fractional telegraph equation is given by

D&u(z,t) + aDPu(z, t) + bu(x, t) = ¢ DYu(z,t) + f(z, 1), (2)

where z € R, t € RT, D® and D/ are time-fractional derivatives of order a €]1,2[ and 8 €]0,1[, and D}
is a space-fractional derivative of order v €]1,2[. Equation and some of its variants in the one and the
multi-dimensional cases were studied in several works (see e.g. [1L4H7,/15,[16,[21]). In [16], it was obtained the
fundamental solution for a time-fractional telegraph equation in the case a = 23, while in [1], the authors found
the fundamental solution for the neutral-fractional telegraph equation and discussed its properties. In |14], using
the Green function method solutions to boundary value problems for the time-fractional telegraph equation
were derived. In [15], the author used the Adomain decomposition method to obtain analytic and approximate
solutions of . In [6], the authors considered a non-homogeneous version of in R™ x RT. They discussed
and derived the analytical solutions under non-homogeneous Dirichlet and Neuman boundary conditions in
terms of multivariate Mittag-Leffler functions and using the method of separation of variables. Also in the
multidimensional setting, the fundamental solution for a time-fractional telegraph equation was obtained in [4}5].
In |7,21] the authors considered a time-space-fractional telegraph equation in R x R* with Hilfer time-fractional
derivative and Riesz-Feller space-fractional derivative. In [21], it was proved that the solutions for the Cauchy
problem for equation can be represented as a linear combination of two-parameter Mittag-Leffler functions,
which allowed to a probabilistic interpretation of the solution. In [7], the authors used the Fourier and Laplace
integral transform to obtain the Fourier transform of the solutions of the non-homogeneous time-space-fractional
telegraph equation in R x R*.
In this work, we consider the following time-space-fractional telegraph equation in R™ x R™:

§00Fe.) = 0§07 £(@.) = =2 [= (95 () "3 S (@) + (e flat)] +ha) 3
wherez € Q CR™, 0,t c R, 1 < 3 < 2,0 < v < 1, the time-fractional derivatives are in the Caputo sense, and
the space-fractional derivative is a fractional Sturm-Liouville operator defined in terms of right and left fractional
Riemann-Liouville derivatives. One of the reasons for the consideration of the space-fractional derivative in
terms of a fractional Sturm-Liouville operator in R™ is the fact that the orthogonal eigenfunctions’ system of
the fractional Sturm-Liouville problem can be used to solve fractional partial differential equations that are
related with anomalous diffusion processes (see [11]). In [3], the authors studied the fractional Sturm-Liouville
problem in R™ subject to mixed Dirichlet and Neuman boundary conditions and proved several properties of
the eigenvalues and eigenfunctions associated to the fractional Sturm-Liouville problem. In particular, using
fractional variational calculus, it was shown in [3], the existence of a countable set of orthogonal solutions and
corresponding eigenvalues.

The aim of this paper is to present a series representation for the solution of in the homogeneous and
non-homogeneous cases. The derivation of the solution is made using the method of separation of variables.
Moreover, we obtain conditions for which the series solutions representations are convergent. These series are
represented in terms of Wright functions of the type ¥y, however, we show that our representation coincides
with the correspondent one presented in [6] in terms of the bivariate Mittag-Leffler function. In fact, the series
representation involving Wright functions is more convenient for the analysis of the convergence. Our results
generalize part of the results presented in [6] in the sense that the space-fractional derivative is represented
in terms of a fractional Sturm-Liouville operator, and the convergence conditions for the series solution are
presented.

The structure of the paper reads as follows: in the preliminaries section we recall some basic definitions
and results about fractional calculus and special functions that are needed for the development of this work.
In Section [3| we present some auxiliary results in the context of fractional Sturm-Liouville theory which are
very important in the proof of the main results presented in the following section. In Section [4] we obtain and
prove the convergence of the series representation of the solution of the homogeneous and non-homogeneous
time-space-fractional telegraph equation with homogeneous boundary conditions. Moreover, we establish the
connection with the results presented in [6]. In the end of the paper some illustrative examples are presented.



2 Preliminaries

In this section we recall some basic facts about fractional calculus and special functions that are needed for the
understanding of this work. For a more detail revision of the fractional calculus literature we refer [10L[18}[20],
for example. Let a,b,a € R with ¢ < b and « > 0. The left and right Riemann-Liouville fractional integrals
I¢, and I} of order a are given by (see [10])

(12 f) (z) = F(la) / ’ - Ei %)M dt, w>a (1)
b
G0)@) =5 [ gt 2 <b 6

By RLD;"+ and RLDI?‘, we denote the left and right Riemann-Liouville fractional derivatives of order a > 0 on
[a,b] C R, which are defined by (see [10])

(5Dz.1) (@) = (D" 1) @) = o [ e (6)

I'(m — «) dz™ x —t)e—mtl

_1\m m b
(*ID2 f) (&) = (~)™ (DI f) () = "4 /( Wy a<n @

I'(m— ) dz™ t —x)a—mtl

Here, m = [a] + 1 and [o] means the integer part of a. Let “D?, denote the left Caputo fractional derivative
of order @ > 0 on [a,b] C R, which is defined by (see [10])

z  p(m)
(°D% f) () = (I""D™f) (a) = P(ml_ . / . ft)a(t}wﬂ i, z>a (8)

Remark 2.1 When dealing with functions of several variables, the definitions -@ are adapted with partial
derivatives (see (10], for example).

We denote by I (L,), p > 1 the class of functions f that are represented by the fractional integral of a
summable function, that is f = I%, ¢, with ¢ € L,(a,b). A description of the space I%, (L1) is given in [20].

Theorem 2.2 (cf. [20]) A function f belongs to I (L1), with o > 0, if and only if 17" f belongs to
AC™([a,b]), m =[] +1 and (I f)F(a) =0, k=0,...,m — 1.

In Theorem AC™([a,b]) denotes the class of functions f which are continuously differentiable on the
segment [a, b] up to the order m — 1 and f(™~1 is absolutely continuous on [a,b]. We note that the conditions
(I )®(a) =0, k=0,...,m— 1, imply that f*(a) =0, k=0,...,m —1 (see [18,20]). Removing the last
condition in Theorem 2] we obtain the class of functions that admit a summable fractional derivative.

Definition 2.3 (see [20]) A function f € L (a,b) has a summable fractional derivative (D2 f) (x) if (I f) (z)
belongs to AC™ ([a,b]), where m = [a] + 1.

If a function f admits a summable fractional derivative, then we have the following composition rules (see [18}20])

ml ak:l

« .’E B a m—ao k-1
(12, LD, f) (x T (rm=e )" @), m=[a]+1 (9)
k=0
a RLha — 1 okt m—a g\ (m—k=1)
(L= Dy f) (2 F (I f) (), m=[a]+ 1. (10)
k=0
We remark that if f € I, (L) then @ and reduce to
(10 7DZ: f) () = (I;- "D f) (2) = f(@). (11)
Nevertheless, we note that
RLDe, [o.f = RLDg. Igf = f. (12)



This is a particular case of a more general property (see expression (2.114) in [18])
o (I f) =Dy a>vy>0. (13)

It is important to remark that the semigroup property for the composition of fractional derivatives does not
hold in general (see |18, Sect. 2.3.6]). In fact, the property

o (Dlr) =Dty (14)
holds whenever f € AC™ *([a,b]), f™ € Ly(a,b) with m = [8] + 1, and
fPD@ty=0, j=0,1,...,m—1. (15)

Moreover, for m — 1 < a < m with m € N and 8 > 0, we have (see |10])

REDE (2 — )t = F(E(f )a) (e —a)’7t REDY(b—a) T = F(E(f )a) (b—a) "7t (16)
Qe —a B—-1 __ F(B) T —a B+a—1 « —r p—-1 __ F(ﬂ) — B+a—1
a+( ) - F(B+a) ( ) ) Ib_ (b ) - F(B—i—a) (b ) . (17)
In particular, it is verified
RLpe (2 —a)*™7 =0, RLDe (b —2)*7 =0, j=1,...,m. (18)

Now, we present some special functions that are used in this work, together with some of their properties. The
three-parameter Mittag-Leffler function (or the Prabhakar function) is defined as (see [8])

“+o0
E] 4(2) = p; p!r(((Z;:ﬂ) 2. R(a) >0, R(B) >0, v>0, (19)

where (), =v(y+1)---(y+p—1). For v = 1 we recover the two-parametric Mittag-Leffler function

+o0 P
Eap(2) = pZ:O m7 (20)

and for v = 8 = 1 we recover the classical Mittag-Leffler function

+o0 )
Eo(2) := ,;) FapT1)" (21)

For the three-parameter Mittag-Leffler function we have the following differentiation rule (see formula (5.1.15)
in [8]):

dam - e —m—
o [zﬁ 1Egﬁ('rz )} =B 1Eg,5—m

Due to its series representation, the three-parametric Mittag-Leffler function can be considered as a special case

(127, 7e€eC, meN (22)

of the Wright generalized hypergeometric function ¥ (see formula (5.1.37) in [8])
1 (7:1) 1 ST P
L, Ll = >y (r+p) = (23)
I'() (B, ) T(v) & T(B+ap) p!
Taking into account with m = 1 and relation (23)), we have the following differentiation rule for ;¥4

14 Zﬁll%[w»ﬂ Hzlﬁwl (1)
l (8,0) L) (B-1,0)

Considering the following auxiliar function (see [22])

Egﬁ(z) =

T 2% ] . (24)

e pw(t) = tﬂ_lE;B(th), teR, a,8,v,weC, Rla)>0, (25)
we have from that
(v, 1) r
101 wt® | = (j) €800 (26)
(67a) tﬁ 1 3P

Moreover, in [22] (see Theorem 3), it is proved the following result for the auxiliar function defined in (25).



Theorem 2.4 For all « € (0,1), v,w >0, ay > — 1> 0, the following uniform bound holds true:

elﬁw(t)‘< ( ) <ﬁ“1) . t>0. (27)

aw’s T(y) (cos (%)) =

Another generalization of the Mittag-Leffler function is the multivariate Mittag-Leffler function (see [13]).

Definition 2.5 The multivariate Mittag-Leffler function E, . . a,)b(21,-..,20) of n complex wvariables
215y 2n € C with complex parameters ay, . ..,an,b € C (with positive real parts) is defined by

E _+OO k H71257 28
et = 5 Y (50 e e

k=0 l1+...+l,=k
I1,eln>0

where the multinomial coefficients are given by

(ll,.li,ln) = ﬁ

When n = 2 we obtain the bivariate Mittag-Leffler function, which can be written as

400 +4o0o

ll + l2 Zil Z?
E 29
(a1,02).0 21322 ZZ:O lz_:o ;1! b+alll +a2l2) ( )

From we can deduce, after straightforward calculations, an addition formula for the bivariate Mittag-Leffler
function (see Lemma 2.2 in [4]).

Lemma 2.6 Let 21,20 € C, and ay,a2,b € C (with positive real parts). Then it holds

E(a17a2)7b(zl7 ’22) = + 21 E(a17a2)7b+a1 (Zl’ 22) + 22 E(a17a2)7b+az (217 22)' (30)

1
T'(b)
Moreover, we have the following differentiation formula

am b—1 ai as b m—1 ai as
dzm [Z E(alvaz)J? (Tl Z o, T2z )} E(ahaz) (Tl Z 7, T2 )7 (31)
where 71,72,z € C and m € N. For general properties of the Mittag-Leffler function see [9,/13].

Now, we consider the following particular Wright function
(p+1.1) L(p+1tq) (0477)"

19 (B =) 08— ZFT+ B =)0 i (32)

where p € Za“, 1<B<2 0<vy<1, 7>1, and t,0, € RT. This special function will appear in the
next sections. Concerning its convergence, taking into account Theorem 1.5 in [10], we can guarantee that the

series is absolutely convergent for all possible values of §¢°~7. This conclusion is due to the fact that
A = —~—1> —1, where the definition of the quantity A is given by formula (1.11.15) in [10]. From (26,
we have

(p+1,1)

11 pT—1 “B=v,7,0

(1,87 etﬁvl el

Hence, by Theorem we have the following estimate for

" ] = a B () —r . (33)
T(B—7)05 > (Cos (@D pri-3=2

M(B,v,p,0,T)

(p+1,1)
(7_35 77)




Due to the convergence of we can guarantee that the right-hand side of is finite for every t € R*, and
therefore we can write

(p+1,1)
(T,ﬂ 77)

where M(8,,p,0,7) is given in and is a finite positive constant depending only on the parameters 3, v,

<t'""T M(B,7,p,0,7), (34)

1*1

08— ]

p, 8 and T.

In [10] it is presented the solution of several partial fractional differential equations. Here we recall Corollary 5.9
and Theorem 5.16 in [10], where the parameters «, 3, u and A where replaced by 3, v, —\ and 0, respectively,
and [ = 2 in Theorem 5.16.

Theorem 2.7 (c¢f. [10, Cor. 5.9]) The equation
( D0+u> (#) =0 (°D,u) () + Au(t) =0,

wheret >0,1< <2, 0<v<1,0,A€R" has one solution u(t), given by

> 1,1
Z th (p + ) ) gtﬁ—’Y ]
+1,1
-0 Z Y oo 0y v ) 2P ] : (35)
P Bp+1+B-=78-7)
and a second solution v(t) given by
O ()P (p+1,1)
= Z ( AR 2 9P 1 : (36)
p=0 p: (ﬁp + 27 B - ’Y)

Remark 2.8 Taking into account the series expansion of the Wright function given in , the series expansion
of the bivariate Mittag-Leffler function given in @, and Lemma we can rewrite, after straightforward
calculations, functions u and v presented in Theorem in the following way (cf. analogous formulas in [4|])

u(t) =1—= AP Eg_r gy, 511 (08777, =XtP)  and  v(t) =tEp_., p),2 (077, =Xt%). (37)

Theorem 2.9 (cf. [10, Thm. 5.16]) Let 1 < 8 < 2,0 <y < 3 be such that v < B —1. Let , X € RT, and h(t)
be a given real function defined on RY. Then the equation

(CD§+ u) (t) — 6 (°D.u) () + Ault) = h(t),

1s solvable, and its general solution has the form

t
u(t) = exult) + e v(t) + / (t—w)P G g (t — w) duw
0
where u and v are given by and @), respectively, and Gg 9,-x(z) is given by

(p+1,1)

Gg,v.0,-2(2) :fﬂzﬁpﬂﬂl
(Bp+B,8—7)

6 2B ] . (38)
p=0 P

Remark 2.10 Taking into account the series expansion of the Wright function given in , and the series ex-
pansion of the bivariate Mittag-Leffler function given in (@), we can rewrite, after straightforward calculations,
function Gg 9,-x in Theorem 2.9 in the following way

Gp,0,-2(2) = B, )8 (01777, =A17).

The previous formula establishes a connection with the work of Luchko and Gorenflo (see [13]).



3 Auxiliary results

3.1 Fractional Sturm-Liouville problem in higher dimensions

In this work we want to obtain existence results for Sturm-Liouville telegraph equation by using the method
of separation of variables. This approach is based on the fractional Sturm-Liouville theory (see [3]), more
precisely on the existence of eigenvalues and corresponding eigenfunctions to the following fractional differential

equation:
= (Vi - (@) Vg y)) (2) + v(z) y(z) = Ar(2) y(@) (39)
subject to the conditions
sly@| s L (wtomy) @) =0, j=1..m, (40)
Tj=a; J 4 Ti=a;
ly@)| s (Wezy) @) =0, j=1...m, (41)
z;=b; bj a; " Tj —
where:
(i) z € Q@ =T]"[ai,b;] CR™ and “-” is the usual scalar product between two vectors in R";

(i) RLV?L and RLVZ; are, respectively, the right and left Riemann-Liouville fractional gradient operators of

order a = (aq,...,qy,) given by
n n
RLVZ‘+ = Z e; i?@ﬁj and R = Z €; %?82‘;7 (42)
i=1 i=1
where for ¢ = 1,...,n, e; denotes the standard unit vector in the direction of z;, the partial derivatives

RL [0 7} RL (077
a-_%—axiv b_—axiv

are the left and right Riemann-Liouville fractional derivatives of order ay; € ]%, 1] with

respect to the variable x; € [a;, b;];
(iii) I bl,_ % denotes the right Riemann-Liouville fractional integral of order 1 — o with respect to the variable
i
xj €la;, bj[, where a; € ]%, 1] and j=1,...,n;

(iv) u, v, and r are continuous scalar functions defined on . The function r is called the weight or density
function. Moreover, p(x) > 0 and r(z) > 0 for all z €

(v) the values of A € C for which there exists non-trivial solutions y(x) € Iji (Lp(Q),p>landj=1,...,n,
are called the eigenvalues of the problem. ’

From now on until the end of the paper we consider that assumptions (i)-(v) over the fractional Sturm-Liouville
problem — are satisfied. For the proofs of the main results presented in Section [4, we make use of the
following theorem proved in [3] regarding the existence of solutions to the problem —.

Theorem 3.1 (cf. [3]) Under the assumptions (i)-(v), the fractional Sturm-Liouville problem (39)-({41]) has an
infinite increasing sequence of real eigenvalues A1, Az, ..., and to each eigenvalue N\ there is a correspondent
eigenfunction yi which is unique up to a constant factor and satisfies the minimization problem of the following
functional

J(f) = /Q (@) (Ve f(2) - (Ve f(2) + v(x) f2(2)] do (43)
subject to the conditions in (@)— and to the additional condition
1) = [ rle) ey do =1, (44)

Furthermore, the eigenfunctions yy form an orthogonal set of solutions, with respect to the inner product @

Moreover, the eigenvalues are given by

Ne= [ (o) (P0zg(a) - (V@) + (o) (o)) do



= Zn: /Q [N(x) (igag;yk(x))z + %V(x) (yk(x))ﬂ dz. (45)

For Q =[]}, [a;, b;], let us introduce the following spaces

12(0) = {g e @) ( [ g<x>|2dx)% < oo} (16)
and

Cp(Q) = {g €C): ()], _, =0=g(@)|,_y . j=1... n} . (47)

Tj=a;

The space L?(Q) is a weighted Hilbert space of real-valued functions and Cp(f2) is a space of continuous
functions with homogeneous conditions on the boundary. Moreover, the space L? is endowed with an inner
product and norm given by

1

(f, g) = /Q r(2) f(x) glx) da and 1z = ( /Q r(z) |f<x>|2dx)2 S s

In the case r(z) = 1 we denote the L?-norm as ||f||2. In addition, we denote by Y := {yi, k € N} the set of
eigenfunctions of and its closed linear span by

n

f72<f7 yk>

k=1

span(Y) :={ f € L2(Q) : Ye > 0, ¥n > ny, <e,. (49)

L?

3.2 Properties of the eigenvalues and the eigenfunctions

Now, we prove some auxilar results about the eigenvalues and the correspondent eigenfunctions that are used
in the following section to prove the main results of the paper. Let us start with a result where we obtain an
estimation for the eigenfunctions and eigenvalues of the fractional Sturm-Liouville operator.

Lemma 3.2 Let the assumptions over the fractional Sturm-Liouville problem (@)— be fulfilled. There exists
ko € N such that eigenfunctions and eigenvalues of the fractional Sturm-Liouville problem (@)— fulfill the
1nequality

[k ()]
PR < My, Yk > ko, Ve,
Vo = o, W

for some My € RT.

Proof: Denoting by T = (z1,...,Ti—1,W, Tit1,...,Ty), considering the composition rule , Holder’s
inequality, and taking into account the definition of the left fractional integral , we have after straightforward
calculations

n 2

PIR AT

i=1

1

2
|yk(93)| = nZ2

—_

2
n
<.z (Z It ’Zéaszyw)!)

i=1

n

w2

i=1

IA
| =

‘ 2

19 "Ly (v)

1 n 1 /:Ei @1 ’RL ) N )2
< = — i —w| " 0ty ( ‘ dw
+ 2w o7 et
<! zn: o (/I(x — w)ei=d) dw) (/I Rﬁaaiyk(f)r dw)
L i=1 (F(ai))Q a; a; e
1 i 1 (bz - ai>2ai_1 /bi RL ) o~ 2
<= Opiyn( ’ dw.
n ; (F(Oxi))Q 20; — 1 o, af 1yk( )



Therefore,

R e N T Ut i Ml>é 50
= Un <Z (C(;)? 2 (i —3) ’ (50)

i=1 2
where
bi 2
0< M= max (S%p / | If‘é@g:yk(fﬁ)’ dw) < 400
2
and Z = (#1,...,Ti—1,Tit1,- -, Tn). Since ) is bounded, there exists Ms > 0 such that M; < M, Hi?ﬁ;’;yk‘ ,

and, hence, relation (50) becomes

lyr(2)] < % <Z (r(;)f (b —acj_(iz /‘RLaalyk dw)

i=1
M M n . R 5
< ’/7;; 3 ( Izerag‘;yk(x) dm) , (51)
i=1 /97
where
bi _ i 20(1'71
o (b — a)

max .
=L (D(ey))? (a; — )
Now, considering with v(z) = 0, relation becomes

1
2

()] < N&fﬁhu<flémm(ﬁﬁmmmfdﬂ (52
i=1

i s
where || - || denotes the supremum norm in the Cg () space. Consequently, for k € N, we have
1
lys(@)] _ M2 5 [

VaAp T 2n
For v(x) # 0 we have from and

mwsﬂwﬁMwZAmm@%WMZLMWW

(V]
2
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2
2
3
N——

My M

T“ (Z/Q () (Rﬁﬁﬁjyk(m)>2+%V(z)(yk(m)) | dz+% H;H/QT(UU) (yk(z))de>

Mo M3 HlH 1 3
\'L(M+HWD7
2n n llr

where we used again the variational formulation presented in [3] with v(x) # 0. Dividing both side of the

[

IA
_—

previous relation by /A we get

1
lys(@)] _ Ma My |
vV )\k o 2n

=
/
=
+
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> |=
N————
=



As Ay — +oo for k — 400 (see Theorem [3.1)) we note that there exists ko such that

£
" <1, Vk > kg.
Taking
M, M H’H
MO = n )

we conclude that for all k£ > kg and an arbitrary continuous function v we have that

|yr ()] 1 1
<My—(1+1)% =My, Vk>ky, VaeQ
m > 0\/5( ) 0 = hQ x

In the following lemmas we obtain some important uniform convergence results.

Lemma 3.3 Let 0 < T < 400 and 8;85 (resp. Oﬂ@?} be the left Caputo fractional partial derivative of order
B > 0 (resp. v > 0) with respect to t (see @)) Assume that (gk)i:i is a sequence of functions uniformly

o0

+oo

convergent in [0,T], ( gJﬁtﬁgk) , ( OC+8?gk):_1, with 1 < 8 <2 and 0 < v < 1, are uniformly convergent in
k=1 =

10, T) and g, 0049,56%, §.0] gr € C[0,T), for any k € N. Then, fort € RT

(§of—oGor) tm g = tim (5.0 —0 §.07) gule).

k——+oo

Proof: In the conditions of the lemma we have that
C 9B c . _ CaB c :
(§or—08a7) tim gu(t) = §.07 lim ge(t) =0 5107 lim_gu).
Taking into account Lemma 3.4 in |12] we have that
C aB q; _ 1 C 9B C oy 1; _ 1 C a7
o+dp | lim gr(t) = Jm g0, gk(t) and 040/ | lim gr(t) = Jm g0, gk (1)
Hence, we conclude that

(Gor—oGar) Jim ge(t) = Tim - §07ge(t) = lim 6§07 gi (1)

k—+oco

This gives the desired result.

[ ]
Let us denote the fractional Sturm-Liouville operator in the right-hand side of (39) by
-~ 1
RLT ¢ R e} R a
LS = —— |— -
= [ (U () ™)) ()] )

~ +oo ~
Lemma 3.4 Assume that (fk) > and (RLLgfk) | are uniformly convergent in Q, let say to g and FELYf,

respectively. Assume also that [, RLES‘fk € Cg(Q) for any k € N. Then,

lim RLLaf( )= RLL(I lim  fi(z).

k— 400 k— 400

Proof: We have by that

RLLaf

2! (o) BLO2: fu(@) + 5 fula). (54)

10



Multiplying each member of by r(z), applying I:_f, taking into account and making straightforward
calculations, we get ’
1 r(a) L fu()

(b — )™

= _M(x) Iz‘?aza: fk(fE) + F(Oéj)

ngg frog: () ThO% fu(@) + 17 (v() fi(@)) . (55)
#J

where the constant §£j]

, with respect to the variable z;, is given by
zj=b;

%

= 1,7 (ula) 503, ful)

x;=b,; .
7= x;=b;

Multiplying each member of by —ﬁ, applying I:_i, taking into account (EI} and making straightforward
o 1 a -~ Ti—a;i)® -1 .
_Ii Ifr(m)RLLafk(m):fk(l‘)— ( J J) ﬂj]

calculations, we arrive to
% <<ba‘ - wj)c“f‘1)
aj u(x) b v I'(ay) zj=b; Y (@) I'(a;)

30 (s oo () 1) ) = 122 (s 12 ) 7o) )

J J

il

Tj=ajz

(56)
for any k£ € N and where the constant dj ] o with respect to the variable x;, is given by
Y, L, = @
J=a; J Tj=a;
Taking the limit of , when k& — +00, we get
1 ~
lim (1% — I RLLS fi(x >
i (I 1 ) T A
: (zj —a)¥ ™ g [ a; ((bj —z)* ™"
k—1>I—QI—100 |:fk( ) F(Oéj) 51 Ti=a; 52 x;=b a;" /1,(37) F(aj)
= 1 1
31 (s 1 B () Pi0g e )) -1 (I“f V(@) filz > NG
S (g 1 ko (uto) o uto) 1 () ) (57)
(E]

By the assumptions stated we know that the following limits exist

lim fi(z) = g(x),

k—-+o0

lim PILS f(z) = f(),

k—+o00

1
. i 1 @ RL qo; RL qa; 7Y
oz <Ia;< @ b; ! (“(I) a3 0% f’“(x)) =1

11



Moreover, functions f and g are continuous in §2. Therefore

hm fk( )|:Ej:a_7’VI]‘:bj = g(xﬂzj:ajvxj:bj < OO,

k—+o0
9 . 1 R
lim (—I“ff"f r(x)RLLsfku)) - (—I“JI () RTE £ >) < o0,
k—+oo af p(x) b wj—a;Va,=b aof p(z) b xj=a;Va;=b
. . 1 -
lim (I"‘f — % r(2) RLLka(x)) - (I"‘f I () "ML £ ( )) < oo.
k—+o00 a;r /,L(l‘) b; z;=a;VE,=b; a;r M(l‘) J rj=a;Vz;=b

The above three pointwise convergences together with

lim <Iai L r(z) RLEfffk(%))

k—+o0 a; u(x) b;

J;j:aijj:bj
I ((bj - xj)””_1>
w=b; a5 \ p(z)T(ay)

301 (s e () M5 2) ) = 124 (5 17 () ) ) (59

3 M(x) i i J

— Y

Tj=aj

— lim [fk(x)—(xj_aj)aj_l e

k——+o00 F(O[j)

1;] rj=a;Vr,;=b;

give

lim _ f[j] T ((bj - l‘j) 1) + ila] ( 1 aj; RLam ( (.Z') lerao”f (SL‘))) < 0
k=00 ? z;=b; a;r N(x) F(aj) Tj=a; i=1 a;r u(z) b g “ ,

i i#] Tj=a;

N R ) e 1] o (b — @)™}

1 S A A - e e
kﬁulloo I F(Ozj) 1 zj=a; 52 zj=b; a;r ,u(a:) F(Oéj) z;=b;

Jrz I < @ I;,’ ’}'ﬁa% (/L(:L’) B;ﬁ@g‘fﬂ@)) < 0.
t#]

zj=bj
Consequently, we have from

Déji G () fla 4]
_Ia;— M(Qf) Ib7— ( )f( )+€1

(zj —a;)* "

5]
~ f
Tj=a; F(aj) 2

)+ Z a.J ( I;_J iLﬁal ( (x )i?@ig(x))) - Ij;ﬁ (,u(lac) Ig}j (v(z) g(a:))) . (59)
l#]

Applying —,(%) 1%%83; w(z) RLan to each term of (5 , taking into account and , and making straight-
forward calculatlons we get for each term of (5 .
. RLa% p(x) hogs (—1% L r(z) f(z)
r(x) b aj i ay p(x) b
1

_ RLaJ RL 9o aji 0‘]'7,1, ) = T
- ( ) 8 ( ) a;’arj Ia; M(l“) Ib; ( )f( ) f( ) (60)

: () — aj)”‘jl)
! Tj=a; F(Oéj)

REOR () Mg (5 — )t =0 (61)

Tj=aj

12



r(z) b z; by by
Z;éa
1 - Q o 7% 1 Qj o ;
=) o O ) T e T (@) "oz g(x) )
i#£j
_ % ZRLaaL ( RLaal ( )) (63)
#J
_LRL g ) BLyoi [ —1% L Y (u(z) oz
o ot i) o (122 (s 12 @) 9o )
— i O o) O 17 L 1 (vl g(0) = ) (o) (o4
i.e., expression becomes
1 %] &% i - a; a; V(x)
) = =y s ) o — o 3 (@) 0t 9(@)) + 75 o)
£
Summing up each member from j =1,...,n we obtain
> @) =~ ZRL@% SEag(e) - o 30 3 et (ule) otiate)) + Y- 4 olo)
Jj=1 j=1 2;‘% Jj=1
& nfa) = =i (U (o) "V g(0) - s (0= 1) Y 808 () "EaR0(o)) + 2 o)
& nfa) = === (V- (1) V() = s (0= 1) (PVR - (u(o) MV () f; 9(2)
& nfla) = =5 (U5 (ula) M 9(0)) + 0 A o)
& 1@) =~ (95 (1) "V g(w)) + ’;((gm

& f(x) = L3 g().
Hence, we conclude that

lim LY fi(z) = LS lim fi(x),

k——+oo k——+oco

and therefore the proof is completed.

4 Main results

Let 1 < < 2and 0 <~ <1, and let us consider the following non-homogeneous fractional Sturm-Liouville
telegraph equation:

GOl fa,t) — 0 §07 f(x,t) = —=TFLE f (2, ) + h(z, 1), (z,t) QX RT, 0>0, (65)

13



where 0C+8tﬂ (resp. §,07) is the Caputo fractional partial derivative of order 5 €]1, 2] (resp. v €]0, 1) with
respect to t, such that v < 8 — 1, XL is the fractional Sturm-Liouville operator 1) and subject to the

conditions , and

o - (#,0)=g1(z) 90,91 € CB(Q), (66)

f(l‘,O) ZQO(x)’ ot

where the space Cp(Q) is defined in ([#7). In our first main result, we study the existence of solution of the
homogeneous equation associated to , i.e., in the case when h(z,t) = 0.

Theorem 4.1 Let us assume that the fractional Sturm-Liouville problem @-, described in Section
has eigenfunctions yi and correspondent eigenvalues A\ obeying the following conditions

+o0 p— 2

) (Z P2 (B, 7,96, B0+ 1) + 0 M(B,7,p,0, Bp + 1+ 6 — 7))) < +ox, (67)
k=1

400 /400 |)\k|p,, 2

> Z M(B,7,p,0,Bp+2) | < +o0, (68)
k=1 \p=0

+oo |)\k|p+2 2

> Z M(B,7,0,0,8p+ 1) + 0 M(B,7,p,0, B0+ 14+ 8 —7)) | < +o0, (69)
k=1 \p=0

Foo /4o |3 ?

k=1 \p=0 ’

where M(B8,7v,p,0,8p+ 1), M(B,7,p,0,Bp+ 1+ 8 —7), and M(B,~,p,0,8p+ 2) are finite positive constants
given in and depending only on B, v, p, and 8. Then, the homogeneous fractional Sturm-Liouville tele-
graph equation associated to @ and subject to the conditions (@), , and has a continuous solution
f: QxRY = R given by the series

—+oo

Flat) = (yrs g0) un(t) + (yrs 1) vi(t) ya(2), (71)
k=1
where u and v are given by @ and (@) with A = A\g, respectively, and providing that for i = 0,1 and
j=1...,n

gi € span(Y) CLX(Q),  MIZg € L2(Q), I, %g(x)| =0 (72)
g z;=b;

Proof: In the proof we use the method of separation of variables, i.e., we seek for a particular solution of the

equation
60/ f(x,t) = 0 §0] f(,1) = —HLE f (1), (73)
subject to the conditions , and , in the form
flz,t) =T(t) y(z), (z,t) € A x R, (74)
Plugging into leads to
5107 T(t) y(x) — 0 §10] T(t) y(=) = —L) [ (V- - (n(2) "5 T(t) y(x))) + v(@) T(1) y(z)]

& o) [ 5000 =0 G T0] =~ T3 [ (T3 - (ute) "V y(a) + L) (o)

1
& = [ GO0 T -0 SOl T)] = ————— [

() REgE - (u(@) B7E y(a)) + (@) y(@)] = -\,

14



where A > 0 is the separation constant not depending on the variables z and t. We obtain the following
fractional differential equations

(607 T(t) — 0 507 T(1)| = -AT(8), (75)
= (Vg - (ule) PV (@) + v(@) y(@)] = Ar() y(a). (76)

Taking into account Theorem we have that the solution of is given by
T(t) = cu(t) +dov(t), (77)

where ¢ and d are real constants, and u and v are given by and , respectively. Moreover, equation
is the fractional Sturm-Liouville equation and by Theorem [3.1] there exists an infinite increasing sequence of
eigenvalues A\; < Ag < ... and the correspondent sequence of eigenfunctions y; (x), y2(x), ... for . Therefore,

fe(x,t) = (cgp uk(t) + dp v (b)) yi (), k=1,2,...,

where uj and vg are given by and , respectively, with A = Ag. Substituting in 7 we get

—+oo

Flat) = (crun(t) + dy vr(t)) yr(2).

k=1

Now, we determine the coefficients cj. Since u;(0) =1 and vj(0) = 0 (see (37)), we obtain from the first initial
condition in that

+o0
go(z) = f(2,0) = cryp(®). (78)
k=1

Multiplying by yi(z) r(z), integrating over Q and using the orthogonality condition for the eigenfunctions
we obtain

“+o0
ui(@) golw) r(x) = Y e (@) yulx) r(x)
k=1

+o0
s / () go(x) () dngck / yi () () () do

< (y, 90) = .

Since [ is arbitrary, we conclude that ¢ = (yg, go). For the case of dj, we have from the differentiation rule

that
u%(t) =X -1 E(ﬁ*%ﬁ)»ﬁ (9 tﬁ_’y, — Ak t’8> and ’U;C(t) = E(g,%B)’l (9 t’g_’y, — A tB) ,

and hence u},(0) = 0 and v, (0) = 1. Then, proceeding in a similar way as for the coefficients ¢, but considering
the second initial condition in , we get that (yx, g1) = dr.. We want to show that under assumptions ,
, 7 , and the series representing f is convergent in  x R™. We start obtaining some important
relations for the coefficients (yx, go) and (yg, g1). For the coefficients (yx, go), we have

(e 90) = / yi(2) go ) () da

[ (U (o) MV (0)) + (e) () g00) (o)
Q

~ N Jor(@)
1

= [ e gola) da
k JQ
1

= yi(z) "L go(w) da,
k JQ

15



where the last equality is due to the fact that in [3] it is proved that %FL® is a self-adjoint operator. Multiplying
and dividing the right-hand side of the last equality by r(x) leads to

1 ~ 1 ~
s 90) = 5 [ 00) IS go(o) (o) = - (e, L ).
Ak Jo Ak
Thus, the following relation is valid for the coefficients ¢y,

o )
| Akl
In a similar way, we obtain the following relation for the coefficients dy,
o 720}
| Ak | '

Moreover, taking into account the inequality , we have the following estimates for u; and vy

ekl = [yks 90)| = (79)

ldi| = Kyr, g1)] =

|k (£) |<Z| e oy B M(B,7,p, 0, Bp + 1)

A
Lo Z | k| AP B {=BP=B+Y M3, 7, p,0, Bp + 1 + B — )

p
_Z|/\k| M(B,7,p,0.Bp + 1) + 0 M(B,7,p, 0, Bp+ 1+ 8 —7)], (81)

A
|<Z| kl” PP =B M(B, 7, p, 0, Bp + 2)

I/\k|p
Z ol M(B,7,p, 0, Bp +2). (82)

p=0

Now we are ready to prove the convergence of the series . Taking into account , , , , Lemma
B:2] and considering k > ko, we have

[((yk> 90) uk(t) + (yk> 91) ve(t)) yi(2)]

< [k, go)| [un ()] |y (@) + [y, 90| [k (@)] |yr ()]

(o Mg )| ¢ > M“

<
| Ak

M(B,7,p,0,Bp+ 1) + O M(B,7,p,0,8p + 1+ 5 —7)) |yr(z)|

‘<yk, RLE391>‘ I ‘)\k|1’

+ oW > M(B,7,p,0, 8p +2) |yr(x)]
: =
’<y’“ >’ ()] = A
= M v [ 797 +1 +0M sy I 797 +1+ -

\/I/\T ME .( (B,7,p,0,Bp +1) (B,7,p, 0, Bp B=))
‘<y’“’ >‘ |yx (@ |)\k\p

n }: ,0,6p +2

TR i M)

<M, )< RIfa >’ IAklp :
< My [{ur, Z M(B,7,p.0,Bp + 1) + O M(B,7,p,0,6p + 1+ 5 — 7))
+ Mo Ky’“ MLt >‘ Z Mk‘p M(B,7,p,6, Bp +2). (83)
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By the Cauchy-Schwarz inequality for series we can prove the convergence of the following series

io lMO ’<y’“ MLy g >’ Z Mk'p : M(B,7,p,0,Bp+1) + 0 M(B,7,p,0,8p+ 1+ 5 — 7))]
k=ko
+ Z lMO ‘<yk ML >‘ Z Mk‘p : M(B,7,p,0, Bp +2)
k=ko

+o00 R % +o0 +o00 p,% 2
< Mo (Z ’<y’“ RLL390>’2> > (Z A (M(M,p,ﬂ,ﬂp+1)+9M(ﬂ,%p797ﬁp+1+6v)))

k=ko

N=

+oo N 2 +o0 |)\k| 2 %
0 (Z ‘<yk, RLL391>‘ ) > <Z M(B,7,p,0, ﬁp+2)> ,

k=ko k=ko

where the series in the right-hand side are convergent because RLE;} 90, RLEZ? g1 € L2(Q) and due to assumptions
@ and . Hence, by the Weierstrass criterion for uniform convergence, the series defining the solution

—+oo

fla,t) = Z (ks go) uk(t) + (Yk, 91) vi(t)) yr(z)

k=1

is uniformly convergent in any compact subset of £ x RT. This fact implies that the function f is continuous in
Q x R*. Finally, we shall prove that the series defining f can be differentiated term by term using the Caputo
fractional derivative with respect to the time variable, or using the fractional Sturm-Liouville operator RLEﬁ.
From and , we have that

(§0¢ 0 §a7) e zyk (607 =0 §07) (. 90) wnl®) + (s 91) ve(t)

—+oo

== > M (s 90) wie(t) + (yrs 1) o)) wi() (84)

k=1
and

—+o0

FELS Fa,t) = Y (ks g0) we(®) + (ye, 91) vi()) PLoyx(x)

k=1

—+oo

=D Mk ((uns 90) wn(t) + (s 1) v (1)) yu(2)- (85)
k=1

Since expression and are equal up to a sign, we study only the convergence of (for expression
the analysis and conclusions are the same). As it was done previously, taking into account , 7 ,
(182), Lemma and considering k > kg, we have

M ((Uks 90) wr(t) + (yk, 91) vi(t)) yi ()]

< Akl Kk go)| Tur (O] [yx(@)] + Xkl [{yr: g0l [ox (O] yn(2)]

(o L 00| & SN
< Akl el > M(B,7,p,0,8p+1) + O M(B,7,p,0, Bp + 1+ B = 7)) |ye()|
p=0
y ’RLLoc p
W o " ) Z'A’i' M(B,%,, 0, Bp +2) ya ()

17
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~ M.|P
= | (v "LE g0) mW' V'MZ' L (M8, 7,,0, 80+ 1)+ 0 M(B.7,.0, Bp 41+ 8 )
] P!

+ (. " 1 )| 'ykrﬁz'“ M(B,7,p,0, Bp +2)

P+2
‘ M(B,7,p,0,Bp+ 1) + O M(B,7,p,0,8p+1+ 5 —7))

<0 o VT3 )] 35 P

~ p+2
£ 3y (. "I )] Z' L M5 p.0. 80+ 2) (56)

Again, applying similar arguments and calculations as before, we observe from that series and
are uniformly convergent in any compact subset of Q x RT. By Lemmas and we can calculate
( g’lﬁtﬁ -0 gﬂﬁ?) f(x,t) as well as BLLY f(z,t) term by term verifying that the series 1] fulfills .

Remark 4.2 Due to Remark the series representation mn Theoremfor the solution of the homoge-
neous space-time fractional telegraph equation coincides with the correspondent one presented in [@ when
we consider r(x) = p(x) =1, 0 = =2\, f=a, and y =0 in Theorem andc=1, =2, and f(z,t) =0 in
Theorem 1 in [@/

In our second main result, we study the existence of a solution of the non-homogeneous equation . For that,
we additionally assume that the function h € L?(Q x (0, 7)) for T' > 0 arbitrary, is given, in the form of a series,
by

“+oo
)= Ap(t) yi (). (87)
k=1

Theorem 4.3 Let us assume that the fractional Sturm-Liouville problem (@)— described in Section
has eigenfunctions yi and eigenvalues A\, obeying to conditions (@)-(@, and also to the additional condition

+oo [/+oo ‘)\k|p 2 2
D (2T MG 0. 8p 414 8) | < o (88)
k=1 \p=0 :

Moreover, let us assume that the function h given by is such that

400 )
DAL, ., (89)
k=1

is convergent in any interval (0,T) for T > 0. Then the non-homogeneous space-time fractional telegraph
equation (@) with conditions (@), , and (@) has a continuous solution f : Q2 x Rt — R given by the series

+o0 t
flat) =) {@/k, o) wk(t) + (Yks 1) vi(t) +/0 (t = )" G s, (t = w) Ag(w) dw | gy (), (90)

k=1

where ug(t) and vi(t) are given by and (36), respectively, with X = Ay, and Gg 0,—x, (2) is given by (38),
and provided that @) is satisfied.

Proof: Similarly to the proof of Theorem we look for a series solution of the form

+oo
t) = ZTk(t) Yr(@), (91)
k=1

18



where yi, with & € N, are the orthonormal eigenfunctions of the Sturm-Liouville problem —. Substituting
(191) into we arrive to the following set of non-homogeneous linear fractional differential equations for the
coefficients T},

SO, Tiu(t) — 0 §:0)Ti(t) = =i Tho(t) + Ax(t). (92)

From Theorem we have that the solution of is given by
t
Tk(t) = Cp uk(t) + dj Uk(t) + / (t — w)ﬁfl Gﬁ,'y;G,—)\k (t — U)) Ak(w) dw,
0

where uy(t), vi(t) and Gg ~.0,—x, () are given by , , and (38) respectively, with A = Ag. Therefore, the
solution f given by takes the form

+0o t
Pty = 3 [owun) + o)+ [ (0= 007 Gaa ¢~ ) Axfu) o] ). (93)

k=1
By the initial conditions we conclude, similarly as in the proof of Theorem that ¢ = (go, yx) and
di. = (g1, yx). The first part of the series , corresponding to the solution of the homogeneous equation,
is uniformly convergent on any compact subset of 2 x R* and can be differentiated term by term using the
fractional Caputo derivatives 8}8{3 -6 gﬁg or using the fractional Sturm-Liouville operator RLE,?‘ in Q x Rt
(see proof of Theorem [4.1)). Hence, we only have to prove the similar result for the second part of the series (93]).
Taking into account Theorem 2.7 in |2| about the interchange of limit operation and fractional integration, we
conclude that it is enough to show that the following derivative series

+oo t
(Gar —o0 .7) [Z =) Gt =) At yk<x>]
k=170

(5o -0 6ar) | [ (=) G (£ = ) A o] (o

I
+  =NAT
s M8

[Ak =0 Gt = ) Auw) Ak<t>] yel(2) (04)

£
Il

1

is uniformly convergent in any compact subset of  x RT. On the one hand, we have that

t
— A\ / (t — w)ﬂfl Ggﬁ;g,_)\k (t — U}) Ak(w) dw
0

t
:—)\k/ wh1 Gg,:0,— 2, (W) A (t — w) dw
0

foo Pyt
- (p+1,1)
=\ Z # / wPPTA=1 Oy wP= | Ap(t — w) dw. (95)
=0 D 0 (Bp+B,8—")
On the other hand, taking into account the differentiation rule (24), we have that
1,1 1,1
w1, p+1.1) fuwlP=r | = wfPHAr=2 g, SR fut ‘|
(Bp+ 8,8 =) ((Bp+B+1)—1,8-7)
d (p+1,1)
= [wﬁpw U, Qwl= ||. (96)
v B+ B+1,8-7)

Therefore, from 7 we conclude that we can rewrite the inner integral in the right hand-side of using the
classical formula of integration by parts. Hence, we get

t t
— A\ / (t — w)ﬁfl Gg,,y;g’_)\k (t — w) Ak(w) dw = =\, / wﬁfl Gﬁ,'y;G,—)\k (’LU) Ak(t — w) dw
0 0
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w=t

(p+1,1)

wl=7 | Ap(t —w)

+oo (_)\k)P St B
T o= 4 PR
=0

w=0

t (p+1,1)
—/ wPPtP oy A wbl— diAk(t —w) dw]
0 (Bp+B+1,8-7) v
X (=) (p+1,1)
=~ Z % [tﬁzﬂ-ﬂ A 077 | Ap(0) —
p=0 p: (6p+6+13677)
Ry S (p+1,1)
+ g Z % / wPPTP ) 0w iAk(t —w) dw.
= P 0 dw

Bp+B+1,8-7)

Therefore, series takes the form

+oo +OO (p+1’]‘)
tBPJrﬁ T, 98— A (0
;; PR k(0) yk(2)
“+oo +oo +1 t 171
k=1 p=0 % ) -
- Z Ag(t) yx (). &)
k=1

Taking into account Lemma estimate for 1 ¥4, the Cauchy-Schwarz inequality for series, and assumption
, we have the following estimate for the first series of

+o0o +oo +1
N (p+1,1)
Z Z( k') PP +8 g, 0177 | Ap(0) yx(z)
i SR Y Br+B+1,8-7)
+00 +o00 p+1 p+1,1
<SS el g [ P | Ao et
P S U (Br+B+1,8-7)
400 +oo +1
A
SZ Z| &l PB4 =8 M(B,5,p,0,Bp + B+ 1) [Ar(0)| Mo /| Ax]
k=ko p=0 P!

Nl=

SHASIE \“2 N e
< My §j< : vaﬂﬁp+ﬁ+”) (}:L%@W) < oo, (98)

k=ko k=ko

whenever k > ky. For the second series in , taking into account Lemma estimate for 1y, the
Cauchy-Schwarz inequality for series, and assumptions and , we have that

400 +oo t (p+171)
‘ Z Z[ /wB;D+B1\I,1 wB— diAk(t—’w)dw"‘rAk(t) Y ()
it 0 Bp+B+1,8-7) Y
+oo +oo +1 ¢
< Z Z| lc‘ / Bp+p 19, 0 whP— ‘dAk(t—w)’ dw \yk($)|
k=ko p=0 (Bp+B+1,6—7) v
+oo +oo |)\k‘p+1 t d
Z Z / Bp+8 wfﬁp*ﬂM(ﬂv%p,g’ﬁp+ﬂ+1) ‘du}Ak(tw)’ dw My /| Ak|
k=ko p=0
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+o0o +oo |>\k|p+2 t 5 % t d 2 %
< Y (/ (M(B,,p,0, Bp+ 5+ 1)) dw) | gt - w)| dw
k=ko p=0 o 4w
+oo +0oo |)\k|p+
<ap Yy ﬁvp,eﬂpwﬂfoAkt— w)
k=ko p=0 L2(0,T)
™= |/\k|P+2 N 24 2 3
k=ko \p=0 k=ko w L2(0,T)
(99)
whenever k > ko and in any (0,T), T > 0. For the third series in we have
= |h(z,t)] < +oo, (100)

because by hypothesis h € L?(Qx (0,T)), T > 0, and it is given in the form of the convergent series . Taking
into account the conclusions obtained in , , and ([100)), we get our result by the Weierstrass criterion for
uniform convergence.

Remark 4.4 Due to Remark the series representation (@/ m Theorem for the solution of the non-
homogeneous time-space-fractional telegraph equation @ coincides with the correspondent one presented in (6]
when we consider r(x) = p(z) =1, 0 = —2X, 8 = «, and v = § in Theorem and c =1 and B8 = 2 in
Theorem 1 in [6].

5 Examples

In this section we present some examples that illustrate some of our results.

Example 5.1 Let us consider the following time-fractional Sturm-Liouville problem

G0 fat) ~ 0 G0 fwt) = o (L 00, (101)

where x € [1,¢e] and t € RT, and subject to the boundary and initial conditions
FL) = fle,) =0, teR* (102)

@0 =00, Pw0=0@) g0 €O (lLd). (108)

Problem (u/ (-) is a particular case of the problem studied in Theoreml withn =1, a =1, u(z) = 22,
v(z) =0, and r(x) = 1. For the classical Sturm-Liouville problem with u(z) = 2%, v(z) =0, and r(z) = 1, the
eigenvalues are of the form \p = — (k27r2 + i) and the corresponding orthonormal eigenfunctions are

2
yk(x):\/;sin(kﬂ'lnx), k=1,2,....

Theorem implies that the solution of problem — is given by the series

fla,t) \f <<\[ sin(kr In ), g0> w(t) + <\/§ sin(kr lnz),g1> vk(t)> sin(kr In ),

where u and v are given by and @) with A = — (k27r2 + i)
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Example 5.2 Let us consider the following time-fractional Sturm-Liouville problem

G00 fat) ~ 0 G0 flant) =0 - (+ 5L (@), (104)

where x € [1,¢e] and t € RT, and subject to the boundary and initial conditions

FOL6) = fet) =0,  teR* (105)
of
f(fﬂ,()) :90(‘%)) a(xao) :gl(if) 9o, g1 € CB ([176]) (106)
Problem — is a particular case of the problem studied in Theorem withn =1, a =1, ulx) =,
v(z) =0, and r(z) = L. For the classical Sturm-Liouville problem with p(z) = z, v(z) = 0, and r(z) = L,
eigenvalues are of the form A\, = —k?>m? and the corresponding orthonormal eigenfunctions are
[ 4k?m2 +1
yk(x) = m sm(kﬂ'lnx), k= 1,27....
Theorem implies that the solution of problem - is given by the series
400 2.2
4k 1
fz,t) = ; ((sin(kmInx), go) ur(t) + (sin(krlnx), g1) vi(t)) Wetl) sin(km In z),
where u and v are given by and (@) with A = —k?72.
Let us now consider the following non-homogeneous equation
C 9B C g7 9 of G .
0:0f f(z,t) — 0 5.0 f(z,t) == 5. \& %(x,t) + ZAZ sin(l7Inx), (107)

1=1
where A; € R, m € N, and subject to conditions —. By Theorem with n = 1, its solution is given
by

—+oo

: , ARPT +1
flz,t) Z ((sin(kw lnx), go) ug(t) + (sin(kmlnx), g1) vr(t)) Py p— sin(km Inx)
k=1
m ¢
+ Z A sin(Irlnx) / (t —w)P L Gpp, -, (t — w) dw, (108)
1=1 0

where u(t) and vg(t) are given by and (@, respectively, with A\ = —k*1%, and G .0,—x, (2) is given by
@, Applying

z
/ "7 Elay a0y b (it™, wat®) dt =" E(q, ay) 511 (wit™, wat®),  a1,a2,b € R,
0
to the integral part of we get

t t
[ =0 Gt = whdu = [ (=) B (06 = 0) 7 <A = 0)) du

=17 B(g—, 5,511 (01°77, =A17). (109)
Combining with we conclude that
I 2,2
4k 1
flz,t) = ; ((sin(kw lnx), go) ug(t) + (sin(kmlnx), g1) vi(t)) W@tl) sin(km lnx)

+ ZAZ sin(lr Inz) t° Eg—+, ), 41 (0 P, f)\tﬁ) ,
=1

18 a solution to equation with conditions —.
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Example 5.3 Let us consider the following time-fractional telegraph equation
G0 f(,t) =0 G.07 f(x,t) = Af(a,1), (110)

where x € Q = [0,7]" and t € RY, and subject to the boundary conditions

fl@, )]y —g =0 = flz,t)],_ teRY, i=1,...,n, (111)
and the initial conditions
0
f(2,0) = go(w), 8*{(%0) =g1(x) 90,91 € Cp(Q). (112)

We observe that (@)— s a particular case of the problem studied in Theorem with a = (1,...,1),
w(x) =1, v(z) =0, and r(z) = 1. Moreover, for the classical Sturm-Liouville equation in R™ the orthonormal
eigenfunctions are given by

ne = (2) [T sints ).

where A =Y, k? and k; € N. Considering a reordering of the values of A we can obtain a new sequence Ay,
with k € N, that constitutes the infinite set of eigenvalues. Theorem [{-1] implies that the solution of problem

@- is given by the series
2 n —+oo n n .
fz,t) = <W> Z <<H sin(k; xi)»90> ug(t) + <H sin(k; xi),gl> vk(t)> Hsin(ki ),
i=1 bl palet

k=1

where u and v are given by and @ with A = Ak.

6 Conclusion

In this paper, we considered the homogeneous and non-homogeneous fractional Sturm-Liouville telegraph equa-
tion in R™ x R™ with appropriate boundary conditions, where the time-fractional derivatives are in the Caputo
sense and the space-fractional derivatives are expressed in terms of a fractional Sturm-Liouville operator. We
obtained a series representation for the solution via the method of separation of variables and we studied the
conditions that guarantee the convergence of the series solution. Moreover, it is shown that the obtained series
representation is equivalent to the obtained in [6] when we reduce the fractional Sturm-Liouville operator to
the classical Laplace operator.
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