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Abstract

The present study introduces the two-sided and right-sided Quaternion Hyperbolic Fourier Transforms
(QHFTs) for analyzing two-dimensional quaternion-valued signals defined in an open rectangle of the Eu-
clidean plane endowed with a hyperbolic measure. The different forms of these transforms are defined by
replacing the Euclidean plane waves with the corresponding hyperbolic plane waves in one dimension, giving
the hyperbolic counterpart of the corresponding Euclidean Quaternion Fourier Transforms. Using hyper-
bolic geometry tools, we study the main operational and mapping properties of the QHFT's, such as linearity,
shift, modulation, dilation, symmetry, inversion, and derivatives. Emphasis is placed on novel hyperbolic
derivative and hyperbolic primitive concepts, which lead to the differentiation and integration properties
of the QHFTs. We further prove the Riemann-Lebesgue Lemma and Parseval’s identity for the two-sided
QHFT. Besides, we establish the Logarithmic, Heisenberg-Weyl, Donoho-Stark, and Benedicks’ uncertainty
principles associated with the two-sided QHF T by invoking hyperbolic counterparts of the convolution, Pitt’s
inequality, and the Poisson summation formula. This work is motivated by the potential applications of the
QHFTs and the analysis of the corresponding hyperbolic quaternionic signals.

Keywords: Quaternion hyperbolic Fourier transforms, Plancherel and Parseval identities, Riemann-
Lebesgue Lemma, Pitt’s inequality, Uncertainty principles, Hyperbolic Poisson summation formula.

1 Introduction

In recent years, the Quaternion Fourier Transforms (QFTs), which are generalizations of the Fourier transform,
have been the focus of many research papers because of their applicability to signal and image processing.
Much progress has been made on this topic and applying QFTs in theoretical and applied mathematics. These
results can be found in image diffusion, electromagnetism, multi-channel processing, vector field processing,
shape representation, linear scale-invariant filtering, fast vector pattern matching, phase correlation, analysis
of nonstationary improper complex signals, flow analysis, partial differential systems, disparity estimation, and
texture segmentation, as well as spectral representations for hypercomplex wavelet analysis (see [245]9,[10L[20L
42,/45,/46] and elsewhere).

Recent literature advocates hyperbolic manifolds as embedding spaces for machine learning and computer
vision tasks (see [1,[35,/41] and references therein). Hyperbolic embeddings also have profound connections to
visual data due to latent hierarchical structures in vision data sets. These works use the Poincaré model of
hyperbolic geometry as embedding space. The analogue of classical Fourier analysis for Riemannian symmetric
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spaces of noncompact type was developed by Helgason (see, e.g., [26H28]). The kernel of the Helgason-Fourier
transform in hyperbolic space consists of scalar-valued eigenfunctions of a second-order differential operator.
In recent years, Petrov [43] defined the Fourier transform and the convolution of functions on the interval
(=1,1) by employing the diffeomorphism between R and (—1,1). This transform is a particular case of the
Helgason-Fourier transform for the one-dimensional case, which found applications in the study of differential
and integro-differential type equations, including Prandtl, Tricomi, Lavrentjev-Bitsadze, and Laplace-Beltrami
equations on the sphere [43[/44]. In [24], Ferreira used the algebraic structure of the Mébius gyrogroup to study
hyperbolic harmonic analysis on the Poincaré ball model of hyperbolic geometry.

This paper aims to extend the QFTs to spaces of quaternion-valued signals defined in an open rectangle
of the Euclidean plane endowed with a hyperbolic measure. We call these new transforms the Quaternion
Hyperbolic Fourier Transforms (QHFTs). Although this can be accomplished in different ways, as explained
below, we shall confine our attention to the two-sided and right-sided QHFTs. For this purpose, we consider
two quaternionic hyperbolic exponential kernels, where two generators of the Quaternion Algebra take over the
role of the imaginary unit. The hyperbolic geometry of the Poincaré disk model encoded in the transforms
considered in (28] and [24] differs from the one we propose since we will work in an open rectangle endowed
with a hyperbolic measure involving two different directions.

The works of Ernst et al. [22] and Delsuc [16] in the late 80s, as based upon Sommen’s definition of a
Clifford Fourier Transform (CFT) [47,/48], were the historical starting point from which a significant part of the
development of QFTs originated. Ernst and Delsuc’s two-dimensional QFTs were put forward and applied to
nuclear magnetic resonance imaging. The QFTs in question were of the following form:

F(f)(wy,wa) = / f(xl,xg)eixlwlej”"‘wdmldmg; f:R? > H, (1)
]R2

where (21, 15), (wi,ws) are points in R?, and the product el®1«1ed*292 ig a two-dimensional quaternion Fourier
kernel. Another often-used convention for the QFT is to split in the factor (2m)~2 asymmetrically or
equivalently, replacing it with a factor 27 in the exponents. This version of the QFT is merely a particular
case of the CFT introduced by Brackx et al. in [8]. In [10], Biillow et al. followed a different approach to
the CFT. In [36], Li et al. extended the complex Fourier Transform holomorphically to a function of several
complex variables. A discussion of the main properties of the QFT of the form , about linearity, shift,
modulation, dilation, moments, inversion, derivatives, Plancherel and Parseval identities, and investigation of
a convolution theorem can be found in [30]. Specific studies relating to those particular cases of QFTs were
discussed in [21}[31] and |25, Ch. 11]. In [39], Mawardi et al. derived an uncertainty principle for the QFT of
the form , which prescribes a lower bound on the product of the effective widths of quaternionic signals in
the spatial and frequency domains; cf. also [29,(3238]. Recently, two novel uncertainty principles were proposed
in [49], commencing with a QFT in the form . Generalized sampling expansions of band-limited quaternionic
signals associated with were established in [14]. An account of the essential recent investigations originating
in the QFT can be found in [11] and [34].

Because the exponentials in do not commute, nor with the signal f, different formulations are possible
for the two-dimensional QFTs. In the meantime, an indication of a QFT with the two exponentials positioned
on each side of the quaternion signal was given by Ell in [18}[19]:

F(f)(wr,w2) :/ T (1) 19) 22 day ds. (2)
R2

The study of Pitt’s inequality and the uncertainty principles associated with the two-sided QF T can be found
in [12]. Zou et al. [50] used this version of the QFT to study a new class of two-dimensional quaternionic signals
whose energy concentration is maximal in both space and frequency. For a given finite energy quaternionic
signal, the authors found the possible proportions of its energy in a bounded spatial domain and a bounded
frequency domain, including the signals that do the best job of simultaneous space and frequency concentration.

The paper is organized as follows. Section [2| provides some basic concepts and notations of quaternionic
analysis and introduces the structure of gyrogroups essential in the sequel. Section [3| presents the two-sided
QHFT and establishes its main properties, including linearity, shift, modulation, dilation, symmetry, inversion,
derivatives, the Riemann-Lebesgue Lemma, Plancherel Theorem, and Parseval’s identity, representing hyper-
bolic counterparts of the corresponding properties for the Euclidean QFTs. Emphasis is placed on hyperbolic



derivative and hyperbolic primitive concepts, which lead to differentiation properties of the QHFTs. In Sub-
section [4.1] we prove Pitt’s inequality for the two-sided QHFT, which plays an essential role in establishing the
quaternionic versions of the Logarithmic, Heisenberg-Weyl, Donoho-Stark, and Benedicks’ uncertainty princi-
ples on hyperbolic spaces in Subsections and These results provide an impetus regarding the potential
applications of the QHFTs. The approach requires introducing the hyperbolic convolution operation for the
two-sided QHFT that works well with both the QHFT and its inverse, leading to a hyperbolic analogue of the
convolution and product formulas of the QFTs. Subsection establishes as well the hyperbolic analogue of
the Poisson summation formula for the two-sided QHFT and some related proper identities. Section [5] uses the
steerable orthogonal 2D planes split of quaternions [30%33] to decompose the two-sided QHFT into two com-
plex transforms. The new general form of the two-sided QHFT allows us to prove Hausdorff-Young and Pitt’s
inequalities. Section [f] studies the right-sided QHFT and its main properties. Section [7] shows the concluding
remarks. These results are done here for the first time to the best of our knowledge.

2 Preliminaries

2.1 The Hamilton’s quaternion algebra and quaternion modules

Let H denote the Hamilton’s Quaternion Algebra over R defined by
H:= {q=qo +ig +jg2 + kg3: ¢; €R, i =0,1,2,3},

where i, j, k are the quaternionic imaginary units satisfying the multiplication rules i? = j2 = k? = ijk = —1.
A quaternion g can be written as ¢ = qo + ¢, where the scalar and vector parts of ¢ are defined, respectively, by
Sc(q) = qo and ¢ = iq1+jg2+kgs. Even though the multiplication of two quaternions is noncommutative, we have
Sc(pq) = Sc(gp), for all p,q € H. The conjugate of a quaternion ¢ is defined by § = Sc(q) —q = qo—iq1 —jg2 — kg3,
and the (algebraic) norm of ¢ is defined by |q|? = qg = Gq = Z?:o ¢?. The following properties hold:

g=q, ptq=p+q Ppq=3p, |pal=Ipllal,  Vp,q€MH. 3)
Due to the tensorial nature of the QFTs, we are concerned with H-valued functions defined in an open rectangle
Rfl,tz = {(x1,22) € R?: |x1| < t1, |xo| < ta},
where t1,t, € RT; that is, functions f: R7 ,, — H of the form

f(@) = fo(z) +ifi(z) +jfa(z) + kfs(z) (4)

with 2 = (z1,22) € R} ,, or, equivalently, in a symmetric form as (see [30])

f(@) = fo(z) +ifi(z) + fo(2)j +ifs(2)], ()

where the f; (i = 0,1,2,3) are real-valued functions defined in R7 .
For ¢ = qo + q € H, the quaternion exponential function e? is defined employing an infinite series as
el =3 q"/n! (see, e.g., [40]). Using the Cauchy product of €% and e, one obtains e? = e%¢e with

q .
et = cos(lq) + 1 sin([a). (6)
Definition 1. A function f = fo +1if1 + jfo + kf3 defined on beh s said to be h-measurable if and only if
each of the f;’s are measurable on R%,tz with respect to the hyperbolic measure defined by
dx dzo

tF t3

Further, we say that f is h-integrable over R%,tz with respect to the given measure if and only if each of

the f;’s is integrable on R? , . i.e., the f;’s are measurable functions on R} , and [z  fi(z)du(z) < oo for
. ’ ’ ty,to

every i.



Definition 2. Let 1 < p < co. The space LP(thtQ,H) is defined to be the collection of all equivalence classes
of all measurable H-valued functions f defined on R, ,, such that |f|? € L'(R7, ,,), i.e.,

Lp (R?th? H)
9 1/p
- {f: R2 , — H measurable, | ], = ( |f(x)|pdu(:c)) < oo}.
RZ
t1,ta
For p = oo, the space LOO(Rflm,]HI) contains essentially the bounded measurable functions f: R?hh — H with

norm | flloe = ess sup,eze | |7(@)].

It is clear that if f € LP(R? ,,,H), then af is also in LP(R? ,,,H) for all « € H. Since |f + g|P <
2 (|fI? + |glP), LP(R, ,,,H) is also closed under addition. Accordingly, LP(R? , ,H) is a left-linear module
over H.

We will consider the primary space LQ(REM ,»H) endowed with the left-quaternionic inner product

= [ 1) 5@ dn) (8)

for all f,g € L*(R7, ;,,H). It is a (left) quaternionic Hilbert space with the associated norm | f|l2 = ({f, Y2,
which coincides with the usual L?(R7, ,,, H)-norm for f, viewed as a vector-valued function in R? .

2.2 The 1D hyperbolic plane waves revisited
Let us consider the open interval (—t,t), with ¢ € RT, endowed with the binary operation
a+b

1+ 9’

a®db = a,b € (—t,t). (9)

Then ((—t,t),®) forms an abelian group.
It is possible to introduce a relativistic scalar multiplication in (—t,t) given by

r®b = ttanh(rtanh~'(b/t)), r€R, be (—t,t) (10)
turning ((—t,t),®, ®) into a vector space. The following distributive laws hold:
l.re(edd) = (rea)®(reb)
2. r+s)®@a=(r®a)®(s®a)

for all ;s € R and a,b € (—t,1).

In this way, the open interval (—t,t¢) has an algebraic structure similar to R, and in the limit ¢ — +oo,
the hyperbolic structure agrees with the Euclidean structure. There exists indeed an isomorphism between
(R,+, x) and ((—t,t),®, ®) through the mapping f(z) = ttanh(z/t), z € R.

We will now introduce the 1D hyperbolic plane waves on (—t, t), which have similarities with the 1D Euclidean

plane waves.

Definition 3 (cf. [24,43]). Let t € RT. For w € R and x € (—t,t), the 1D hyperbolic plane waves e, () are
defined by

It turns out that we can write as

ew,t(:ﬂ) _ eT _ eiwttanh_l (%) ) (12)
The following proposition shows the main properties of the function e, () defined by .

Proposition 1. For w,£ € R and z,y € (—t,t), we have



1 ey u(w)eci(z) = ewier(T),

2. ew,t(l‘ 52 y) = ew,t(m) ew,t(y);
3. t—lgknoo ewt(r) = 7.

Proof. By , Property 1 follows from

w t(‘r) ee t(x) — eiwttanhfl(w/t) eifttanhfl(w/t)

_ ei(w+§) ttanh ™! (x/t)
= ew+§,t(x)~

To prove Property 2, we consider x/¢t = tanh(6;) € (—1,1) and y/t = tanh(d2) € (—1,1). Using the addition
formula

tanh(6;) + tanh(60s)
1+ tanh(&l) tanh(Gg)

= tanh(91 + 92),

we obtain

Co (@ y) = 101102
— eiw t91 eiw t02

_ eiwttanhfl(w/t) eiwttanhfl(y/t)
= €ut(2) et (y)-

Property 3 is based on the following limit computed using L’Ho6pital’s rule:

x
lim ttanh™'(z/t) = lim > = T.
t——+oo t—+oo ] — %

O

From Property 3, we can see that in the large limit of ¢, ¢ — 400, the hyperbolic plane waves converge to

the corresponding Euclidean plane waves.

3 The two-sided Quaternion Hyperbolic Fourier Transform

3.1 Definition and properties

In this section, the definition of the two-sided QHFT and a discussion of its main properties for functions in
L'(R7, ;,,H) will be provided. In addition, a theorem will be proven that gives conditions under which the
inverse of the QHFT can be calculated. The treatment given here is a generalization of that considered by
Ernst et al. [22] and Delsuc [16], employing the gyrolanguage of analytic hyperbolic geometry.

Throughout this paper, we found it convenient to introduce a special symbol to denote the extension of the
hyperbolic variable x = (z1,22) € betz to the whole of the space R? by setting

z = (zy,2,) = (tr tanh™" (z1/t1), t2tanh™" (z2/12)) € R (13)
The hyperbolic addition and the scalar multiplication in Rfl’t , are defined componentwise by
(z1,22) @ (y1,92) = (21 B Y1, 22 B y2)
and
A® (x1,22) = (A®@ 21, A @ 2)

for all (x1,22), (y1,¥2) € Rf, ;, and all X € R.



Definition 4. The steerable two-sided QHFT of f € L*(R? ,,,H) is the function Fou(f): R7 ,, — H defined

as
Fou(f)w) = flw) = [ e o fajemime o), (14)
R? 1y
where w = (w1,ws) € R2. We refer to (w1, x2) as hyperbolic-space variables and (wyi,ws) as angular-frequency
variables.
Since |[e 2™ 21 f(g)e2M Eaw2| = | f(z)| for x € R7, ;, and w € R?, it is clear that if f is absolutely integrable

in bet ,» then the two-sided QHFT given as is defined, and the corresponding integral converges absolutely
for w € R2. We shall observe that the order of the factors in has to be written in a fixed order since the
quaternion hyperbolic Fourier kernels e~ 2m121%1 =27 Z:92 o not generally commute with every element of the
quaternion algebra.

It is well to observe that with , the four QFT-components separate four symmetry cases for real signals
f in the form

Fou(£)) = [ | cos(2myen) cos(znyen) (o) duta)

- i/ sin(2mz,wy) cos(2mzows) f () du(zx)
R?

t1,t2

- j/]R cos(2mz wy) sin(2mzaws) f(x) du(z)

2
t1,tg

+ k/]R sin(27z; w1 ) sin(2mzows) f () dp(z). (15)

2
ty,to

Figure [I| shows some of the basis functions of the QHFT in the spatial domain. The frequency parameter is
modified from image to image.

1 |I I I I|
XL

X1

Figure 1: The small images are intensity images of the real part of the basis function in , for ¢t; = 20 and
ty = 10.

From 7 it is easy to see that Fop(f) has a symmetric representation:
fw) = fo(w) +ifi(w) + fo(w)j +ifs(w)i, (16)

where f; = Fou(fi)(w) (¢=0,1,2,3). Similarly, as in [12], we define a new modulus of 7 that depends on w by

3 1/2
1fw)lg = (2 |ﬁ<w>|2> . (17)
1=0

By the modulus \ﬂQ of a quaternion-valued function f, we understand the function whose value at any point
w equals the sum of the (algebraic) norm of each component f; of f at that point. Thus, |f|g is always a

real-valued nonnegative function.

6



The above discussion motivates the following definition [12]. By 7 the LP-norm of fis defined by

~ =\ 1/p
flaw = ( [ | 1Fel as)”". (18)
where dw = dw;dws is the Lebesgue measure on R?. This allows to define the following LP-space for the two-sided
QHFT:
LP(R?,H) = {f R? — H measurable, ||fHQ7p < oo}

We remark that the norms Hpr and HfHQ,p do not coincide when f is a quaternionic (non-real) function.
The following proposition shows the elementary operational properties of the proposed two-sided QHFT

defined in .
Proposition 2. Let f,g € L'(R?, ;,, H), (z1,22), (y1,92) € R, ,,, 0 = (61,02) € R?, and A\, Ay € R\{0}. Then
1. (Linearity)

o~

Foulaf +Bg)(w) = af(w) + fjw), Ya,B€ER, (19)
2. (Hyperbolic translation)
Fou(f(1®y1, 22 @ o)) (w) = T fw)e? B L2, (20)
3. (Modulation)
Fou(e™ 0% f(z) 2™2:%)(w) = f(w - 0), (21)

4. (Hyperbolic dilation/scaling)

Fou(f(M @z, A2 @ 22)) (w) = |)\11)\2| J?(%,%), (22)
5. (Symmetry)
Fou(f(Ez, 1)) (W) = fdwy, +ws). (23)

Proof. The first property is immediate by definition of the two-sided QHFT, and the last property follows
since tanh ™! is an odd function. Property 2 follows using the change of variables z; ® y; = 2;, i = 1,2, which
are equivalent to x; = z; © y;, ¢ = 1,2, together with the hyperbolic translation invariance property of the
hyperbolic metric and Property 2 in Proposition

Now, Property 3 follows from the equalities

627"i£1‘916_27"i§1“’1 — e—27ri§1(w1—01)

and

2mj 2502 =27 Tyw2 —27mjay(w2—02)

(& =€

To prove Property 4, we make the change of variables \; ® z; = y;, ¢ = 1,2, which are equivalent to x; =
(1/X\;) ® yi, i = 1,2. Thus, it follows that

eQ'rri (1/)\1)®g1w1 —27rig1(w1/>\1)

=e
and

e271'j (1/)\2)®g2w2 727rjg2(w2/)\2)

=€

Since

ﬁ Al 1
iy cosh? ()\i tanhfl(yi/ti)) 1

i

gives the Jacobian of the change of variables, then by straightforward computations, we obtain

1 1 1
(ot o) = L dulon)
m >\1®y1 >\2®Z/2 IBY w(y1,y2)

Therefore, Property 4 follows. This completes the proof of the proposition. O



In the remainder of this section, we shall establish the continuity and differentiability properties of the two-
sided QHFT defined in (14). To facilitate the motive, as a preliminary step, we shall describe the concepts of
hyperbolic continuity and hyperbolic derivative within our context.

Definition 5. Lett € RY, f: D C (—t,t) = R, and a an interior point of D. We say that f is h-continuous
at the point a if for any real number € > 0 there exists some real number § > 0 such that for every x € D with
|z ©al <4, it holds that |f(x) — f(a)] < e.

Definition 6. Let t € RT, f: I — R, where I is an interval in (—t,t), and a,x interior points of I. We say
that f has a hyperbolic derivative (hereafter referred to as h-derivative) or is h-differentiable at the point x = a
if the following limit
L fa®o - fa)
e—0 €
exists and is finite. We call the h-derivative of f at x = a to the limit value and denote it by f;(a). If the
h-derivative exists and is finite for all points x in I, we denote the h-derivative of f by f}(x) and say that f is

(24)

h-differentiable at every point of I.
As a consequence of the above definition, we have the following result.

Proposition 3. If f: I — R is h-differentiable, then

2

/ gl L
fi@) = f@)(1- %), (25)
where f'(x) denotes the standard (or Euclidean) derivative of f.

Proof. By using L’Hépital’s rule, we have

mmﬂ%f@E?%@

2 2
zlimf'<x+€) e

e—0 1+ % t2(1+%)2
1,2
=r@(1-%).

O

It is easily seen that f;(x) = f'(x) when ¢ — oco. The following properties are immediate consequences of
Definition [6] and Proposition [ and, therefore, their proofs will not be given.

Proposition 4. Let f,g: D C (—t,t) — R be h-differentiable functions in D. Then

1. (f£9)h = fr £ i

2. (f9)h = Tha+ 1 gh

3 (j)’ _fro=19
g/h 9

4. (fog), =(f og) x g}, whenever the composition o is well-defined.

, 9#0,

The hyperbolic second derivative of f is given by
x? x? 2z
1@ =(1-%)((1- %) /'@ - 57 @), (26)
which is linked with the Laplace-Beltrami operator in the Mdbius gyrovector space (see [24]) when we restrict
it to the one-dimensional case. By , one can introduce the hyperbolic Laplace operator in beb given by

2 2 2, 92
s 300D G -5 ;
trta ; 2 2)o2 2 o 27)
whose fundamental solution is given by ¢(z1,z2) = —(1/27) In(|z|). In the limit of large of ¢; and to, t1,t2 — o0,

we recover the Euclidean Laplacian in R?.
After introducing the concept of h-derivative, we can now define the notion of h-primitive and present the
Fundamental Theorem of Calculus within our context.



Definition 7. An h-differentiable function F': I C (—t,t) — R is called an h-primitive of f in I if F} (z) = f(x),
forallx € 1.

Two h-primitives Fy and F, of f defined in [a, b] differ only by a constant; that is, there exists C' € R such
that Fy(z) = Fa(x) + C, for all z € [a, b].

Theorem 5. Let f be an h-continuous function in [a,b] C (—t,t). Then the function
F@) = [ ) duty) (28)

is an h-primitive of f, i.e., F}(x) = f(z) for all x € (a,b). Further,

b
/ ) duly) = G(b) - Gla), (29)

where G is an h-primitive of f (i.e., G}, = f).

Proof. Suppose z and z @ € are in [a,b]. Without loss of generality, we assume € > 0. By , we have

o T rxPe
F(x®e)— F(x) 1/ ) dy ' (30)

Since f is h-continuous on [z,x @ €], then f(y)/(1 — y?/t?) is also h-continuous on [z, @ €]. Therefore, by
the Weierstrass Extreme Value Theorem, there exists v,w € [x,z @ €] such that m = f(v)/(1 — v?/t?) and
M = f(w)/(1 — w?/t?), where m and M denote, respectively, the infimum and supremum of f(y)/(1 — y*/t?)
in the interval [x,x @ €¢]. Thus, we have

xPe d
mese-a) < [ )L < Moo
@ e
2
6(1 ﬁ) zde d 6(1 %)
Y t
& om < M
1+ _/z f(y)1_%j - 1+
2 2
1-% — 1— 2z
e mie Feed=-F@) -\ 17w (31)
1+ %5 € 14+ %

Letting € — 0 then v — z,w — =z, and so it follows that f(z) < Fj(z) < f(z). Hence, we conclude that
F}(x) = f(z) for all z € (a,b). Finally, to prove (29), if G is another h-primitive of f, then there exists C € R
such that G(z) = F(z) + C for all x € [a,b]. Since G(a) = F(a) + C = C, then follows. O

The following result presents the method of integration by parts within the hyperbolic context. The proof
relies on using the product derivation rule (2) given in Proposition

Proposition 6. Let f and g be continuously h-differentiable functions defined in I C (—t,t). The formula for

integrating by parts is as follows:

[ i@ s@ o) = f@)9(0) ~ [ 10 ghi0) duo)
Let us introduce the following quaternionic spaces, which will be of use in further discussion.

Definition 8. We denote by

1. C(R? ,,,H) the space of all H-valued functions that are h-continuous in R7 ,, ;

8148
2. C™(R? ,,,H) the space of all H-valued functions f such that aff = % € C(R}, ,,,H) whenever
18] < m;
3. C(R}, ,,,H) the space of all smooth H-valued functions that belong to C™ (R, ,,, H) for every m € N.



The hyperbolic partial derivatives Oy, f/0x; (i = 1,2) in Definition [8| are constructed from by

Onf . f@1 @ e m0) — fz1,22)
oy 707 = 1) 6

and
%(5317902) = lim flan, a2 @) — f($1,502).
8:'52 e—0 €

Definition 9. We say that an H-valued function f on ]R%htz is rapidly decreasing if for every m > 0,
sup 2 x z)| < 00. e jurther denote by , the Schwartz space of all rapidly decreasing
cEeR2 m Wi her d b SR%I 15> H) the Sch ll dly d )

1:t2 ’

H-valued smooth functions on R%htz, defined by

S(Ri,th) = {f € Coo(thtQ,H) :Va,B € N2, sup |2 85]“(36)\ < oo},
r € R2

t1,t2

where z% = x{" x5?.
Using Proposition [6] we can now establish the differential properties of the two-sided QHFT.
Proposition 7. Let f € S(betz,H) and m,n € N. Then

1. (Partial h-derivatives)

aern . PN . .
Fou (gigr (@) @) = (2riwn)™ Flw) (2mjwn)", (32)
] )
2. (Powers of 1 and z,)
. R am+n R
For((~2miy)" F(@) (-2m522)") () = o Flw). ()
w1 w2
Proof. Bearing in mind that
19) : .
67;1 e—27rl§1w1 — —27riw1 627T1£1W1
and
% e—27rjg2wQ _ —27TjOJ2 eijg2w2
then for f € S(R?, ;,,H) it follows, by induction, that
. gmtn .
—27iz w1 h —27j xowo
/R e (amrgg F(@) €2 duta)
ty,t2
oy ; oy ;
— (_1\ymtn h —2miz w h —27jrowa
o [ (o) @) (e ) dua)

Identity is proved analogously.

The following proposition describes the important mapping properties of the two-sided QHFT.
Proposition 8. Let f € L'(R? ,,,H). Then

1 feL=®? ., H) and || flge < 2IIf]1-

2. f is a continuous function and hence a measurable function.

~

3. fw) =0 as |w| = oo (Riemann-Lebesgue Lemma,).

10



Proof. Property 1 is a consequence of absolute inequality. To prove Property 2, we use Definition [4land Property
3 in Proposition 2] to obtain

~ ~

(W) = flw=10)

_ 6727ri11w1 (f(:L') . e?wiglel f($)627rj g202)€72ﬂjg2w2 d,LL(l’)
R%1’t2

Since

[ e (p(a) - mat plo)nt) e b du)| < 217,
R

t1,t2
~ —~

and f is integrable, by Lebesgue’s Dominated Convergence Theorem, we conclude that |f(w) — f(w —60)] — 0
as 6] — 0.

To prove the Riemann-Lebesgue Lemma, we use a density argument as in the classical case and restrict
to the case where f is a function in L*(R? ,,,R). Let y = (y1,92) be such that y; = t; tanh (g7';-) and

Y2 = t2 tanh (ﬁ) By (), it follows that e 2MY@t — _1 and e 2™%%2 = 1. Therefore, by Property 2 in
Proposition 2] we find

fy= [ emae paemme gy
L
1 : .
=3 [, @) - el ) (34)
Hence,
~ 1
Fel sy [, W@ - rwolde,

Now, for any € > 0, let g € C.(R7 ,,,R) be such that | f — g|l1 < ¢, where C.(R?, ,,,R) denotes the space of
continuous and compactly supported functions from tht,z into R. We note that this choose is possible since
Ce(R? +,,R) is dense in L'(R?, ;,,R). Now, putting f,(z) = f(x ©y), then

f=ty=U =9 +(9—9y)+ (95— fy):
When w is sufficiently large, y becomes very small; thus, ||f, — gyll1 = ||f — gll1 < €, because g is continuous

and has compact support. Finally, we have

ls=guli= [, o)~ glaoulduta) > 0 as sl >0,

ty,to

~

Then ||f — fylli — 0 as |y| — 0. Since this holds for any ¢ > 0, it follows that f(w) — 0 as |w| — oo.
The representation formula allows to extend the result to f € Ll(Rfl,tz,H). Thus the proposition is
established. O

3.2 Inverse and Parseval’s relation

To prove the inversion formula and Parseval’s Theorem for the two-sided QHFT, we will first define a hyperbolic
Gaussian function in our context and compute its QHFT.

Definition 10. Let € > 0. The Gaussian function defined in R%,tz using the hyperbolic variable © = (x1, x2) is
given by

ge(x) = exp [_-W<<t1tanh*1(V&;@>§f))2+-(tztanhfl(yagg>§§))2ﬂ. (35)

Remark 1. It is possible to rewrite using the extended variable x = (z1,25) € R?. Since x;/t; € (—1,1),
i=1,2, by (10), it follows that \/e @ (x;/t;) represents a relativistic multiplication in (—1,1) given by

Ve® Tt = tanh (Ve tanh ™ (34)), i = 1,2
Thus, the hyperbolic Gaussian function can be written as

ge(z) = exp [ —Te (gf + gg)] (36)

11



We now show that the QHFT of the hyperbolic Gaussian function is again a Gaussian function in the
Fourier transformation domain.

Proposition 9. Let € > 0. The QHFT of the hyperbolic Gaussian function is given by
Gew) = e Lexplome L wl?] (37)
Proof. Using 7 we have

~ —2miziwy —mex® —mex: —2mjTow
Je(w) = /2 e T o TTEE T TCTy o TSI T2W2 ]y (),
R

t1,t2

Considering the change of variables z, = t; tanhfl(mi/ti) =1y;, i = 1,2, we obtain

~ —2miyiwy —mey? —27j yows ,—Tey2
gé(w) / e Yiw1 o Y1 dyl / e JY2w2 o Ya dy2
R R

_ -1 2 -1 2
61/26 TE wlel/Qe TE T wy

_ eflefﬂe_l(wf+w§).

The result follows. O

We now derive and prove the inversion formula of the two-sided QHFT, which shows that the original signal
f can be recovered from the transformed domain L*(R?, H).

Theorem 10 (Inversion formula). Let f € L'(R? ,,,H) be of the form with Fou(f) € LY(R? H). Then,
for a.e. x € thlth’ the components of f can be reconstructed as

o) = Fgh(R)w) = [ e fiw) e du, i=0.1,2,3 (39)
R2
Proof. For each i = 0,1, 2,3, we consider the integral

|, F0a -2 . (39)

t1,to

where y = (y,,y,) = (t tanh ™' (y1/t1), ta tanh ™! (yo/t2)),  is given by (13), and g is defined as in ([37). By
Holder’s inequality, the previous integral is absolutely convergent and is equal to

/R fitw) / et AR g (5) et 20675 dp(z) d(y),

2 2
t1,t2 t1,t2

where z = (21, 22) € Rf, ,, and (2;,2,) = (t tanh ™' (21 /t1), t2 tanh ™" (2p/t5)). Making the change of variables
titanh ™' (z;/t;) = w;, i = 1,2 and then using Fubini’s Theorem, we get

/ fz(y) / 6_27Ti (y,—z1)w1 Je (tl tanh (%)7t2 tanh (%))
R R2 1

2 2
t1,t2
x e 2m W, =22 oy iy ()
_ 2z, w w1 wo ~ 2mj Tow
— [ e g (4 tanh (1), ty tanh (<2) ) Fi(w) e2H 2242 duo, (40)

Since the family {g., ¢ > 0} is an approximation to the identity, letting ¢ — 0 then tends to

/ Fi9)8(y — ) duly) = / Jiw) 6y — ) duly) = filx),
R2 R2

ty,to tq,to

where § is the Dirac delta function. Accordingly, letting ¢ — 0 in then g. fi — f; in L2(R2,H), by
Lebesgue’s Dominated Convergence Theorem. Thus, we finally get

fi) = [ e fiw) e o,
R2

which is the inversion formula for the two-sided QHFT. O

12



Using the previous result, we can obtain Parseval’s Theorem for the two-sided QHFT.

Theorem 11 (Parseval’s Theorem). If f € L' N L*(R? ,,,R), then f e L2R2H) and ||fll2 = || f|l2. Further,
the map f — f has a unique extension to a continuous linear map from L*(R? ,  H) into L*(R? H) and
Ifll.2 = I fll2, whenever f € L*(RF ,,,H).

Proof. Suppose that f € L' N LQ(Rfl’tz,R). Since J?is bounded then the integral

[P et a (a)

is well-defined. We can rewrite as

L] e g emine )

t1,to
2Ty, wa 2miy w1 77T€|UJ|2
X e M0 fy) e N du(y) ) e dw.
R?, ¢y

By applying Fubini’s Theorem and similar computations as in the proof of Proposition [J} we obtain

/ / (/e—Zwiougl e—e‘n’wf
R2 R2 R

t1,t2 t1,t2

([ it ey ) 2 ) () £(0) (o) duy)

R
1 1,2 2 2 2
=[], e G ) ) dpte) aut), (42)
R2 R2 €

t1,to t1,t2

where z = (zy,2,), y = (y,,¥,), and

e Llemme (i~ +wp—23) — Ge(ly — z/?).

Since the family {ge, € > 0} is an approximation to the identity and bearing in mind the equality §(tanh™" (y; /t;)—
tanh ™" (x;/t:)) = 0(y; — 24), i = 1,2, letting € — 0, the integral reduces to

/ (@) Pdu(z).
RZ

This shows that is uniformly bounded in e. By the Monotone Convergence Theorem, is equal to
Jge |F(w)|? dw. Therefore, we have proved that f € L2(R2, H) and || ]|z = || f|2-

Now, let f be in L*(R? ,,,R) but not in L' NL*(R? ,,,R). Since L' NL*(R? ,,,R) is dense in If (R?}l\)tQ,R),
there exists a sequence f7 € L' N L*(R?, ,,,R) such that ||f/ — f[|2 — 0. By Parseval’s relation ||f7 — f™||; =
lf7 — f™|l2, and hence f7 is a Cauchy sequence in L?(R? H) that converges to some function in L?(R? H),
which we still denote by f Then we have

1]l = lim [[f7]l2 = lim [[f[l2 = [ f]2.
j—o0 j—o0

Finally, let f € L2(tht2,H). The previous argument can be extended to every component f;, i =0,1,2,3 of f
in and, hence, f € L?(R?,H). Moreover, it holds

a=d [ R as=Y [ 1A ) = 1712
“ i—0 /R i—0 /R

i1t
The proof is now completed. O
It should be remarked that the above theorem establishes that the two-sided QHFT is a norm-preserving
map from L?(R? ,,,H) into L*(R?,H).
Remark 2. We have proved the following mapping properties of the two-sided QHFT so far:
L fe LR}, H) = [eL*®H) and||floe <2/,
2. fe LR}, H) = fe L2R%H) and ||fllgz2 = | f]-

The boundedness of the QHFT f: L1 — LP for 1 < p < 2 with 1/p+ 1/q = 1, particularly ||J?\||Q7q < 1fllps
follows from its boundedness for f: L' — L™ and f: L?> — L? using Riesz-Thorin’s Interpolation Theorem.
Thus, f exists in the LP-norm and f € L9(R? H) whenever f € LP(R , ,H).
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4 Uncertainty Principles

4.1 Pitt’s inequality and the logarithmic uncertainty principle

Weighted norm inequalities for the Fourier transform play a central role in harmonic analysis, providing a
natural measure to characterize uncertainty. In [6], Beckner proved Pitt’s inequality in R™ by applying the
sharp L' Young’s inequality for the convolution on RT and showed that the logarithmic uncertainty principle
follows from Pitt’s inequality. In this subsection, we shall prove Pitt’s inequality for the two-sided QHFT, which
describes a fundamental relationship between a sufficiently smooth quaternion function and the corresponding
QHFT. We will then derive a logarithmic uncertainty principle associated with the two-sided QHFT.

We first turn our attention to some auxiliary results involving the power function |z|®. (Although this is
proved in a similar manner as in Chen et al. [12], we include the proof for completeness since it is necessary to

employ the definitions and (9).)
Proposition 12. Let f € C.(R? ;,,H), 0 < o < 2, and ¢, := 7=%2T(a/2). Then
Fahleallol * F))e) = cama [ 2= 5l" fl0) duty). (13)

]RQ

t1,t2

Proof. Combining Theorem , and is sufficient to prove the result for f € CC(R%’WR). To prove
, we need to apply the formula

oo S
Cor |w|—a _ / e—‘n'/\\w\Q /\a/2—1 d\ = / e—7r>\71|w\2 ()\—1)1+a/2 d)\, (44)
0 0

~

where we made the change of variable A — A~! in the last equality. Since |w|~® f(w) is integrable, by employing
, , Fubini’s Theorem, and Proposition @ direct computations show that

- /R iz ( /0 e 51y ( /R eI f(y) e ()

t1,to

(/ 627ri (7931991)(01 e " )\|w|2 627Tj (7:”2@?!2)“)2 dw) f(y) CZ.L‘L(ZJ))dA
R2

:/“/\%71(/ )\7167#/\_1((@)2+(@)2)f(y)dﬂ(y)>d>\
0 R

2
t1,t2

[ (e e e 5 ) 1) duy)
R2

0

a [ (@omn) + (a0 ) duty).

t1,to
Moreover, since

1 T
T, 0Y. =1; tanh_l (*(JEZ S yz)) =1; tanh_l (%)
e Z 1
—t; tanh™* (&) —t; tanh™! (&>, i=1,2
(2 ti
it follows that
(mLen)’+ (z2042)% = |z —yl,
which completes the proof. O

We now introduce a convolution structure in R, ,, that allows computing the two-sided QHFT of a convo-
lution of two quaternion functions under suitable conditions. Let us introduce the following definition.
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Definition 11. For any pair of h-measurable quaternionic functions, f and g in ]thlh, the hyperbolic convo-
lution of f and g is the function f *p g : thtz — H defined by

(o) = [ Heens)du). «ert, (15)

where t ©y = (x1 © y1,x2 © ya), provided that the integral exists.

It can be easily seen that if one of the functions is in L*°(R?, , ,H) and the other is in L'(R? , ,H), or one
of the functions is bounded with compact support while the other is continuous, then the convolution defined in
(45) exists for all = € thtz). The properties of the hyperbolic convolution are analogous to those corresponding
to the Euclidean convolution and, therefore, will not be given. Next, we shall utilize the hyperbolic convolution

to derive the quaternionic versions of Young’s inequality and the convolution theorem associated with the
two-sided QHFT.

Proposition 13 (Young’s inequality for the hyperbolic convolution). Let f € L*(R? ,,,H) and g € LP(R7, ,, ,H)
with 1 <p < oo. The hyperbolic convolution is defined a.e. for x € R, and also belongs to LP(R7, , , H).
Further,

1 *n gllp < £l llgllp-

In [7], Beckner proved the following lemma for the Euclidean convolution of functions |z|*.

Lemma 1. ForO<a<n, 0<f<n, and 0 < a+ 8 <n, holds

(J[* 2P ) (y) = —n=o=B Ca BB yjatpn (46)
Ca4pB Cn—a Cn—pg

where x,y € R™ and co = 7~*/>T(/2).
The following lemma gives the analogous statement for the hyperbolic convolution within our context.

Lemma 2. For0<a<mn, 0<f<n, and 0 < a+ B < n, holds

_ _ Cpn—aq—B Co C _
(2] 5 2| (y) = —2e B Ta DB |yjathon, (47)
Cat+B Cn—a Cn—p

where x,y € R2.
Proof. Using the definition of the hyperbolic convolution, the change of variables ¢; tanhfl(xi /ti) = 2,
i=1,2, and lead to

(] 5 2]~ () = / [z o y|* "z’ du(x)

Rﬁytz

[ =

Cn—a—pB Ca CB |y|a+5*n
Cat+p Cn—aCn—p —

Now, we extend Proposition [12[to the space LP(R?, ;,,H).

Proposition 14. I[f 0 < a <2 and f € LP(R%M?,R) with p = 2/(14«), then fdeﬁned by exists. Further,
let

9(x) = ca—a (Iy1* ™ #n f (1)) (2), (48)

where ¢, 1s defined as in Proposition , Then g belongs to LQ(Rgth,R) and hence has a QHFT, g, given by

o~

9(w) = calw|™"f(w). (49)
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For f € LP(R? ,,,R), we have the equality

/ ]2 | Flw)? dw

—oan [ [ H@ ) =y duta) duty) (50)

t1,t2 t1 ta

and for f € LP(R? ,,,H) holds
oo [ Ll )l

. / / S 1(0) i) Iz 5 disa) ) (51)

tl to t1,tg 1=0

Proof. Asin Proposition we consider first f € LP(R, ;,,R). Since C.(R7, ;,,R) is dense in LP(R?, ;,,R) there
exists a sequence of functions f7 in C.(R7, ,,,R) such that || f7—f[|, = 0 as j — oco. Setting g := ca_q |y|* *n f
and g7 := ca_q |y|*? %, f7, by Fubini’s Theorem and Lemma [2| we have

- /Rz (/Rz Co-alz—y|"* f() du(y))

t1,t t1,t2

SECEN i RO R

t1,t2 t1,t2

x (/2 |z — y|* Pz — 272 du(x)) dp(y) du(z).

Rf«1vt2

Making the change of variables x — z = v, where
= (tl tanhfl(vl/tl), tg tanhfl(vg/tg)),

which is equivalent to z; © z; = v;, i = 1,2, we then get

SCRN ROy, f(y)( [ -2l du)

t1 ta f1 t2 t1,t2

= e lCol [ ] )y 2 1) di) dGe). (52)

t1,t2 t1,t2

Since f/ — f in LP(R? ,,,R), by Remark l we have that f/ — f in L9(R7 ,,,R). Now, by the Hardy-
Littlewood-Sobolev inequality, it follows that g, g7 are in L*(R? ,,,R) and ¢ — g in L*(R} ,,,R). Conse-
quently, by Parseval’s Theorem, g7 — g in L?(R?,R). From Proposition we can conclude that

7 W) = calw™ f(w).
By the completeness of the LP space and the pointwise convergence fﬂ — fa.e., we conclude that
W) = Im co |w|™ Fw) = calw|™® flw) ae..
Jj—o0

By and Parseval’s Theorem, we have

/ o) dp(x) = ¢ / w2 | Flw)|? dw. (53)
R2 R2

t1,t2

From ) and (| ., we obtain equality (50 . The equality (51] . follows from . . and . O
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We are now ready to establish Pitt’s inequality for the two-sided QHFT.
Theorem 15 (Pitt’s inequality). For any f € S(R?, ,,,H), Pitt’s inequality for the two-sided QHFT is given
by

LB @ < o [ a5 ), 0 << (549)

where Cp = 1 (F(QTTO‘)/F(%TQ))Q'

Proof. We first prove the inequality for f € S(R?, ,,,R). Considering the function F(z) = [z|*/? f(z) then by
Proposition we can see that the left-hand side of is

/ = [F(@)[? dw
R2

- %= / 2 / z) |z — yI? £(y) dp() dp(y)

PO () duty),

_ C2—q
= o /1%2 / |g‘a/2

t1,t2 t1 t2

_ a—2
|:L-|a/2 z =y

and the right-hand side of is

[, el i@ran = [ F@F ).

t1,t2 Rt1yt2

Then, to prove is equivalent to showing that

J. /W

t1,t2 t1,t2

Lo [ @) duta), (55)

t1,t2

|a—2 F(y>

d d
‘x|a/2 |g|a/2 M(.T) :U’(y)

=C,

Without loss of generality, we may assume that f is nonnegative. Considering
z=r§, Y=S5u, 1,8 eRY, &puest
which means that z; = ¢; tanh(r§;/t;) and y; = ¢; tanh(sp;/t;), i = 1,2, we define the following functions:
o(r€) = r f(t1 tanh(r& /t1), to tanh(rée/t2)),
B € ) = v (b =2 ),
Then can be formulated as a convolution estimate on R, x S :
¢ * pllLzmyxs1) < @l ®exst) l@llz @y xst)-

To see this, we first observe that

1913 = [ 1#@)P due)

ty1,to

= /R o |f(t1 tanh(ré&y /ty) , ta tanh(réy/ta))|* r dr dé

= / |T f(tl tanh(rﬁl/tl) , tz tanh(rﬁg/tg))\Q d§ ﬂ
Ry xSt r

= ||<P||2L2(R+xsl)-
In the second equality we made the change of variables x; = ¢; tanh(rcos/t1) and xo = to tanh(rsin/ts).
The corresponding Jacobian is

r
cosh? (—7' e U ) cosh? (—’“ Sti“ o )
1 2
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and hence du(x) = rdrdf = r dr d§. Secondly, we have

6 * ol 72, xs1)

R+><Sl
a dr
N /R+><Sl (/R+><Sl h(’/’{)d)(f’ﬁc) d§ 7)

x (/R XSlh(Su)éb( - c)duﬁ)df—

:/ / h(T’f)h(S}L)K(T,S,fC,MC) E*dﬂ
Ry xSt JRExS?t

where the kernel is given by

ds

Kt = [ o6 QoG- 0act.

To compute K(r,s,& ¢, p- (), we use Lemma [2}

[ oo ¢ ac
R+><Sl
2—a/2

LG ()T

2—a/2
2

a S
x(f—&-f—Q,u-C) dg—
S a
Slfa/Q Tlfa/Z / |a<~ . T€|f2fa/2 |a< - S,LL|727a/2 ad§ da
R+><S1

— |§|1—a/2 |g‘1—a/2 /2 |§_£|a/2—2 ‘g_ Q|a/2_2 du(z)

t1,t2

|Lme/2 |y a2 2o (760‘/2 )2 |z —y|*2.
- Co 02704/2

Then is equal to

[ ¢ * ¢\|L2(R+xsl

62704 a/2 a—2 F(y)
= — —d d .
Ca /]R? / |$|a/2 = Q| |y|5 :u(x) lu(y)

02 a/2 t1.t0 Y RE by

Hence the best constant C\, in is
(222) Wl sy
Now, we compute [|¢[|;1 using Lemma [2}
ollssesy = [ (e t—oew) el
Ry xS1 r r

= / r_l(r2+1—2r§~u)_(1_a/4)rd§dr
R+><Sl

= [l e o),

t1,t2
Cl—a/2 Ca/2

7
Clta/2 C2—a/2

= (322 - ()

where |p| = 1. Therefore,

which proves for fe S8 (]R%th,R) To prove . ) for f € S(R? #,.t,» ), we only need to apply the previous

result for each component, due to and .
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The logarithmic uncertainty principle for the two-sided QHFT follows now from the sharp Pitt’s inequality
in Theorem [15] Since the inequality is an equation for o, we will differentiate Pitt’s inequality with respect
toaat a=0.

Corollary 1 (Logarithmic uncertainty principle). For any nontrivial function f € S(R?htz,H), the following
uncertainty inequality holds:
[, wll@Pau + [ el fldo>D [ 1@ dua), (57)
t1,to R? tl to
where D == 1(1/2)—Inm and 1 is the digamma function defined for x > 0 by ¥ (z) = <L In(['(z)) = I'(z)/T(z).

Proof. Putting |w|~® = eIl and |z|* = e*™ Izl in and differentiating with respect to «, we find
_/ In o] e~ 1 | Fl) 2, do
R2
<@ [, @R du) + Co [ nlle™H |£(@) P duo)

t1,t2 ﬁ1 t2

where
2
o T(52) (2mn(m) - p(252) - p(252))
(Ca)/ = ) 2 :
2r(242)
Now, setting o = 0, we then obtain . This completes the proof. O

The qualitative nature of this result underlines the relationships connecting entropy, the Hardy-Littlewood-
Sobolev inequality, and the logarithmic Sobolev inequality (see [6]).

In the large limits of ¢ and 5, i.e., t1, 2 — 0o, Corollary[I]yields the uncertainty inequality for the two-sided
QFT, obtained by Chen et al. in [12].

4.2 Heisenberg-Weyl’s uncertainty principle

Note, in passing, that the logarithmic uncertainty principle (57) implies Heisenberg-Weyl’s inequality. To see
this, we recall that the logarithm is a concave function, and then by Jensen’s inequality, for any f € S(R? Tiitas H)
such that ||f|l2 = 1, we have

wl [ ePl@PaE@] " 2 [ k@R ) (58)

t1,to ty,t2

Y]

and
2| 7 2 1/2 iy 2
o[ [ WP F@ld] > [ el ) de (59)
R2 R2
Now, by 7 , and 7 it follows that

8 {/]RZ lz[* | f ()] du(x) /Rz wi? [ f(w)3 dw} v

ty,to

[ [ EPi@raE@)” ] [ i)

ty,tg

\%

/ In [z £ (2)[? dpu(z) + / In o] | F(@)]3 dw
R2 R2

t1,t2

D

Y

with D = 9(1/2) — In7. Now, since the logarithm is an increasing function, we obtain Heisenberg-Weyl’s
uncertainty principle in the form

(/R 2 | f(x / wf? (@b ) > . (60)

t1,to
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By considering the n-dimensional Heisenberg-Weyl’s uncertainty principle presented in |23, Cor. 2.8], we obtain,
for the two-dimensional hyperbolic setting the inequality

([, ePr@Pa@)( [ Wk ifeke) > (&) (61)

where we put [[f|l2 = 1. Inequality provides the best constant for the two-dimensional hyperbolic
Heisenberg-Weyl’s uncertainty principle. The equality is obtained for the normalized quaternionic hyperbolic
function

where K is a quaternionic constant such that |K| = 1.
Introducing the standard deviations

p= ([, le-mP s )"

t1,t2

and

2177, 12 1/2
Agor= ([ o= ol? el )

we can state the Heisenberg-Weyl uncertainty principle associated with the two-sided QHFT in the following
form.

Theorem 16 (Heisenberg-Weyl’s uncertainty principle). Let f € L*(R7 , H) with ||f||2 = 1. Then
Arr - Arw > 1 (62)
T Apw > —.
f v = o

4.3 Donoho-Stark and Benedicks’ uncertainty principles

Donoho-Stark’s uncertainty principle is an inequality giving local information about a function and its Fourier
transform since the support is not fixed a priori. More precisely, it asserts that a signal and its Fourier
transform cannot both be well-concentrated around their respective means: narrowing one broadens necessarily
the other. A multi-dimensional generalization of this theorem in which the QFT is defined by and the sets
are measurable was proved, as in [17], by Chen et al. in [12]. (Global and local) uncertainty principles for the
Fourier transform in R™ and groups with Plancherel measure are surveyed in [23].

The following definition is adapted to our context from [17].

Definition 12. Let er > 0. We say that a function f € LQ(Rme,H) 1s e-concentrated on a measurable set

Tc Rghtz Zf

([ 1sau) ™ < erile (63)

where T° denotes the complement of T.

If 0 < e < 1/2, then the most energy of f is concentrated on T, and T is indeed the essential support of f.
If e =0, then T is the exact support of f.
According to Definition [I2] we extend Donoho-Stark’s uncertainty principle within our context as follows:

Theorem 17 (Donoho-Stark’s uncertainty principle). Suppose that f € LZ(IR?MQ,H), not identically zero, is
er-concentrated on T C ]R%htz and f is eq-concentrated on Q0 C R2. Then

71O > (1 - er — €q)*.

We omit the proof since it is analogous to the one given in [12] for the Euclidean case and is based on the
space-limiting and band-limiting operators Pp and Qq, which we define on L*(R?, ,,,H) by

Prf = xr(f)
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and

Qaf = fcgjll[(XQ(]:QH(f))) = /Qe%iﬂlwl Flw) €™ 5222 gy,

where xr is the characteristic function of 7. It can be proved that these operators are orthogonal projections
on LQ(Rfl,tz,]H[).

It is not in the scope of the present work to thoroughly discuss the applications of Theorem[I7} Nevertheless,
to understand the importance of this result in a quaternionic context, set e = eq = 0 in the theorem and observe
that f is concentrated on T if and only if supp f C T and f is concentrated on 2 if and only if suppf C Q.
Hence, we obtain the following result.

Corollary 2. Let f € L2(Rfl’t2,H) be non identically zero with supp f C T and suppfg Q. Then |T||Q| > 1.

The following result is the hyperbolic counterpart of [23] for signals defined in the n-dimensional Euclidean
space. It is a qualitative uncertainty principle meaning that, without giving quantitative estimates for f and ]?,
a nonzero quaternion function and its two-sided QHFT cannot be highly concentrated unless f = 0, independent
of the chosen concentration sets T' and €. This result was first stated by Benedicks for the Fourier transform
in R™.

Theorem 18 (Benedicks’ uncertainty principle). Let f € Ll(thtQ,H) be non identically zero with supp f C T
and supp f C Q. If |T||Q| < oo, then f =0.

This result is proved using the following quaternionic hyperbolic version of the Poisson summation formula.

Lemma 3 (Hyperbolic Poisson summation formula in R? , ). If f € L'(R?, ,,,H), then the series
Z f(m1@9n17x2@6n2)

(n1,m2)€Z?

with 0,,, = t; tanh(ny/t1) and B,, = t2 tanh(na/t2), converges in L'([0,601] x [0, 31]) and

Z f(‘rl @ 0711 , T2 @ an) = Z €2ﬂ—i£1k1 ]?(kl, kg) 627rj Zak2 .

(n1,n2)€Z? (k1,k2)€Z2

Proof. We first observe that the function ¢(z) =>_,, .. ez2 f(21 @ Ony, 22 @ By,) is 61 h-periodic in the first
variable and (8, h-periodic in the second variable. Bearing in mind that

t tanh($) + ¢ tanh(%2)
1+ tanh(}) tanh(2*)

1
= t tanh ($) = Omi1

0,66, =

then we have

P ® 01,22 ® Pr) = Z J((x1 @ 61) DOk, (22 ® 1) © Pr,)

(kl,kz)EZQ

= ) f@1® (01 ®0k), 229 (/1 © Br,))

(kl,k2)€Z2

= Z J(21 © Ok, 11,72 © Bryy1)

(k1,ko)€Z2
= ) fa1© 0k, 72 @ Bry)

(k1 ,k5) €22

= (25(1'1, xQ)-

Since f is integrable then ¢ converges in L([0, 0] x [0, 8], H). Therefore, we can take the quaternion hyperbolic
fourier series of ¢ :

pla)= > emmbgg g emink (64)
(k1,k2)€Z?
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where the coefficients a(y, r,) are computed by

61 P ) ‘
Ak1,k2) = / / e_2m£1k1¢(9€)6_2”§2’*‘2 du(x)
01 B
/ / —27r1x 1 k1 Z f(xl ® 9n17-'172 @5712) —2mjz, ko d,u( )

(’I’Ll ’nz)GZZ

01 b
/ / —27r1x klf(.’lﬁl D 0n1,$2 D an) —27mjx ko d,U/( )

(n1 HQ)GZZ

Making the change of variables x1 @ 0,,, = y1 and 22 @ 3, = y2, then using Property 2 in Proposition [I] and
the hyperbolic invariance of the measure, we get

Ak ,k2)

_ Z / ny+1 /5n2+1 72771y k1 27r19n1k1f(y)€727rjg2k2 eZﬂjﬂﬂmQ dﬂ(y)

(n1 ’I’LQ €Z2
By using the facts that lim,, 400 0p, = £t1 and limy,, 1o Bn, = Eto, % =n; and % = no, and
627rin1k1 = 627rjn2k2 =1, Vny,no, ki, ke € Z,

it follows that

t1 t2

O(ky ko) = / —27rig1k1 627rin1k1 f(y) e—27rjg2k2 e2ﬂ'in2k2 dﬁb(y)
= f(k1, k).
Finally, we get from

dx)= Y MERL F(ky | p) e Zaka

(k1,k2)€Z2
which gives the desired result. O

Proof of Theorem[I8 To prove the theorem, we may assume that |T| < 1 by replacing f(z) by f(A ® x), for
some A > 0. We have

ki+1  pka+1
/ Z Xa(wr + k1, wa + ko) dw = / / a(&1,62) d€
[0,1]2 727 k1 k2

(k1,k2)€Z2 (k1,k2)€
=/ xalér.6) de
]RQ
=9 < 0

and

61 B1
/0 /0 Z XT(21 ® Oy, 22 D Br,) du(x)

(n1,n2)€Z?

ni+1  [Brg+1
= / / xr(y1,y2) du(y)
"1 B

(n1,n2)€Z? n2

_ / xr(y1, y2) du(y)
]R2

t1,t2

=T <1,

where 0y, 85, are defined as in Lemma 3]
These inequalities imply, respectively, that
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(i) There exists E C [0,1]? with |E| =1 such that

Z XQ(al @Hm,az @ﬁn2)<oo
(n1,m2)€Z?

~

for (a1,a2) € E, and hence f(ay + k1, as + ko) # 0 for only finitely many (kq, ko) if (a1,a2) € E.

(ii) There exists F' C [0,6:] x [0, 51] with |F| > 0 such that
Z XT(xleaenl;xQ@BnQ):O
(n1,m2)€Z2?

for (x1,x2) € F, and hence f(z1 © On,, T2 ® fn,) = 0 for all (ny,ns) if (z1,22) € F.

Given a € F, let

fa(z) = Y e PMEENIN £ 60, 0y @ B,,) e T 20 )0
(nl,n2)€Z2
Since f € L'(R? ,,,H) then, by Lemma (3, ¢q(x) € L'([0,61] x [0, 1], H) and the quaternionic hyperbolic
Fourier series of ¢, is

> ETEN Flky tar, ks +ag) 2R
(k1,k2)€Z?

Since a € E, ¢, is a trigonometric polynomial that cannot vanish on a set of positive measure, unless it vanishes
identically. On the other hand, |¢a(2)| < 32, 1) [f(21 @ Ony 22 @ B,y)| = 0 for (21,22) € F. We conclude
that ¢, = 0 for all (a1,a2) € F; thus, f(al + ki,a + ko) = 0 for all (a1,as) € E and (ki, ko) € Z2. This means
that f: 0 a.e. and so f =0. O

~

As a consequence of Theorem we can conclude that either f =0 or |supp f||supp f| = cc.

5 Orthogonal two-dimensional plane split of the quaternion signal

The two-dimensional split of a quaternion signal allows rewriting the two-sided QHFT as the sum of two complex
transforms. Some results presented in the preceding subsections may be improved by exploiting this.
Following [30], we recall that each quaternion ¢ can be split into

1 . .
q=q++q-, Qi=§(qi1qﬁ- (65)

Explicitly, in real coordinates qq, q1, g2, 93 € R, we have

1+k  1+k

q+ = (qo +qg3+i(gn F CI2)> —5 =5 (qo +q3+jlg2 F ql)), (66)

where ¢4 is orthogonal in the sense that Sc(¢+g—) = 0. Note that ¢4 lives in the plane spanned by {i—j,1+1ij}
and ¢_ lives in the plane spanned by {i+j,1 —1ij}. Since these two planes are orthogonal, they span the whole
quaternion. Consequently, we have the modulus identity:

la1? = la+* + lg-|*. (67)
In view of 7 the following relations are immediate:
gy = Fqu), qi)=Figs. (68)

By splitting the two-dimensional quaternion signal f(z) = fi(z) + f—(z), with

File) = (fole) £ f0) 3@ F L) ok, 2= (@) € B, (69)
and using , the two-sided QHFT defined by can be written as
Fou(f)(w) = Fou(f+ + [-)(w) = Fou(f+)(w) + For(f-)(w), (70)

23



where
Fon(f2)w) = / e £ (2) du(a)

or, similarly,

Fou(fi)(w) = /R2 filz) e 23 (Fzyw1+zyw2) du(x) (71)

are complex HFTs.
For f: tht , — H in the form , by the modulus identity , it immediately follows that

[f(@)? = |f+(@)] +|f- ()], (72)

IFeu NIy = Feu(flly + 1 Feu(f)lp, p=1. (73)

Putting all these facts together, we are in a position to derive a Plancherel theorem for the two-sided QHFT.

Theorem 19. Let f,g € L*(R? ,,,H) be such that f(—z1,22) = f(x1,22) or g(—z1,22) = g(x1,22) for all
(z1,22) € R? ,,. Then

<'FQH(JC)7'FQH( )>L2 R2 H) = <fa >L 2(R? H)- (74)

Proof. Using 7 we have
(Fou(f), Fou(9)) L2 w2 m
= /R (Fan(f)@) + Fou(f-)@)) (Foules) @) + Fonls-)w)) de.

We split the above integral into four integrals and compute each one. For the first integral, by and Fubini’s
Theorem, we have

L- / Fou(f+)(w) Fanlgn)(@) dw

/ / / —2ﬂj(—£1W1+£2w2)e2ﬂj(—ylm+g2w2)
R2 JR? , JR?

t1,t2

x g+(y )du( ) dp(x) dw

/ i o B ) ) d )

zy —y,)0(—z5 +y,) 9+ (y) du(y) du()

/tl ta /fl to
/R?1 t2 /t1 ta
/

@) g @ dule)
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For the second integral, by combining and Fubini’s Theorem, we obtain
b= [ Foulfs)(e) Fonlg ) do

/ / / —2#j(—§1w1+£2w2)eQWj(g1w1+g2w2)
R2 JR2

toto TRE by

9-(y) duly) du(z) dw

/ / / — 21, Tp) e~ 2T Wi zywe) 2Ty, W1ty w2)
R2

11 t2 f1 t2

dp(y) dp(x) dw
/Rz /

+(ug,ug) / ity Jen 2mily, —us)wz g,
t1,t2 f1 ta R2

y) dp(y) dpp(u)
/RQ / —uy +y,)0(y, — us) g (y) du(y) dpa(w)

t1,t2 t1 t2

- / £+ () 9 (w) dp(u)
RQ

ty,to

Similarly, for the third and fourth integrals, we get

= [ Fon(F)e) Fonlg@ias = [ - dute)

and

Li= | Fou(f-)(w) Fou(g-)(w)dw = /11&2 f-(2)g—(z) dp(z).

This completes the proof of the theorem. O

Remark 3. Using the quaternion-valued inner product , Plancherel’s Theorem generally holds by imposing
an even partial symmetry for the quaternion signals f or g. In the particular case f(x) = fo(z) + if1(x) with
fo, fr € L*(R?, ,,,R) and g(z) = go(z) +ig1(x), with go, g1 € L*(R, ;,,R), Plancherel’s Theorem holds without
the assumption of even partial symmetry for f and g since in this case, if = fi and ig = gi.

Further, if we use the scalar inner product

(Frahoi=Se [ 1) 5@ duta)

t1,to
then Plancherel’s Theorem holds for every f,g € L>(R?, ,,,H), as in the Buclidean case (see [30, Thm. 2.2]).

Theorem 20 (Hausdorff-Young inequality). For 1 <p <2 and 1/p+1/q =1, we have
IFQu(Hllq < 115
Proof. Let f € L'(R? ,,,H). We have
IFou(Hllse = 1Feu(F)llee + 1 Fou (F)llso < [+l + 1/l = I1£]-

For f € L?(R? H), by Parseval’s Theorem, it follows that

IFou (N2 = IFeu (f)lla + 1 Fou(F)llz = [1F+ 112 + [[f-ll2 = I fll2-

Now, by the Riesz-Thorin Interpolation Theorem, we further obtain

IFou(Hlla < 1£1lp

provided that 1 <p<2and 1/p+1/q¢=1. O
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We end this subsection by providing an alternative proof of Pitt’s inequality for the two-sided QHFT based
on its decomposition into two complex HF Ts.

Theorem 21. For any f € S(R?I,t27H); Pitt’s inequality for the two-sided QHFT is given by

/ | Fon(H)@)? dv < Ca / (2] f (@) Pdu(z), 0<a <2
R2 R2

where Co = ¢ (F(QTT")/F(H'T“))Q.

Proof. By Pitt’s inequality for the complex HFT and the split of a quaternion, we have

/ w0 Fan (/) ()2 dw < Ca / 2] |- ()| dpu(z)
R2 R2

ty,to

and

[ Ve =) Far(£1) er, —wn) de
= [ Vel 1Fon (£, w) s

<o leF 1@l duto).

t1,t2

Now, by the modulus identity, we get
el Fan (@) o

S/ W= (IFou (f) W) + [Fou (f-)(@))*) dw
]RZ

IN

Ca / 12l (1f+ @) + /- (@)]2) du(x)
RZ

t1,t2

IN

Co [, lal” If@)F du(o).

t1,to

O

We call the attention that Hausdorfl-Young’s inequality was proved for the Euclidean case in [37]. Unfortu-
nately, the constant C,, is not given correctly in [37, Thm. 3]; also, the constant in the logarithmic uncertainty
principle [37, Thm. 4] is incorrect.

6 The right-sided QHFT: definition and properties

As mentioned in the introduction, there are different ways to define a QFT for each quaternion signal f €
L'(R? H). This is due to the non-commutativity of the quaternions and the fact that many elements in H serve
as an imaginary unit. The most studied examples are the left-sided, the right-sided, and the two-sided QFTs.

This section presents the hyperbolic counterpart of the right-sided QFT (1] of a two-dimensional quaternionic
signal in L' (tht,z, H) and establishes its main properties. The treatment given here is a generalization of that
provided by Ernst et al. [22] and Delsuc [16]. All results can be performed straightforwardly to the left-sided
QFT, but we do not dwell further on this structure.

Definition 13. The steerable right-sided QHFT of f € L'(R? ,,,H) is the function Foulf) R? , — H

defined as the quaternion-valued (Lebesque) integral

Gu(Ne) = [ J)emine e dua), (75)

where w = (w1, ws) € R2.
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To distinguish the right-sided QHFT from the two-sided QHFT, we use a superscript r.
We now proceed to find a relationship between these two transforms. In view of and , a straight-
forward calculation shows that

éH(f)(w) — / f(:E) 6727ri£1w16727rjg2w2 du(z)

B /R T2 (fo () + ify (w))e 222 dyy(x)

2
t1,t2

+/ e 2L (§ fo (—y, 20) + kf3(—a1, T2))e 2 L222 dyy ()
R

2
t1,tg

= Fou(f)(w),

where

F@) = folar,xa) + ifi(x1,22) + fo(—a1,22) + kfs(—z1,22).

The following table contains the main operational properties of the right-sided QHFT.

Property Quat. Signal OH
Linearity  af(x) + Bg(z), o, € H aFou(f) +BFou(9)
Shift f((E o) y) éH(f(x)e—%riglwl)(w)e—QﬂjQsz
1 1 1
Dilation MR, @ —F; —wWy, —Ww
f( 1+ 1, A2 ® T2) Dol QH(f)()\l W 2)
1 am " ;—m m T 3 n
Part. Deriv. Wf(m)l (2mw1)" Fop (f)(w) (2mjw2)
am+n

Powers of 21,2, (=2m2,)™ (=2mzy)" f(2)i™ Fou(Hw)i™

m n
Ow Ows

Table 1: Operational properties of the right-sided QHFT.

Remark 4. For quaternion functions f € LQ(thtz,H) such thatif = fi, i.e., f= fo+1if1 then we get

on(f@oy) (W) = e 2T L FL () (w)e T
am—i—n
Fon (g @) = (2miwn) " Fop () (w)(2njen)".

The following theorems give the inversion formula, Plancherel and Parseval’s relations for the right-sided
QHFT. We state these results without proof for simplicity, but the techniques employed can be adapted from
those used in [13[[15[30]. We accordingly give a minimum of detail.

Theorem 22. Suppose that f € L'(R, ;,,H) satisfies F,p(f) € L' (R*,H). Then, the inversion formula for
the right-sided QHF'T given by 18
P = [ Fou(w)emiee s (76)

for a.e. z € ]thl to-

Theorem 23. If f € L' N L*(R? H), then Foulf) € L?(R2 H). The right-sided QHFT satisfies the following
Plancherel identity:

[, 1@a@ ) = [ Fau(5e) Fpla)(e) do.

Further, it satisfies Parseval’s identity, namely ||}"éH||§ = ||f]3-
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It is interesting to explore other properties of the right-sided QHFT in more detail. Further research
on this topic is now under investigation and will be reported in a forthcoming paper.

7 Concluding Remarks and Perspectives

In this paper, we constructed the hyperbolic counterpart of the two-sided and right-sided QFTs of two-
dimensional quaternion-valued signals defined in an open rectangle of the FEuclidean plane endowed with a
hyperbolic measure. The different forms of these transforms were prescribed by replacing the Euclidean plane
waves with the corresponding hyperbolic plane waves in one dimension. Furthermore, we also presented their
main operational and mapping properties, including an inversion formula, Parseval’s relations, and uncertainty
principles. It should be pointed out that in the large limits of t; and to, i.e., t1,ts — +00, our results yield the
corresponding results for the Euclidean two-sided and right-sided QFTs. Some new concepts were introduced,
such as the hyperbolic derivative and the hyperbolic primitive, which led to the differentiation properties of the
QHFTs. Applications of these results will be presented elsewhere.
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