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Abstract

Economic impact of composite sampling is investigated in the realistic frame-
work of tests with positive probability of false positive and of false negative
results. Sensitivity and specificity when pooling samples are also discussed,
using rarefaction as a framework.

1 Introduction

During the Second World War, Dorfman [2] used composite sampling in order to
get a more efficient method of identifying syphilis infected soldiers: testing a group
of m members is feasible and saves resources. A negative result of a compound
test means that no one is infected and a positive result means that at least one of
the members is infected. In this last case, individual tests to all the group soldiers
would be mandatory, in order to identify all infected members. As the main goal
is to minimize the number of expected tests to identify all the infected members,
the main issue is to find the optimal group dimension n. The compound analyses
allow us to save resources in a variety of problems aside from blood testing, cf.
[1]. Besides, the optimal n depends on the researcher’s main goal: to identify all
the infected individuals (classification problem) or to estimate the prevalence rate
(estimation problem).
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Dorfman’s original idea was applied to qualitative analyses (presence or absence
of the infection), without measuring any quantitative variable (antigenes or anti-
bodies or bacteria counts, or proportion of specific cells, or weight or volume of
some chemical compound). In his methodology, it was implicitly assumed that the
blood tests had no errors. In the present work, we assume that each test may return
a false negative or a false positive, i.e., the conditional probability of returning
the true diagnostic in the presence or absence of the disease, known respectively
as sensitivity and specificity, are essential operating characteristics of the test.
Some previous works, concerned mainly with prevalence rate estimation, discuss
misclassification issues. Nevertheless, most of these studies assume that pooling
does not affect misclassification (cf. [8,9, 12, 13]). Others studies, such as [7],
provide simple models for modeling sensitivity without taking into account the
number of infected members in the group. However, an infected member in the
pooled sample can be excessively diluted and become undetectable in the compound
test. Furthermore, the sensitivity and specificity of a compound test must depend
of the number of infected individual on the group—the dilution effect, cf. [6].
Hierarchical models to capture the dilution effect in prevalence estimation were
used in [14, 16], but they do not measure the probability of misclassification. Thus,
the main goal of this work is to analyze the influence of dilution and rarefaction on
sensitivity and specificity in the use of compound tests and Dorfman’s classification
methodology. Moreover, for low prevalence rates, it is shown that the dilution
effect for just one (or two) infected element in the group is sufficient to evaluate
misclassification in the use of pooled samples.

2 Dorfman’s Theory

Let p denote the prevalence rate of the infection and the independent Bernoulli
random variables X;, withi =1, ..., N, represent the presence (X; = 1) or absence
(X; = 0) of the infection in the i-th population unit. A compound test on a sample
of size n has negative result if none of those units is infected, i.e., Z?:l X; =0,
and it has positive result if at least one element is infected, i.e., Z?:l X; > 1. In
this case individual tests have to be carried out to identify all infected members. In
this chapter we follow Dorfman’s procedure, although our methods can be applied
to others methodologies, such as the ones proposed in [3,4,8,10] or [11]. Hence, the
expected number of tests needed to identify infected units in the population using
groups of n members is E[T] = N (41— (1—p)") (for simplicity, assume
that % € N). Thus a simple quantification of the efficiency of compound versus
individual tests is the relative cost RC = % = 2t _ (1 —p)", n > 2, which
can be used to find the most efficient value for n knowing the infection prevalence p.
Dorfman [2] analyzed different prevalence rates and concluded that the compound
test is more efficient if p is lower than approximately 0.3066 and the efficient value
for n (represented by n*) will decrease with p, without attaining the value n = 2,
as described in Table 1. Observe that for 0.123 < p < 0.307 we have n* = 3
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Table 1 Relative cost and n optimum for some prevalence rates p

p 031 030 0.13 012 0.07 0.05 0.025 0.0l 0.005 10-3 10=4 10=5 10=6
n* 1 3 3 4 4 5 7 11 15 32 100 317 1000
RC 1 0.990 0.675 0.650 0.502 0.426 0.305 0.196 0.139 0.063 0.020 0.006 0.002

Table 2 Joint probabilities of an individual test
Individual test result

Truth Xt X;

X;=1 N (1—¢,)p

X; =0 (1 —-¢.)q ©.q q
e.p+(1—w)g 1 —=p)p+p.q 1

and for p > 0.307 the compound test is not efficient (n* = 1). For p < 0.123
the approximation (1 — p)” & 1 — np (cf. [15]) provides the approximate optimal
solution n* ~ p~%?, whose maximum error is 1, with no significant influence on
the relative cost. Thus RC ~ 1 + np and, for n = n*, E[T] ~ 2N ,/p. Finucan [3]
proposes the smallest integer not less than p~°-5 + 0.5 for n*. In all examples we
will use the most efficient value for n, i.e. n = n*.

3 The Inclusion of Errors in the Tests Results

Now consider that the tests results are subject to some sources of error. We shall
denote ¢, € (0, 1] the sensitivity of one single test—probability of one positive
test (X;r) in one infected sample (X; = 1), i.e., P (X;F|XZ- = 1)—and e, € (0,1]
the specificity of the test—probability of getting a negative result (X, ) from a not
infected sample (X; = 0),i.e.,P (X, |X; = 0). Then, 1— ¢, will be the probability
of one false negative test and 1 — ¢, the probability of one false positive. Assuming
that the results of the test and the condition of the tested units are independent,
denoting ¢ = 1 — p, we obtain the probabilities shown in Table 2.

3.1 Sensitivity and Specificity in Compound Tests

Let IIM = >, X, represent the number of infected elements in a sample of size
nand [0 = P11 = 4) = (M)piq"~*,i = 0,...,n. Let X+ [resp. X7
represent a positive [resp. negative] result on the compound test. The purpose of
this section is to compare the sensitivity ¢, and the specificity ¢_ of one simple
test (n = 1) with the pooled sensitivity "l = P(X+I|7" > 1) and pooled
specificity ch"] = P(X[=|1"] = 0) of one compound test in a sample of size n.
Observe that the value of n does not affect the specificity; in fact, if we dissolve
one cm® of blood from 7 not infected elements and then we choose, at random, one
cm?® from this mixture to test, then this sample of blood will not be infected, and
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this framework is obviously equivalent to using just one cm® of blood from one non
infected person. So <p£”] =,.

On the other hand, the sensitivity of the compound test cp[s"] is a function of the
number m of infected members in the group. Denote cpgm'f”] = P(xHn| I = m),
and assume that cp[S"’"] = ¢,, 1.e., that the sensitivity of the compound test when all
members are infected is equal to the sensitivity of one simple test. Under these
assumptions we shall get 0 < gogl’"] < bl < < ng"’"] = p.,asa

s

consequence of the dilution of the fluid and its rarefaction, and

L (X[Jr,n] 7inl — ) P ([[n] — ) n in n
S _ 251 | J J 3 gl Tlin) 3y,
s ]P)(I[n]zl) . s 1_qn . s 7
j=1 j=1
Q)]
where Z?:l A; = 1 and therefore <p£”] is a weighted mean of the sensitivities

(pgj"n]; SO <p£"] < ¢, as a consequence of (pgm"n] < ¢,, for every m. Hung
and Swallow [6] applied a similar approach in order to analyze the robustness of
prevalence estimation under misclassification concerned with the dilution effect.
Nevertheless, they considered ¢, = ¢, = 1 (misclassification is only due the
dilution effect) and proposed two different specific forms to (pgj ] without providing
general formulas for sensitivity and specificity in compound tests.

In fact, the expected number of infected members in the n elements, supposing
p ~ 0 (thus n* =~ \/Lﬁ), is % and therefore \; > \; to ¢ < j. Moreover, the first
weight \; decreases with p but the remaining \; increase with p. For p = 0.1,
A1 &~ 0.85 and Ay =~ 0.14; for p = 0.01 A\; = 0.951 and Ay ~ 0.048. In general, the
gogj "] for j > 2 can be disregarded, and in most cases cp[f’"] can also be discarded
(for p = 0.001, for instance, A1 ~ 0.985). So, the value Lp£1=”] of the sensitivity of
one compound test when just one of the n members is infected has a large impact
on the total sensitivity of the compound test (without requiring any assumptions
concerning the dilution effect). If the sensitivity cpE‘m is low (compared with ¢,),
we do not recommend using the compound test.

In order to compare cp[smm] with ¢, we can use the weights k%l] =1- gog’"’"]go:l
where 1 > ki > kY > - > Kl = 0. Thus ") = o, =37 Ak, and the
difference between the sensitivity ¢, and the pooled sensitivity cpE”] is given by ¢, —
D DEPY kﬁn] ¢,.So, when p ~ 0, we have ¢, — " ~ (A kin] + )\gkin])gos.
We illustrate the use of those weights in Sect. 4.1 using the Poisson distribution.

In a compound test with n elements, the probability of each outcome is given in
Table 3.

3.2 Sensitivity and Specificity in Dorfman’s Methodology

Using Dorfman’s methodology, for one infected person being identified by the
test, the compound test must be positive (this happens with probability cp[S"] which
depends on I and then, in the simple test, we also need to get a positive result
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Table 3 Joint probabilities of a compound test

Compound test result

Truth X X[=m]

1l >1 el (1—qm) (1=l (1 —qm) 1—q"

=0 (1—0.)q" 0.q" q"
ol — g (ol o, —1) 1=l g (ol + o, —1) 1

(with probability ). Therefore, supposing that the tests results are independent,
the sensitivity ¢, of the process will be given by

n

o, =P(X{[X1=1)= SIP’ (X1+|X1 —1, =1 = ,) P (I[n—l] _ z)
i=0

3
|
-

=, Z Q0£i+17n]l[i’n_1] (2)
=0

and p, < gof < ., i.e., the sensitivity in Dorfman’s methodology is smaller than
the sennsitivity of one simple test. There are two different possibilities for one not
infected person being identified by the test: either the compound test is negative or
the compound test is positive and the simple test is negative. So the specificity ¢_

of the process will be given by "

. =P(X;|X1=0)= SP (XX =0, = i) (1Y =)
i=0

|
-

n

= 3 [P O xy = 0) B (X0 =) o (X = )] e

s
I
<}

=t el + 5 e (1 )] £

n—1
=1-(1-¢,) [(1 —e)" > sOE“"]I“’"”}

i=1

=1-(1-p)¢ 3)

where £ = §(<p£i*”},<pe,p,n) is a weighted mean of (1 — ¢, ) and <p[z g =
1,...,n — 1, therefore £ < 1 and consequently ¢, > ¢ (the spec:1ﬁc1ty in
Dorfman’s methodology is greater than in a simple test). If we do not include
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the rarefaction factor (i.e., supposing cp[sm’n] = ¢,1 < m < n,cf [8]), then
Y, = gpf < ¢., which does not depend on n and corresponds to the maximum
value for ¢, (best situation for ¢_ ). In this case the specificity ¢_ is given by

g, =1=(1-¢)p, —1—=¢ )1 —-p, —¢)q" ™, (4)
which depends on n, increases with q"‘1 (for suitable values for ¢_ and ¢_, i.e.,
¢, + ¢, > 1) and corresponds to the minimum value for ¢_ (worst case for ¢, ).

n—1

1 .
If we use the approximation n ~ -, then ¢ ~(1—p)ve ! decreases with

>
p € (0,0.31) and, therefore, o, also decreases with p. Nevertheless, if ¢_ is close
to one, the value of (1 — ¢, )(1 = ¢, — .) will be very close to zero and, therefore,
the value of p will not imply great changes in the specificity ¢, .

Hence, in this simplified situation, the gain of speciﬁcitg/ using Dorfman’s
methodology is generally negligible, but the loss of sensitivity can be large. For
instance, for ¢, = 0.9 we get ¢, = 0.81 and the probability of a false negative
(a most serious error, as an infected person is not detected) increases 9 % taking into
account the rarefaction factor, the loss would be even greater.

4 The Number of Bacteria

Let us consider the problem of detecting the presence of some type of bacteria to
test the contamination of some substance, for instance of yogurt at an industrial unit.

First, let us assume that the contamination rate is equal to p. Thus, if we choose
n yogurts at random to test, the number of contaminated ones is a random variable
I —~ B(n,p). Let us assume further that the number of bacteria Y;* in one m! taken
from the ¢-th yogurt, chosen at random, is zero if it is not contaminated. Otherwise, it
is modeled by some random variable Y; with discrete distribution D with parameters
vector # and support in Ny, that is Y; —~ D(6).

So, when pooling together one m! from n yogurts, the number of bacteria present
in the pooled sample willbe B,, = Y | Y;* = 21.121 Y;. If the compound test uses
one m! of the mixture of yogurts, as in the simple test, i.e., if we choose, at random,
one ml from the n ml of the amalgamated sample, assuming that the mixture
is homogeneous, the number of bacteria in one ml of this compound is B; —
B (B,, 1) (we can get the same result by considering B; = >0, W7 = >21_ | W,
where the random variable W is described by the hierarchic model W; ~ B (T, 1)
where T' ~ D(#)). Hierarchical pooling models using continuous distributions were
used in [14, 16] to develop procedures for HIV prevalence estimation with the
dilution effect.

Table 4 exhibits the results for some commonly used count distributions, namely
the main “basic count distributions” with extended Panjer’s recursion, cf. [5].
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Table 4 Example with some common count distributions

D(9) Bi|r=i
Poisson Y; ~P(A),A>0 Bilr=; ~ P (i2)
Binomial  Y; ~ B(m,p1) Bilr=i ~ B (im, B)
Negative Y; ~ NB(r,p1), y € No Bilj=i ~ NB( ,nplipll p1>
binomial P (Y; =y) = (Y7 ")pl (1 —p1)?
n(1-0+2
P Tn(1=9) z=0
Logarithmic Y; ~ Log(0), 6 € (0,1), fw, (@) = ) o 2
v 2 - n
P(Yi:y):_ﬁ% yeN TIn(1=0) 179(17%)> z N

4.1 Sensitivity and Specificity

For illustration purposes, our analyses will be restricted to the case of the number of
bacteria in one contaminated yogurt being modeled by the Poisson distribution, i.e.,
Y; ~ P(\) (the others cases are analogous).

Let us suppose that the test never returns wrong results (it identifies always the
presence of bacteria if any exists in the ml analyzed). Hence, the sensitivity is the
probability of existing at least one bacterium in one m! from on infected yogurt,
and therefore . = P(Y; >0) = 1 — e™*; and the specificity will be equal to
certitude (one not contaminated yogurt does not have any bacterium). Under these
conditions, the number of bacteria Y* in one ml is modeled by a zero-inflated
Poisson distribution with probability mass function

(1-p)+pe? =0
e—)\ 2\
x!

fy (@) = o)

z € N.

p

In the compound test, the number of bacteria in 1 ml of yogurt will be charac-
terized by a Poisson distribution with parameter m , where m < n represents the
number of infected yogurts in the group. As the number m of contaminated yogurt
is m ~ B (n,p), the number of bacteria ¥,* in 1 ml of the pooled sample has
probability function given by

fy* (‘T) = i:_O e,iA (zé)x (6)

that is equal to f,,. (x) when n = 1. So, even in the compound test, we still have
¢, = 1(if none of the yogurts is contaminated then the test is always negative, as
we obtain in (3) using ¢_ = 1) and, denoting by C the contaminated yogurts,
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n—1
o, =P (Y7 >1Yi € C)xP(Y; > 1) =Y 16n 1 (1 - e*@'“)%) (1—e),
1=0

which corresponds to formula (2) with lF1ml =1 — (D% andp, =1 — e,
my

Applying the weights k:] computed in Sect. 3.1, we get k:] =1- ll_f;f; ,and
the difference ¢, — ¢! is approximately ()\1 kin] + A2 I

s 2

) ps. If we consider, as

an example, a prevalence rate of p = 0.01 (n* = 11) and a parameter A = 10, then
v, — <p£”] ~ 0.39¢;, so the difference between the single test sensitivity and the
pooled éensitivity is approximately 40 %!

We can also include in the model the probability of having an extra source of error
associated with the test itself, specifically 1 — P, of false positive and probability
1-—- P of false negative, the resulting specificity is

e, =@, Py =011 €C)+ (1-gp, JP(Y,;>0Y; ¢C)+
+ ¢, [(1=p. PV =01 C)+4, P(¥; >0]Y; ¢ C)]
=¢., et (l—p, J1=p)+e. [(1 =, oo+, (1- %)}
=1-(-¢, Jo. —(A—p, JA=-¢. —¢, )¢ )

where ¢, = S0} 1lin-1] (e_’%). This formula is analogous to the one previ-

ously deduced in Sect.3.2 (but with ¢, instead of ¢"~!). The sensitivity (where
both the compound and single tests have to be positive) is

0., = [(1=¢., Py =0¥i € C)+p, P(V;>0]Yi €C)| x

x[e, PO+ (1—p, JP(¥i=0)]

= [(1 —e. Jo T, (1- wl)} [@ST (I—e™) +(1-¢p,

e

e, e, (e te Nl —p, —¢, )@®)

T T

T

=¢l tee(1-q,

where ¢, = St lin-] (e_(”l)% . This incorporates the probabilities of
erroneous outcomes due to the operational characteristics of the test himself
(where we obtain gpf , as in the cases previously analyzed) and of sampling errors
(in one contaminatedTgroup, we get no bacterium in the compound sample).
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Table 5 Relative cost, sensitivity, and specificity for two subpopulations

p1 0.00750.005 0.001 0.00010.005 0.005 0.005 0.005 0.001 0.001 0.001 0.001

w; 05 05 05 05 025 0.10 075 09 025 010 075 0.9

p2  0.01250.015 0.019 0.0199 0.011(6) 0.010(5) 0.025 0.055 0.013 0.011 0.037 0.091

RC 0.1939 0.1887 0.1650 0.1467 0.1928 0.1945 0.1806 0.1698 0.1823 0.1905 0.1393 0.1132
0 9950 0.9950 0.9953 0.9953 0.9949  0.9950 0.9951 0.9953 0.9951 0.9950 0.9956 0.9961

0 5936 0.5606 0.4810 0.4048 0.5757 0.5935 0.5386 0.5111 0.5506 0.5746 0.4026 0.3388

5 Dealing with Subpopulations

Let us consider that our population is divided into k£ groups (subpopulations) with
weights wy, wa, . . ., wk, Where Zle w; = 1, and prevalence rates p1, pa, . . ., Pk.
If the presence of subpopulations in the compound tests is disregarded, the results
for efficiency, sensitivity, and specificity are the same as the ones obtained with one
population with prevalence rate given by p = Zle WiDi-

On the other hand, if this information is not disregarded in the Dorfman’s
methodology, the expected number of tests will be E [Ts] = Ele w; N min,,

{";l—fl — (1= pi)™, 1}, n; > 2, where n; is chosen in function of the p; (cf.

Table 1). The relative cost, RC = ]E[f,s], is the weighted mean of the relatives
cost of each subpopulation, cf. [3].
For the simplified case (without rarefaction), the sensitivity !

the specificity is ¢l = 1— (1—¢, ), — (1=, )(1—p, — ¢, )Zle wiq" . For
51 =1
pr O wegety, ~1—(l—p,)p,—(1—¢,) (1=, —¢,) S wi (1—p) V7.
As f(p) = (1 - )%_1 is a convex function for p € (0,1), using Jensen’s
inequality Z _wif(pi) > f (Z . wzpl), and therefore (p = Z 4 WiPi),

S]—cpfchs . But

R —
k k k
1 X wip; i
Zwi(l_pi)‘;ﬁ = (1—2%‘]%) Y ¢ ) E N )
i=1 i=1

Hence, if we analyze the subpopulation strata separately, the specificity increases.

As an example, consider the Poisson example with A = 10, p = 0.01, P, =
¢, = 0.95. Working with the population as a whole, using (7) and (8), we have
¢, =0.9949, ¢, = 0.5780 and E[T] = 0.1956N (i.e., RC = 0.1956). Table 5
shows the results testlng the two subpopulations separately (with £ = 2). Testing
the subpopulations separately is slightly more efficient than otherwise, but the loss
of sensitivity should be analyzed previously.
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6 Conclusion

The use of compound tests optimizes the number of expected tests and consequently
saves resources. On the other hand, the possible loss of sensitivity and specificity
can restrict the usefulness of this methodology. Although the pooled sensitivity and
specificity are widely studied, the rarefaction factor is often disregarded. In this
work we stress the importance of determining the cp[j’"] sensitivity to control the
total pooled sensitivity. Therefore, the rarefaction factor is crucial in pooled sample
analysis, but for low prevalence rates the knowledge of the sensitivity cp[j’"] can be
a simple alternative to measure the overall misclassification, compared to the use of
more general dilution models (cf. [6,7]).
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