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Abstract We study iteration of polynomials on sym-
metric stochastic matrices. In particular, we focus on a
certain one-parameter family of quadratic maps which
exhibits chaotic behavior for a wide range of the pa-
rameters. The well-known dynamical behavior of the
quadratic family on the interval, and its dependence
on the parameter, is reproduced on the spectrum of the
stochastic matrices. For certain subclasses of stochas-
tic matrices the referred dynamical behavior is also
obtained in the matrix entries. Since a stochastic ma-
trix characterizes a Markov chain, we obtain a discrete
dynamical system on the space of reversible Markov
chains. Therefore, depending on the parameter, there
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are initial conditions for which the corresponding re-
versible Markov chains will lead under iteration to
a fixed point, to a periodic point, or to an aperiodic
point. Moreover, there are sensitivity to initial condi-
tions and the coexistence of infinite repulsive periodic
orbits, both features of chaos.

Keywords Matrix dynamics · Stochastic matrices ·
Iterated interval maps · Reversible Markov chains

1 Introduction and preliminaries

Iteration on Mn(R), the set of n × n real matrices, can
be viewed as a natural generalization of iteration on
R

n or C
n, concerning the algebraic structure of ma-

trix algebras. In [7] we have analyzed the iteration of
the quadratic polynomial z → z2 + c on M2(R); see
also [8]. Note that this example itself contains, as a
subcase, the complex iteration and the related well-
known Mandelbrot set, with all its dynamical, analyti-
cal and combinatorial complexity, see [6] for details.

In the following we define the assumptions needed
in order to obtain the iteration on the set of symmet-
ric stochastic matrices. The iteration is made under a
quadratic map (a one-parameter family), conjugated to
the logistic map, for which the one-dimensional ver-
sion exhibits complex behavior, in particular, the co-
existence of an infinite number of periodic points and
the sensitivity to initial conditions or, in other words,
exhibits chaotic behavior, see [4].
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Moreover, the symmetric stochastic matrices de-
termine reversible Markov chains, which are used in
many applications and also have great interest from a
theoretical point of view.

The stochastic matrices are matrices X = (xij )
n
i,j=1

with non-negative entries, i.e., xij ≥ 0 for which
∑n

j=1 xij = 1. In this case, the vector u:=(1,1, . . . ,1)

∈ R
n is a right Perron eigenvector of X with Perron

eigenvalue equal to 1 (spectral radius ρ(X) = 1).
Now, consider the polynomial map gλ(x) := 1 −

λx(1 − x), which is a modified logistic map so that
x = 1 is a fixed point. This fact is essential in order to
the iteration of a stochastic matrix still be a stochas-
tic matrix. We denote by Gλ the induced matrix map
Gλ(X) := 1 − λX(1 − X), where 1 denotes the iden-
tity matrix, with λ ∈ [0,4].

In the present paper we consider the restriction of
the matrix set to the set of n × n positive definite
symmetric stochastic matrices (necessarily doubly-
stochastic since they are symmetric and stochastic),
which we denote by Ωn. Therefore, a matrix X in Ωn

has non-negative entries, the Perron eigenvalue 1 and
spectrum contained in ]0;1].

To deal with Markov chains we would like to have
Gλ(X) ∈ Ωn whenever X ∈ Ωn. However, this is false,
in general. Assuming X ∈ Ωn, then Gλ(X) is neces-
sarily positive definite, symmetric and will have u as
Perron eigenvector associated with the Perron eigen-
value 1 (see Lemma 1 below). However, Gλ(X) may
have negative entries. The alternative is to consider the
minimal invariant subset of Ωn which, under iteration
of Gλ, maintains the property of non-negativeness of
the entries, so that the iterations are stochastic. This
is not a new situation, since it is similar to the case
of interval maps dynamics, when the invariant set, in-
stead of the whole interval, is a Cantor set, a self-
similar fractal subset of the interval, see for exam-
ple [3].

The paper is organized as follows. In Sect. 2 we
give preliminary general results on Ωn, relating the
periodic points of the dynamics on Ωn with those on
one-dimensional dynamics. We also study two partic-
ular cases, for n = 2 and n = 3. Finally, in Sect. 3
we focus on the dynamical behavior on the Markov
chain set, considering a reducible case and a primitive
case.

2 Discrete dynamics on the set of positive definite
matrices

2.1 General results

Consider X ∈ Mn(R). Let sp(X) denote the spectrum
of X and XT denote the transpose matrix of X. The
symmetric positive definite matrices are those which
satisfy X = Y 2, for some matrix Y ∈ Mn(R); a sym-
metric matrix is positive definite if and only if all its
eigenvalues are positive.

We say that X,Y ∈ Mn(R) are equivalent if and
only if they have the same spectrum, counting mul-
tiplicities. Since every symmetric matrix is diagonal-
izable, two matrices X, Y are equivalent if and only if
there is an invertible P such that Y = PXP −1.

Consider the modified logistic map

Gλ : Ωn −→ Mn(R)

X �→ 1 − λX(1 − X),

where 1 denotes the identity matrix, with the real pa-
rameter λ ∈ [0,4].

Lemma 1 Let X ∈ Ωn, then Gλ(X) is symmetric, pos-
itive definite and u := (1, . . . ,1) ∈ R

n is the Perron
eigenvector associated with the Perron eigenvalue 1.

Proof We first show that Gλ(X) is symmetric; as
XT = X, then

(
Gλ(X)

)T = 1 − λ
(
1 − XT

)
XT

= 1 − λXT
(
1 − XT

)

= 1 − λX(1 − X) = Gλ(X).

Now, since X is diagonalizable, there is an in-
vertible matrix P such that D = P −1XP is diagonal
and Gλ(X) = Gλ(PDP −1) = PGλ(D)P −1. Since
D = diag(x1, . . . , xn) is diagonal and xi ∈ [0,1], i =
1, . . . , n, we have Gλ(D) = diag(gλ(x1), . . . , gλ(xn)).
Therefore the spectrum of Gλ(X) is contained in
[0,1], and Gλ(X) is positive definite. Finally,

Gλ(X)u = u − λX(1 − X)u = u − λX(u − Xu) = u,

since u is the Perron eigenvector associated with the
Perron eigenvalue 1 of X. �
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Notice that, in order for Gλ(X) ∈ Ωn, the only nec-
essary condition that might fail is that some of the en-
tries of Gλ(X) might be negative. Now, let

Λn(λ) := {
X ∈ Ωn : Gk

λ(X) ∈ Ωn, for all k ∈ N
}
.

This is an invariant set, that is Gλ(Λn(λ)) = Λn(λ),
and it is the analogue of the invariant Cantor set for
the iteration on the interval, see [3].

In the following we analyze how the matrix dy-
namics in some aspects can be reduced to the one-
dimensional dynamics on the spectrum. For every
X ∈ Ωn there is an invertible matrix P such that D =
P −1XP is diagonal; in particular, the diagonal entries,
which correspond to the spectrum of X, belong to the
interval [0,1]. We thus have

Gλ(X) = Gλ

(
PDP −1) = PGλ(D)P −1.

Since D=diag(x1, . . . , xn) is diagonal and xi ∈[0,1],
i = 1, . . . , n, we have Gλ(D) = diag(gλ(x1), . . . ,

gλ(xn)). Moreover,

Gk
λ(X) = Gk

λ

(
PDP −1) = PGk

λ(D)P −1

= P diag
(
gk

λ(x1), . . . , g
k
λ(xn)

)
P −1.

This last expression allows us to use the results of
iteration on interval maps in order to obtain results on
the matrix dynamics.

Proposition 1 The matrix X ∈ Ωn is a periodic point,
with respect to Gλ, if and only if the sp(X) is a set
of periodic points with respect to gλ. Moreover, the
period of X is the minimum common multiple of the
periods of the eigenvalues of X.

Proof Let X ∈ Ωn, which is diagonalizable with a cer-
tain P such that P −1XP = diag(sp(X)). If sp(X) is a
set of periodic points of gλ, then there is a positive in-
teger m (minimum common multiple of the periods)
for which

diag
(
gm

λ (x1), . . . , g
m
λ (xn)

) = diag(x1, . . . , xn),

therefore Gm
λ (X) = P diag(x1, . . . , xn)P

−1 = X. Con-
versely, if there is a matrix X ∈ Ωn such that Gm

λ (X) =
X, for some positive integer m, then this implies that
diag(gm

λ (x1), . . . , g
m
λ (xn)) = diag(x1, . . . , xn) and that

the spectrum of X consists of periodic points with re-
spect to gλ. �

2.2 Some results in low dimension

2.2.1 The n = 2 case

In this situation we have Gλ(Ω2) = Ω2. A symmetric
stochastic matrix X ∈ M2(R) is

X =
(

x 1 − x

1 − x x

)

, x ∈ [0,1].

The eigenvalues of X are 1 and 2x − 1. Therefore,
to ensure that X is positive definite, we must consider
x ∈ ]1/2,1]. On the other hand, we have

Gλ(X)

=
(

1 + λ − 3xλ + 2x2λ (−1 + 3x − 2x2)λ

(−1 + 3x − 2x2)λ 1 + λ − 3xλ + 2x2λ

)

.

Since λ ∈ [0,4], for x ∈ ]1/2,1], the matrix Gk
λ(X)

has non-negative entries for every k ∈ N. Thus the
equality Gλ(Ω2) = Ω2 follows, that is, Ω2 = Λ2(λ),
for every λ ∈ [0,4].

For each cycle {a1, . . . , ak} of gλ, with period k,

we have the orbit
(

a1+1
2

1−a1
2

1−a1
2

a1+1
2

)

, . . . ,

(
ak+1

2
1−ak

2
1−ak

2
ak+1

2

)

of Gλ, with the same period. Note that, after diagonal-
ization, we have
(

ai 0
0 1

)

, i = 1, . . . , k;

nevertheless, this matrix is not stochastic, since ai �= 1
for all i = 1, . . . , k, otherwise we would have the triv-
ial case of the fixed point. When n = 2, there is no
Y ∈ Ω2 equivalent to a given X ∈ Ω2, that is, there is
no nontrivial P ∈ GLn such that PXP −1 ∈ Ω2. More-
over, there is a one-to-one correspondence between or-
bits in Ω2, under Gλ, and orbits in [0,1], under gλ.
Therefore the matrix dynamics in Ω2 is essentially
equivalent to the one-dimensional dynamics.

2.2.2 The n = 3 case

In this case, it is not true that Ω3 = Λ3(λ), for every λ.
For example, consider the matrix X ∈ Ω3,

X =
⎛

⎝
0.615903 0.114583 0.269514
0.114583 0.615903 0.269514
0.269514 0.269514 0.460972

⎞

⎠ .
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The eigenvalues of X are 1, 0.50132 and 0.191458
(roundoff to the 7th digit). For λ = 3.9 the second it-
eration G2

λ(X) = Gλ(Gλ(X)) has two negative entries
(although Gλ(X) does not have it):

G2
λ(X) =

⎛

⎝
0.79695 −0.107963 0.311013

−0.107963 0.79695 0.311013
0.311013 0.311013 0.377974

⎞

⎠ ,

and therefore G2
λ(X) /∈ Ω3. In this case we have that

X, given above, does not belong to Λ3(λ), for λ = 3.9.
For n = 3, a symmetric stochastic matrix is given

by

X =
⎛

⎝
x y 1 − x − y

y z 1 − y − z

1 − x − y 1 − y − z x + 2y + z − 1

⎞

⎠ ,

with x, y, z ∈ [0,1]. In this case, both the explicit pos-
itivity condition on x, y, z and the condition for
the non-negativity of the entries are more complicated
than the ones for the n = 2 case. Let us analyze the
subfamily that is characterized by z = x. In this case,
Gλ(X) also belongs to this subfamily and we obtain an
invariant subset of Λ3(λ). This leads to an interesting
theoretical question of what are the minimal invariant
subsets of Λn(λ), given n. The set Λn(λ) itself is not
minimal as we see here for n = 3. As we mentioned,
let us now consider the family of matrices

X =
⎛

⎝
x y 1 − x − y

y x 1 − x − y

1 − x − y 1 − x − y 2y + 2x − 1

⎞

⎠ , (1)

with x, y ∈ [0,1].
We must impose additional conditions on x, y to

guarantee that X ∈ Ω3. The eigenvalues of X are 1,
x − y and 3x + 3y − 2. Therefore, to ensure that
X is positive definite, we must consider x > y and
x > 2/3 − y. Let Λ̃(λ) be the subset of Λ3(λ) of ma-
trices in the form (1). In Fig. 1 we show the invariant
subset Λ̃(λ), for λ = 3.9, which illustrates how differ-
ent can be the sets Ω3 and Λ3(λ). In Fig. 2 we show
a detail of Fig. 1. The example given in the beginning
of this section was taken from this picture, searching
for pairs (x, y) for which the color is close to white
(in the example given, we have chosen x = 0.615903
and y = 0.114583). Note that it is much more difficult
to give, with the same method, a pair (x, y) for which
Gk

λ(X) has non-negative entries for every positive in-
teger k. This difficulty arises because the invariant set
Λ̃(λ) is a rset with nontrivial fractal structure.

Fig. 1 Graph of the invariant set Λ̃(λ) for λ = 3.9

Fig. 2 Detail of the invariant set Λ̃(λ) for λ = 3.9

A more efficient way to give X ∈ Λ̃(λ), that is, X

in the form (1) for which Gk
λ(X) has non-negative en-

tries for every positive integer k, is to give the periodic
points of Gλ. Nevertheless, some care is needed, since
even in this case we must assure the non-negativity of
the entries. Let a = x − y and b = 3x + 3y − 2 be the
eigenvalues of X in terms of the entries x, y. Deter-
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Fig. 3 Domain Δ in the plane (a, b)

mining x, y, we can explicitly write

X = 1

6

⎛

⎝
3a + b + 2 −3a + b + 2 2 − 2b

−3a + b + 2 3a + b + 2 2 − 2b

2 − 2b 2 − 2b 2 + 4b

⎞

⎠ .

The conditions on the eigenvalues a, b, in order for
x, y ∈ [0,1], are 1

6 (3a + b + 2) ≥ 0 and 1
6 (−3a + b +

2) ≥ 0. To ensure that X is positive definite we have
also 0 < a,b ≤ 1, therefore there is a domain, in the
plane (a, b), of possible eigenvalues of a matrix in Ω3,
see Fig. 3. Let Δ be this domain, which is the region
defined by Δ = {(a, b) ∈ R

2 : 0 < a ≤ 1, 0 < b, 3a −
2 ≤ b ≤ 1}. Note that (a, b) ∈ Δ does not imply that
(b, a) ∈ Δ.

Let {a1, . . . , ak} be a cycle of period k, with re-
spect to gλ, that is, gλ(ai) = ai+1, i = 1,2, . . . , k − 1,
and gλ(ak) = a1. To obtain a periodic matrix orbit for
Gλ it is necessary to choose a pair of points from
{a1, . . . , ak}. In the considered set, this pair (ai, aj )

will determine a periodic orbit for Gλ if and only if
(ai+r , aj+r ) ∈ Δ for every positive integer r (remind-
ing that gλ(ak) = a1). Since (a, a) ∈ Δ, for which
a ∈ [0,1], a possible choice is the pair (ai, ai); in
this case, we say that the matrix orbit is in phase.
Otherwise it is out of phase. The pair (ai, aj ) gives

the matrix

1

6

⎛

⎝
3ai + aj + 2 −3ai + aj + 2 2 − 2aj

−3ai + aj + 2 3ai + aj + 2 2 − 2aj

2 − 2aj 2 − 2aj 2 + 4aj

⎞

⎠

with i, j = 1, . . . , k.

We can implement an algorithm to obtain all the
periodic points of Gλ. Let λ ∈ [0,4]. Each cycle, with
respect to gλ, can be determined using numerical rou-
tines or using symbolic dynamics and combinatorial
arguments, see [5] and [2]. For the unidimensional or-
bit {a1, . . . , ak} of the least period k, we have a pe-
riodic matrix orbit in phase, generated by the pair
(a1, a1). To obtain the other matrix orbits, the out of
phase orbits, we only need to check if (a1+r , ai+r ) ∈
Δ, with r = 1, . . . , k − 1, for each pair (a1, ai), with
i = 2, . . . , k.

Example 1 Consider

X = 1

6

⎛

⎝
3ai + aj + 2 −3ai + aj + 2 2 − 2aj

−3ai + aj + 2 3ai + aj + 2 2 − 2aj

2 − 2aj 2 − 2aj 2 + 4aj

⎞

⎠ .

Let λ = 4. The two cycles of period 3, with respect to
gλ, are:

{a1, a2, a3} = {0.0301537,0.883022,0.586824} and

{a4, a5, a6} = {0.0495156,0.811745,0.38874}

(obviously we exclude the fixed points and present
approximate values). Remark that not all the pairs
(ai, aj ) generated by the elements of the cycles of gλ,
give a matrix orbit. In the table below, the symbol ×
represents the pairs (ai, aj ) that generate periodic or-
bits for Gλ. The symbol ∅ represents the other cases.

a1 a2 a3 a4 a5 a6

a1 × ∅ ∅ × ∅ ∅

a2 ∅ × ∅ ∅ × ∅

a3 ∅ ∅ × ∅ ∅ ×
a4 × × ∅ × ∅ ∅

a5 ∅ × × ∅ × ∅

a6 × ∅ × ∅ ∅ ×

This means that there exist two distinct matrix or-
bits of Gλ of period three that are in phase:
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(a1, a1) ←→
⎛

⎝
0.922015 0.0389926 0.0389926

0.0389926 0.922015 0.0389926
0.0389926 0.0389926 0.922015

⎞

⎠ ,

(a4, a4)

←→
⎛

⎝
0.874497 0.0627517 0.0627517
0.0627517 0.874497 0.0627517
0.0627517 0.0627517 0.874497

⎞

⎠ ,

and three distinct matrix orbits of period three that are
out of phase:

(a1, a4)

←→
⎛

⎝
0.910135 0.027113 0.0627517
0.027113 0.910135 0.0627517
0.0627517 0.0627517 0.874497

⎞

⎠ ,

(a4, a1)

←→
⎛

⎝
0.886376 0.074631 0.0389926
0.0746313 0.886376 0.0389926
0.0389926 0.0389926 0.922015

⎞

⎠ ,

(a4, a2)

←→
⎛

⎝
0.83701 0.0252649 0.137725

0.0252649 0.83701 0.137725
0.137725 0.137725 0.724549

⎞

⎠ .

3 Discrete dynamics on the Markov chain set

As we discussed in the introduction, each stochas-
tic matrix determines a Markov chain. Therefore, the
dynamics on Λn(λ) generated by Gλ corresponds to
a certain dynamical system on the set of reversible
Markov chains (reversible since we deal with symmet-
ric matrices). Since the set Λn(λ) is too large, we will
study families of matrices belonging to Λn(λ), for a
certain positive integer n, which are invariant under it-
eration of Gλ with potential interest for Markov chains
analysis. We stress that many different Markov chains
can be obtained, although the same iterative map Gλ

is considered.
Let us explain the general idea. Let λ ∈ [0,4]. We

start with a particular Markov chain characterized by a
stochastic matrix X ∈ Λn(λ). This Markov chain can
be seen as a model of a certain system in a regular
regime. The periodic structural changes in the system
are characterized by iteration of the map Gλ. After a
singular regime (corresponding to an iteration under

Gλ), in the next regular regime, the system is modeled
again by a Markov chain characterized by the stochas-
tic matrix Gλ(X). Therefore, we obtain an evolution-
ary process for Markov chains and we use some useful
techniques from iterated maps on the interval, that al-
low us to analyze this evolution.

3.1 A reducible case

An n×n matrix X is reducible if there is a permutation
matrix P such that

PXP −1 =
(

A B

0 C

)

, (2)

where A,B,C are non necessarily square matrices,
see (2). A reducible matrix X has the property that
the powers of X, Xk have entries which are equal to 0
for every positive integer k (it must have at least n − 1
zero entries).

Consider the following reducible matrix:

Y =

⎛

⎜
⎜
⎝

y0 0 z0 0
0 y0 0 z0

z0 0 y0 0
0 z0 0 y0

⎞

⎟
⎟
⎠ .

In order for Y to be stochastic, we must have 0 ≤
y0, z0 ≤ 1 and y0 + z0 = 1. The eigenvalues of Y are
y0 − z0 and y0 + z0 = 1, both with multiplicity 2.
Therefore if y0 > z0, we have that Y is positive def-
inite and in that case Y ∈ Ω4. The kth iteration of Y

will have the form

Gk
λ(Y ) =

⎛

⎜
⎜
⎝

yk 0 zk 0
0 yk 0 zk

zk 0 yk 0
0 zk 0 yk

⎞

⎟
⎟
⎠ ,

with

yk+1 = 1 − λyk + λy2
k + λz2

k and
(3)

zk+1 = (2yk − 1)λzk.

We conclude that Gλ preserves the initial ma-
trix form and the eigenvalues of Gλ(Y ) are yk − zk

and yk + zk = 1. Therefore, we have in fact a one-
dimensional system with

yk+1 = 1 − λyk + λy2
k + λ(1 − yk)

2

= 1 + λ − 3λyk + 2λy2
k . (4)
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Fig. 4 Evolution of the transition probability yk of maintaining the same state, with the initial condition y0 = 0.7. The probability of
transition to a different state is, for each iteration k, zk = 1 − yk : (a) with λ = 3; (b) with λ = 4

Now we are in position to analyze the dynamical be-
havior of Gλ directly from the matrix entries and, in
particular, to analyze if any entry will eventually be
negative. The map x �→ hλ(x) := 1 +λ− 3λx + 2λx2,
restricted to x ∈ [1/2,1] (in order to satisfy the pre-
vious conditions, given in Sect. 2.2.1), remains in
[1/2,1]. This means that, for every λ ∈ [0;4], all the
entries of Gk

λ(Y ) are non-negative, and that, for every
k, the set of considered matrices is invariant under Gλ,
in particular yk ∈ [1/2,1].

We can see that we have two Markov chains, with
underlying vertices {1,3} and {2,4}, each one associ-
ated with a 2-full-shift, coupled by the recursion (3).
For a given k we obtain a Markov chain for which
the probability of maintaining the same state is yk and
to change the state is zk = 1 − yk . In the next iter-
ation (generation), the probability of maintaining the
same state is yk+1 = hλ(yk) = 1 + λ − 3λyk + 2λy2

k .
In Fig. 4 we exemplify how this probability evolves,
starting from y0 = 0.7 and considering different val-
ues of λ.

It is interesting to note that the map hλ, with
λ ∈ [0,4], reproduces the different features of the
quadratic maps dynamics, as we can see in the bifur-
cation diagram in Fig. 5.

If λ = 2 (or λ < 3), every initial condition in
[1/2,1[ is attracted, under hλ, to the fixed point. If
λ = 3.56995 . . . , we have the Feigenbaum point, the
beginning of “chaos.” If λ > 3.56995 . . . , we have
positive topological entropy and an infinity of repul-
sive periodic points, see [9].

A natural generalization is considered in the next
theorem.

Fig. 5 Bifurcation diagram of the map hλ

Theorem 1 Let Y ∈ Ω2n+2, n ≥ 1, be a stochastic
matrix of the form

Y =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

y 0 z 0 z · · · 0
0 y 0 z 0 · · · z

z 0 y 0 z · · · 0
0 z 0 y 0 · · · z

z 0 z 0 y 0
...

...
...

...
...

. . .
...

0 z 0 z 0 · · · y

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (5)
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Then

Yk := Gk
λ(Y )

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

yk 0 zk 0 zk · · · 0
0 yk 0 zk 0 · · · zk

zk 0 yk 0 zk · · · 0
0 zk 0 yk 0 · · · zk

zk 0 zk 0 yk · · · 0
...

...
...

...
...

. . .
...

0 zk 0 zk 0 · · · yk

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

with

yk+1 = 1 − λyk + λy2
k + λnz2

k,
(6)

zk+1 = (2yk − 1)λzk + λ(n − 1)z2
k

and

y0 = y, z0 = z, yk + nzk = 1. (7)

In particular, Gk
λ(Y ) ∈ Ω2n+2 for every positive inte-

ger k, with λ ∈ [0,4].

Proof If Y is in the form (5) and stochastic, then y =
1 − nz and z ∈ [0,1/n]. The eigenvalues of a matrix
in the form (5) are y + nz and y − z. As Y is positive
definite, we have y > z and Gλ(Yk) belongs to Ω2n+2.

Moreover, by direct computation of Gλ(Yk), we ob-
tain the claimed relation for yk+1 and the matrix Yk+1

also in the form (5). Therefore, yk+1 + nzk+1 = 1. By
induction, the result follows for every positive inte-
ger k. �

3.2 A primitive case

A matrix X is primitive if there is a positive inte-
ger k such that every entry of Xk is positive. If X is
a non-negative primitive matrix then, by the Perron
Frobenius theorem, one of its eigenvalues is positive
(a simple root of the characteristic equation of X) and
greater (in absolute value) than all the other eigenval-
ues, see [1].

Let

Y =
⎛

⎝
x0 y0 y0

y0 x0 y0

y0 y0 x0

⎞

⎠ .

This matrix is primitive iff y0 �= 0. In order for Y

to be stochastic, we must have 0 ≤ y0, x0 ≤ 1 and

2y0 + x0 = 1. The eigenvalues of Y are 1 and 1 − 3y0

with multiplicity 2. In this case, we have to consider
y0 < 1/3 to ensure that Y is positive definite so that
Y ∈ Ω3. Now, it can be easily seen that Gk

λ(Y ) has the
form

Gk
λ(Y ) =

⎛

⎝
xk yk yk

yk xk yk

yk yk xk

⎞

⎠ ,

and consequently, we have xk = 1 − 2yk . Moreover, a
simple calculation shows that yk = λyk−1(1 − 3yk−1).
This means that in this case the dynamics of the matrix
entries can be given explicitly (and also using the spec-
trum). Note that the quadratic fλ,3(y) = λy(1 − 3y)

maps the interval [0,1/3] into itself and reproduces
the dynamics of the logistic equation on the unit in-
terval. Furthermore, this shows that all the entries of
Gk

λ(Y ) are non-negative for every y0 ∈ [0,1/3[ and
every k.

As a generalization of this case, we can consider a
family of n × n matrices Y for which the entries out-
side the diagonal are equal to y and in the diagonal are
equal to x = 1 − (n − 1)y. Let fλ,n(y) = λy(1 − ny).
The map fλ,n(y) sends the interval [0,1/n] into itself
and reproduces the dynamics of the logistic equation
on the unit interval. Now, we have the following theo-
rem.

Theorem 2 Let Y ∈ Ωn be a stochastic matrix of the
form

Y =

⎛

⎜
⎜
⎜
⎜
⎝

x y · · · y

y x
. . .

...
...

. . .
. . . y

y · · · y x

⎞

⎟
⎟
⎟
⎟
⎠

. (8)

Then

Yk := Gk
λ(Y ) =

⎛

⎜
⎜
⎜
⎜
⎝

xk yk · · · yk

yk xk

. . .
...

...
. . .

. . . yk

yk · · · yk xk

⎞

⎟
⎟
⎟
⎟
⎠

,

with

xk+1 = 1 − (n − 1)yk+1, yk+1 = λyk(1 − nyk),

and

y0 = y, x0 = x.
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Fig. 6 Evolution of the transition probability yk of changing the state, with λ = 4. The probability of transition to the same state is for
each iteration k, xk = 1 − (n − 1)yk : (a) with y0 = 0.1850217 . . . (period 4); (b) with y0 = 0.1889865 . . . (aperiodic)

In particular, Gk
λ(Y ) ∈ Ωn for every positive integer k,

with λ ∈ [0,4].

Proof If Y is in the form (8) and belongs to Ωn, then
x = 1 − (n − 1)y and y ∈ [0,1/n]. The eigenvalues
of a matrix in the form (8) are x + (n − 1)y and
x − y. As Y is positive definite, we have x > y and
Gλ(Yk) belongs to Ωn. Moreover, by direct compu-
tation of Gλ(Yk), we obtain the claimed relation for
yk+1 and a matrix Yk+1 also in the form (8). There-
fore, xk+1 + (n − 1)yk+1 = 1. The result follows by
induction, for every positive integer k. �

Example 2 Let us consider n = 5 and λ = 4. In Fig. 6
we can see the iterations of the Markov chains for dif-
ferent initial conditions y0 = 0.1850217 . . . (period 4),
y0 = 0.1889865 . . . (aperiodic).

4 Conclusions

In this paper we have analyzed the dynamical behav-
ior of iterated matrices under quadratic maps. Choos-
ing an appropriate one-parameter family of quadratic
maps it was possible to preserve the stochasticity of
a matrix. Therefore, we have obtained a discrete dy-
namical system on certain invariant subsets of n × n

matrices. These invariant sets depend on the size and
the internal structure (relations between certain en-
tries, fixed zero entries, etc.) of the initial matrix. In
the case of a general 3 × 3 stochastic matrix, the in-
variant subset reveals a fractal structure resulting from
discarding the matrices which have eventually nega-
tive entries. Different classes of n × n stochastic ma-
trices, with certain given relations between the entries,

such as those in Sects. 3.1 and 3.2, have as invariant
sets domains in R

2 (more generally, R
n). Since the

behavior of quadratic maps is well known and stud-
ied, we are now able to study and analyze in detail
the dynamical behavior of reversible Markov chains,
arising from the symmetric stochastic matrices, which
evolve under the iteration of the quadratic map Gλ.
This study can be made regarding the choice of the
initial conditions (an initial Markov chain) and the de-
pendence on the parameter λ ∈ [0,4]. For instance, if
λ ≤ 2 for every initial condition, the corresponding or-
bit is attracted to the fixed point. If λ ≤ 3.56995 . . .

(Feigenbaum point), the occurrence of periodic points
is limited to those with period 2k , for certain positive
integer k. If λ > 3.56995 . . . , then there are infinite
repulsive periodic points with periods conditioned by
the Sharkovsky theorem. This is reflected directly in
the dynamics of the stochastic matrices and the evolv-
ing Markov chains. As an example we have consid-
ered in Sect. 3.2 a family of n × n stochastic matri-
ces, characterized by two variables: x (associated with
the probability of staying in a certain state) and y (as-
sociated with probability of changing the state). This
family is preserved by the map Gλ and the dynam-
ics is, regarding the matrix entries, determined by a
one-dimensional map fλ,n, where n is the matrix size.
Starting with λ = 0 and increasing its value, we follow
the route to chaos by period doubling (and more gen-
erally by bifurcation phenomena). We obtain, there-
fore, successive oscillating Markov chains, first a fixed
point, then period two, period four, and so on. In this
setting and choosing the appropriate parameter, we ob-
tained orbits of Markov chains which are aperiodic (as
in Example 2).
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