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In this paper, we address the meshfree numerical solution of time-harmonic linear elastic wave propagation
problems in homogeneous media. In particular, we analyze the asymptotic behavior of the method of fundamental
solutions (MFS) with source points located far away from the domain of interest. The asymptotic MFS is shown to
be equivalent to a Trefftz method, here referred to as the plane waves method (PWM), based on superposition of

shear and compressional elastic plane waves with different directions of propagation. Several numerical examples
are included in order to illustrate the equivalence between the asymptotic MFS and the PWM. The convergence
and stability of the PWM are also analyzed in smooth settings.
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1. Introduction

The method of fundamental solutions (MFS) [1-4] is a meshfree and
integration free boundary collocation technique that falls into the class
of Trefftz methods [5]. In the MFS, the unknown solution of a homo-
geneous elliptic boundary value problem (BVP) is approximated by su-
perposition of fundamental solutions of the corresponding differential
operator, with singularities distributed on a pseudo boundary [6] lo-
cated in the exterior of the domain.

According to the reported numerical results [7-9], the accuracy of
the MFS, when applied in smooth settings, may be improved by increas-
ing the distance between the domain of interest and the pseudo bound-
ary containing the singularities of the shape functions. However, this
improvement is limited by the machine precision and the error accumu-
lation due to the ill-conditioning of the corresponding linear systems.
In this sense, it is necessary to analyze how far away can we push the
singularities in order to achieve accurate numerical results, without de-
stroying the stability of the method.

Besides on the number (and location) of singularities and boundary
collocation points, the optimal MFS accuracy depends on the shape of
the domain and on the regularity of the boundary conditions, e.g. [9]. In
other words, the highest accuracy of the MFS does not necessarily cor-
respond to taking the most distant singularities. The goal of this paper is
to analyze the asymptotic behavior of the MFS for far away singularities
and not to establish an optimality condition for the MFS accuracy.
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The behavior of the classical MFS with source points distributed on
a spherical pseudo boundary with an arbitrarily large radius was ana-
lyzed in [10,11], for interior acoustic wave propagation problems. In
the referred publications it was shown that this asymptotic case of the
MEFS is equivalent to a meshfree method, called the plane waves method
(PWM), based on superposition of acoustic plane waves with different
directions of propagation.

Since its introduction, the PWM has been successfully applied for the
numerical calculation of eigenfrequencies and eigenmodes of 2D and
3D domains [12] and for estimating eigenmodes for acoustic cavities
[13,14]. Also, inverse problems for Helmholtz [15] and Helmholtz-type
[16] equations have been solved using the PWM, coupled with the TSVD
regularization technique. An efficient matrix decomposition algorithm
for solving the PWM linear system was presented in [17], for axisym-
metric Helmholtz problems. More recently, a modification of the PWM
basis, spanning the same approximation space but reducing significantly
the ill-conditioning of the corresponding linear system was proposed in
[18].

In this paper we will consider the numerical solution of the Navier
equations of elastodynamics via the MFS and analyze its behavior for
source points located far away from the domain of interest. In particular,
we will show that the solution of the Navier PDE may be represented
in terms of the solutions of two Helmholtz equations and consequently,
as a linear combination of shear and compressional elastic plane waves.
This representation will allow us to extend the PWM to elastic wave
propagation problems.

The use of plane waves for the numerical solution of the time-
harmonic elastic wave equation is not new. The advantages of such
shape functions in comparison with the standard polynomial finite
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element schemes have been recognized more than two decades ago. Sev-
eral numerical methods such as the ultra weak variational formulation
(UWVF) [19], the discontinuous enrichment method [20] or the varia-
tional theory of complex rays [21], among others, have been proposed
for simulating elastic wave phenomena. In particular, the use of oscil-
latory basis functions allows for the accurate solution of medium and
high frequency wave propagation problems with lower computational
effort, in comparison with the classical FEM. From a theoretical point of
view, algebraic order of convergence for linear combinations of elastic
plane waves with respect to the dimension of the approximation space
and the diameter of the domain has been proven in [22].

The novelty in our work consists in the development and application
of a meshfree and integration free method, with elastic plane waves as
shape functions, for the numerical solution of the homogeneous Navier
equation. The PWM is a Trefftz method and therefore its algorithm is
based on the solution of a single collocation linear system for the bound-
ary conditions. Here, the shape functions are operator geared and there-
fore no numerical or analytical differentiation is also required for the
application of the method, as for example if general purpose RBF func-
tions were to be used. In smooth settings, the convergence of the PWM
is exponential and thus superior to polynomial finite element methods.

The rest of the paper is organized as follows. In Section 2 we include
a brief review of the existing theoretical results for the asymptotic be-
havior of the classical MFS, when applied to acoustic wave propagation
problems. The formulation of the PWM for the numerical solution of the
Helmholtz PDE, as introduced in [10], is also recalled. In Section 3 we
analyze the asymptotic behavior of the MFS and generalize the PWM
from the acoustic (scalar) case to the elastic (vector) case. Section 4 is
dedicated to numerical tests illustrating the relation between the asymp-
totic MFS and the PWM for several elastic wave propagation problems.
The convergence and stability of the PWM is also analyzed.

2. Acoustic case

The propagation of a sound wave of small amplitude in a homoge-
neous isotropic medium Q c R?, d = 2,3, with smooth boundary I' = dQ
is modeled by the wave equation. If one is interested in time-harmonic
solutions, the problem may be reduced to the solution of a BVP for the
Helmholtz equation

Au+k*u=0 1in Q
, (1)

u=g on T

where g is the prescribed Dirichlet boundary condition. If —k? is not an
eigenvalue for the Laplace operator in Q, or equivalently, if k is not a
resonance frequency for the BVP in Q, problem (1) is well posed and,
for C* boundary data, it has a unique solution ue C*(Q), e.g. [23,24].
The fundamental solution for the Helmholtz operator is given by

THy Klxl).,  d =2

D, (x) = )

47| x|
where H(()l) is the Hénkel function of the first kind and order zero, |x|
represents the Euclidian norm in R? and i is the imaginary unit. Note
that @, exhibits radial symmetry and oscillatory behavior and its real
part is singular at x = 0.

By shifting the singularity of ®,(x) to an exterior point y € R¥\Q,
also called a source point or source, we may define a particular solution
for the Helmholtz PDE, given by ®,(x — y), x € Q. The classical MFS,
e.g. [4,7], consists in approximating the unknown solution of (1) by a
linear combination of such fundamental solutions

n
uri(x) = Zajll)k(x—yj) 3)
j=1
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where the n source points y,, ..., y, belong to an admissible source point
set, also called artificial boundary [6], which we will denote by I"c
RY\Q. The boundary conditions are then fitted by solving (exactly or
approximately) a collocation linear system for a finite set of boundary
knots.

2.1. Asymptotic expansions

The following analytic result characterizes the asymptotic behavior
of @, for a source point y located far away from the domain of interest
Q, e.g. [25].

Theorem 1. For y € R? (d = 2,3) with |y| — o and x €T we have

oi7/4  oiklyl <e”'kx‘y+0<i)>’ d=2,
V8kr \/1yl o
O (x—y) = v
eik|Y| ( —ikx-$ < 1 >>
ol =) ). =3
4zlyl ¥l

where! $ = y/|y| € S9! and (x-y) denotes the scalar product in R¢.

From (4), for |y| = R>> |Q| and x € Q the fundamental solution
@, (x — y) is asymptotically equivalent to an acoustic plane wave

Dy (x — y) ~ Cre**? ©)

with the same frequency k, direction of propagation d = — and constant

in/4 i i
amplitude Cy = £ AR ford =2o0rCy = %,ford = 3. Note that Cy

V8zk VR’

is just a scaling factor for the plane wave.
In view of the above result and noting that acoustic plane waves of
the form

Wi (x,d) :=e**d de s (6)

represent particular solutions of the Helmholtz PDE (with frequency k)
we may conclude that the MFS with source points located far away from
the domain of interest is asymptotically equivalent to a Trefftz method
based on superposition of acoustic plane waves with unitary directions
of propagation. This meshfree method was formulated and analyzed
by Alves and Valtchev in [10] and we refer to it as the Plane Waves
Method (PWM).

In the Plane Waves Method, the unknown solution of the BVP is
approximated by a linear combination of acoustic plane waves

n
uzﬁ(x):ZajWk(x,d-), xeQ, @)
j=1

where

D={d;es"": j=1,....n) ®)

is a prescribed set of n distinct unitary directions. Noting that the plane
waves W, and therefore &, satisfy the Helmholtz PDE, the unknown co-
efficients & = (a, ..., @,) € C" are calculated by enforcing the boundary
conditions on a set of boundary collocation points. The resulting col-
location linear system is usually ill-conditioned and a pseudo-inversion
technique (e.g. TSVD) may be requires for its solution, see [26].

The applicability of the PWM may be justified in terms of density re-
sults for linear combinations of plane waves in an appropriate functional
space defined on T, see [10,25]. From a numerical point of view, the
performance of the method was analyzed in [10,11] and its equivalence
to the asymptotic case of the MFS has been confirmed. Also, exponen-
tial convergence of the PWM with respect to the number of collocation
points and unitary directions has been observed for BVP posed in smooth
domains and with analytic boundary conditions.

! Notation: By = {x € R’ : |x| < R},S%™' ={x€R’ : |x| = R}, B! := B! and §7' :=
S9-1
1
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3. Elastic case

In the absence of body forces, the dynamic equilibrium equations
and the constitutive (Hooke’s) law for a continuous elastic medium are
given by

ijj = Pi;
)]
o = Aekkéij + 2/46,-j

In (9) the quantities u;, %(u,-, jrug) and ojj represent the compo-
nents of the displacement field u, strain tensor (u) and stress tensor
o(u), while 4> 0, u >0 are the Lamé elastic constants and p> 0 is the
density of the medium. Here we use the Einstein summation convention,

i is the Kronecker delta and the indices after the comma denote differ-
du;

€=

entiation with respect to the corresponding variables, e.g. u; ; = Ft
j
Combining the two equations from (9) we can derive the equations

of motion

/m,-’jj+(}»+/4)uj,j,-=pil,-, i=1,..,d (10)

and assuming time-harmonic variation for the displacement field
u(x, 1) = u(x)e™"", with o denoting the circular frequency of vibration,
we can obtain an elliptic system of PDEs, also called Navier equations
of elastodynamics

g+ A+ ;g + pou; =0, i=1,....d, an
which may be rewritten in the following operator form:
Eu 1= pAu+ (u+ AHVV - u) + po’u = 0. 12)

The situation here is more complicated than in the acoustic case,
not only because of the vector form of the unknown solution u, but
also because, for a given frequency w, there are different types of waves
being propagated with different speeds of propagation. The two types
of waves that arise are the pressure (dilatation) P-wave and the shear
(distortional) S-wave with wave numbers

[ » P
k,=w Tt and kxzw\/;,

which depend only on the material properties 4, x4 and p of Q.

In the rest of this section we will address the numerical solution of
(12) with prescribed displacements on the boundary I". More precisely,
we will consider the Dirichlet BVP

Eu=0
(o,
posed in a bounded, simply connected domain Q c RY with smooth
boundary I'. In order to simplify the notation we take a normalized den-
sity p= 1.

BVP (14) is well posed, e.g. [27,28], and for a given boundary condi-
tion ge [C® (M19ithasa unique solution u € [C*® ()14 As in the acous-
tic case, the well posedness is guaranteed only if —w? is not an eigenvalue
for the (elastostatics) operator A* = yA + (A + p)VV in Q or equivalently
if @ is not an eigenfrequency for the BVP (14). We will assume this re-
striction on the values of w.

For the elastodynamics operator £ = —(A* + pw?), with @> 0, the
fundamental solution is given by the Kupradze tensor [27]

13)

in Q
(14)

onI"

G KD, I+ ID(CI),{S - @kp)], (15)

- L[
@ pa)2
where D = [0[.2/.] dxa and @, and @, are the fundamental solutions of the
corresponding (scalar) Helmholtz equations. Tensor G, presents radial
symmetry, oscillatory behavior and its real part is singular at x = 0. For
the numerical tests in Section 4 we will consider the simplified form of
the Kupradze tensor, as shown in [29].
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As in the scalar case, by shifting the singularity of G,, to an exterior
point y € RY\Q we may define a particular solution for the Navier sys-
tem (14) and the MFS consists in approximating the unknown solution
u by a linear combination of the form

n
uma(x)= ) G,(x-y)-a, xeQ (16)
j=1
where the n source points y; form an admissible source point set I'c
RY\Q. The boundary conditions are then fitted by solving (exactly or
approximately) a collocation linear system for a finite set of boundary
knots. For more details on the application of the MFS to homogeneous
and non-homogeneous elastic wave propagation problems we refer the
reader to [29,30] and the references therein.

3.1. Asymptotic expansions

Consider the inhomogeneous Navier equations of elastodynamics
a7

where f is a prescribed body force, with a bounded support. We start
with the asymptotic analysis of the solution u in the 2D case. The nec-
essary modifications for the 3D case will be presented afterwards.

2D case: We split the Kupradze tensor G, into compressional and
shear parts

fu=f

6,=G,+6G, with G,:= -ﬁmkp andG, 1= ! (k’fcpk:u + mks)

pa?

(18)
and consequently separate the solution of (17) into
u=-G,xf=-G,* f-G,x f:=U,+U, (19)
where * denotes the convolution operator.

For a scalar function G, define the 2D differential operator
VG =[G, —G,l]T 0)
and note that it satisfies the 2D vector identity
Au=VV u-ViVxu, @1

where the cross product in 2D is defined as (u;,u,) X (v}, 0,) = u;v, —
Uy Uy.

Using the properties of the convolution operator and (21) it can be
shown that

U, = -Lv(o, <)

[

(22)

U= L (£ - VH@, = (Vx f).

pw?

Consequently, the following representation theorem holds for the
solution of (17).

Theorem 2. [2D case] For x & supp f, the solution u of (17) can be rep-
resented in the following form:

u=Vu,+ Vlus, (23)
where u, = #Cbkp x (V - f) satisfies the scalar Helmholtz equation

. 1
Au, +k§up = f, with f, = —ﬁ(v - 24
and ug, = _/#(Dkx % (V x f) satisfies the scalar Helmholtz equation

. 1
Aug + k2ug = f, with f, = W(V X f). (25)

More precisely, for x ¢ supp f, the solution of the BVP (17) may be
expressed in terms of the solutions of two scalar Helmholtz equations
with frequencies k, and k;, respectively.
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For the homogeneous case f = 0 we have the following corollary of
the above result.

Corollary 1. In the settings of Theorem 2, suppose that u satisfies (23),
with u, and uy being the solutions of (24) and (25) with f »=0 and f, =0,
respectively. Then u satisfies the homogeneous Navier equations of elastody-
namics Eu = 0.

Proof. Applying (21) we note that
Eu=—puViV xu+(A+20)VV - u+ potu. (26)

Substituting (23) and using the relations VxV =V -Vl =0 and V x

V1 = —A we derive
Eu = pVAug + (A + 20V Au, + po* (Vu, + Viuy). 27)

By assumption, u, and u; satisfy Au, = —kiup and Aug = —k?uj, respec-
tively. Therefore, using the definitions of kp and kg, see (13), we obtain

Eu= —pkVug — (A+ 20k Vu, + po (Vu, + Viug) =0, (28)
which concludes the proof. []

Applying the acoustic PWM, we may approximate the solutions u,, of
(24) with f,=0 by a linear combination of acoustic plane waves with
frequency k, and unitary directions of propagation d;, j =1,...,n, ie.

n
u,(x) R Z ajeikﬂx‘d!. (29)
j=1

Analogously, the solution u; of (25) with f, = 0 may be approximated

by

u (x) & Y et 30)
=1

J
Next, note that

Velkpxd; — ikpdje”‘ﬁ"‘df and Vieks¥d = iksd;eik»vx‘d/ (€18)

i.e. the application of the operators V and V+ to an acoustic plane wave
results in a P and S elastic plane waves, respectively. Consequently, by
(31) and the representation formula (23) we may approximate the so-
lution u of (17) by
n
u(x) ~ Z ajik,de*r* i 4 (32)
j=1

n
Y Bikgdyes i,
j=1
which is essentially, after a redefinition of the coefficients aj and Bj, a
linear combination of elastic P and S plane waves.
3D case: In the 3D case, the vector identity (21) becomes

Au=VV-u-VxVxu. (33)

Also, note that in R the subspace orthogonal to the vector d is two-
dimensional and therefore two linearly independent S-waves may be
defined.

Theorem 3. [3D case] For x & supp f, the solution u of (17) can be rep-
resented in the following form:

u=Vu,+Vxu, (34
where u,, = ,](17cbkp # (V - f) satisfies the scalar Helmholtz equation
. 1
Au, +kou, = f, with f, = —ﬁ(v - (35)
and u, = —,ﬁd)ks * (V X f) satisfies the vector Helmholtz equation
Au, +K2u, = £, with f, = —(Vx f) (36)
s s s s T a?

Proof. Analogous to the 2D case, using (33) instead of (21). []

The representation (34) is also valid in the homogeneous case f =
0, with f=0 and f, =0 in (35) and (36). The proof of this result is
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analogous to the Corollary 1, using (33) and the identities V- V x u, =0
and V x Vu, =0. Also see [22].

As before, the solution u, of (35) with f, = 0 may be approximated
by the acoustic PWM and applying the gradient operator V we obtain
the P-wave terms of (32).

On the other hand, the solution of (36) with f; = 0 may be approx-
imated by a linear combination of acoustic plane waves with vector
amplitudes q; € R?

n

u (x) ~ 2 q/-e"kx"‘d/. (37

j=1
Noting that
V x (ge*s™?) = ik (d x g)e™*s*4 38)
we have

n

Vxu(x) & Y ik, (d; x g;)e’s i, (39)

=l

which represents a linear combination of S-waves, since the cross prod-
uct (d; x g;) is orthogonal to the direction d;. Finally, as in the 2D case,
we conclude that the total solution u may be approximated by superpo-
sition of P and S elastic plane waves.

3.2. The plane waves method

Summarizing the above results, it is possible to approximate the dis-
placement field u in the Dirichlet BVP (14) by a linear combination of
P and S elastic plane waves
eikpxd

q with q || d (P-wave)

geR? de s, (40)

ikgx-d

ge'ks withqg L d (S-wave)

which, in particular, satisfy the homogeneous Navier system &u = 0.
This property allows us to formulate a boundary collocation Trefftz
method that generalizes the PWM from the scalar (acoustic) to the vec-
tor (elastic) case.

2D case: For a unitary direction d = (&,&,) € S' define the 2 x 2 ten-
sor
51 eikpx-d

(41)

|: ‘fzeik:x~d:|
W, (x,d) = s

ézeikpx-d —fleikﬁx'd

where W, - e, isa P-waveand W,
the canonical basis of R?.
Taking a set of distinct unitary directions d; € S!, j=1,....,n, we

may define a plane waves approximation for the displacement field u

- e, isa S-wave. Here, {e,, e, } denotes

n
uratx) =y W,(x.d)-a, “2)
j=1
where the unknown coefficients a ; € C2,j=1,...,n, are calculated so
that @ satisfies (approximately) the Dirichlet boundary condition on a
discrete set

X={x;el': i=1,...,m} 43)

of boundary collocation points. Note that (42) is a linear combination
of the columns of the tensors W, (x;,d;), i.e. a linear combination of P
and S waves.

The resulting (2m) x (2n)-dimensional linear system

Wo,(x1,dy) W (xindy) [lar| [ &G

(44)

Ww(xm’dl) Ww(xm7dn) a, g(xm)

is then solved by collocation, if n = m or in the least squares sense, if
m > n. Regularization techniques, e.g. TSVD, may also be necessary, ac-
cording to the conditioning of the system.
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Fig. 1. Sample distribution of collocation and source points for Q.

3D case: For the 3D Dirichlet BVP we should include two linearly
independent S-waves in the definition of the plane waves tensor W,,,.
In particular, for a given unitary direction d = (£;,&,,&3) € S? we may
choose q; = (&, —¢,,0) (note that g; L d) and calculate g, = (d X q;) =
(£1&, 663, éj§ — 1), but other choices are also possible. For this orthogonal
basis of R*> we define the tensor

eiksxdi ~

q2€ik"X‘

W, (x,d) = [de'»™? g, d](3><3)' “3)

The PWM is then applied analogously, as in the 2D case. Note that, from
a numerical point of view, by taking unitary amplitudes for the plane
waves we may improve the conditioning of the PWM collocation matrix.
In particular, all columns of the matrix W,, will have the same Euclidian
norm.

Remark 1. The method presented here is not restricted to the homoge-
neous BVP (14). By considering elastic plane waves that vary not only
in their direction of propagation but also in their frequency, we may
approximate the solution of the inhomogeneous Navier BVP by

p n
uma(x) =) YW, (xd)-a,; xeQ
r=1 j=1

(46)

following the approach presented in [29] for the MFS. Here w, €
{@,...,w,} CR" is a discrete set of test frequencies and a, ; € C? are
unknown coefficients that have to be determined by imposing the PDE
and the boundary conditions on appropriate sets of domain and bound-
ary collocation points.

4. Numerical simulations

Three numerical examples, corresponding to three choices for the
domain Q, will be included in this section in order to illustrate the rela-
tion between the PWM and the MFS with source points distributed on a
circular source set with an arbitrarily large radius R. Additionally, the
convergence and stability of the PWM will be analyzed. We will consider
only 2D examples but the application of the PWM to BVP posed in 3D
domains is analogous, taking into account the corresponding increase in
the computational effort.

The PWM will be applied to BVP (14) posed in the following analytic
domains:

+ a circular domain Q; c R? with boundary parameterization:

I, = {(cos(r),sin(r)) € R? : 1 €[0,2z[} = S; 47

» an elliptic domain Q, ¢ R? with boundary parameterization:
I, = {(2cos(r), sin(r)) € R? :

t € [0,2x[}; (48)
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Table 1
The maximum absolute error £, on I'; by the asymptotic
MFS and by the PWM. w = 5.

n=m R MFS PWM

10 1.585x 10" 2.393x 107! 2.673x 107!
15 6.310x102  4.871x107* 5359 x 1074
20 6.310x10%  3.122x 1077 3.414 x 1077
25 3.981x10%  4.659x 10710 4514 x 10710
30 1.585x10%  7.732x 1072 6.871x 10713

+ a star shaped domain Q; c R? with boundary parameterization:

T3 = {(2 + 0.5 cos(41)(cos(n), sin(t)) € R? : t € [0, 2x[}. (49)

Remark 2. Note that if the domain presents singularities, e.g. corners,
cracks, cusps, etc., appropriate singular basis functions should be added
to the PWM approximation space in order to recreate correctly the sin-
gular behavior of the solution in the neighborhood of those points. Such
functions have been considered in [31] for the Helmholtz BVP but their
extension to the elastic case is out of the scope of this paper.

In the numerical examples, whenever the exact solution of BVP
(14) is not available, the quality of the approximate solution will be
estimated by measuring its boundary error. This is justified by the well
posedness of the BVP, assuming that o is not an eigenfrequency, and,
in particular, by the continuous dependance of the solution on the data
given in the problem, e.g. [23].

More precisely, noting that the approximate solution @ = (i, , ;) sat-
isfies the Navier PDE, there exists a constant C > 0 such that the follow-
ing a posteriori error bound holds in smooth settings, e.g. [6]

lu—1all,0 < Clig -l - (50)

In terms of convergence, this bound guarantees that the numerical
method (MFS or PWM) converges, provided the Dirichlet boundary con-
dition can be approximated with an arbitrarily high accuracy. The latter
is guaranteed by the available density results for fundamental solutions
[29] and plane elastic waves [22] in appropriate functional spaces de-
fined onT, e.g. in [L2(D)]? or [C®()]2.

From a numerical point of view, the boundary error ||g - ii||, r will
be estimated by measuring the maximum absolute error

£, .= Max max

1<j<2 z€Z

(51D

lu,(2) - 1, (2],

for a discrete set Z C I" of 3 xm error test points.

An example of collocation and source point distributions is shown
on Fig. 1. The boundary knots will be distributed uniformly, with respect
to the parameter t in the boundary parametrization.

Example 1. Consider the Dirichlet BVP for the Navier equations of elas-
todynamics, posed in ;. For the boundary condition on I'; we took the
smooth function

g1(x) = (sin(x; +ix;) 5 icos(xy)), x€eT (52)

and fixed A = y = p = 1 and w = 5. Note that, for this example, the exact
solution of BVP (14) is not available and we will use the value of the
boundary error ¢, as an indicator for the accuracy of the approximate
solution.

The variation of the numerical precision of the MFS, as a function of
R, is illustrated in Fig. 2. For small values of R, see left plot, the accu-
racy of the method increases until R~ 3 and is approximately constant
for 3 <R <10. Further increase in the distance between the source points
and the collocation points may lead to a significant improvement of the
results. For example, in the case n = m = 30, the optimal precision of the
MEFS is achieved at R ~ 103, see right plot. The corresponding value of
the absolute error, %' = 7.8151 x 1072 , may be viewed as the precision
of the asymptotic MFS. For larger values of R the numerical results be-
gin to deteriorate due to rounding error accumulation and insufficient
machine precision.
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Fig. 2. The precision of the MFS as a function of R € [1.1, 10] (left) and R € [10, 10'°] (right).
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Fig. 3. The absolute error on I'; by the MFS (left, R = 5 x 10*) and by the PWM (right).
Table 2 tary directions. Due to the smoothness of this example we will consider

The maximum absolute error £, on I'; by the
MFS with R = 10* and by the PWM.

[ n=m MFS PWM

10 30 2.024 x 1078 2.024 x 1078
15 36 6.873x 1078 6.872x 1078
20 43 1.983x 1078 1.982x 1078
25 50 2427 %1078 2428 x 1078
30 55 3.208 x 1078 3.204 x 1078

In Table 1 we present numerical results by the asymptotic MFS and
by the PWM for several knot configurations. These results confirm that
the PWM is at least as accurate as the asymptotic MFS. Here the value of
Rt was determined by analyzing the accuracy of the MFS for Re [1.1,
10197, For R <Rt or R > Rt the MFS is less accurate than the PWM.

The boundary error profiles for the PWM and for the asymptotic MFS
are also similar. In Fig. 3 we present the plots of the absolute error on
I'; by the two methods. For this simulation we considered n = m =20
and took R = 5 x 10* for the MFS.

We also compared the PWM and the MFS for higher values of the fre-
quency w. The equivalence of the two methods is illustrated in Table 2.
Here we selected the values of the parameters n = m in the MFS such
that an absolute error ¢, ~ 1078 could be achieved. Also, for the MFS
we considered R = 10* which corresponds to the asymptotic precision
of the method. In this simulation the MFS started losing precision for
R> 109, due to the rounding error accumulation.

We conclude this example with a convergence and stability analysis
of the PWM with respect to the number of collocation points and uni-
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n = m.Fig. 4(left) illustrates the evolution of the maximum absolute er-
ror in a semi-log scale. The graphical results indicate that the absolute
error starts decreasing as soon as n = m = w, i.e. when one knot per unit
frequency is considered. However, accurate numerical results require at
least 1.5 knots per unit frequency. For example, in the case w = 40 the
convergence of the PWM starts when n = m = 40 but errors lower than
107> are observed only for n> 60 knots. In the region of convergence,
the graphical results suggest an exponential rate of convergence for the
PWM, similar to the one observed for the classical MFS.

On the other hand, when the machine precision is reached, i.e. for
£, < 10714 no further improvement of the numerical results is possible
by increasing the number of collocation points and unitary directions.
An interesting fact is that, even after exhausting the machine precision,
the PWM remains relatively stable. This fact is related with the con-
ditioning of the PWM linear system (44), see Fig. 4(right). Similar to
most meshless methods based on global approximation of the solution,
the condition number of the corresponding matrix increases exponen-
tially with respect to its dimension. However, comparing the two plots in
Fig. 4, we noticed that when the ¢, reaches its minimum value of 10~
the condition number of the matrix is still approximately 10%, which
allows for the accurate solution of the linear system. PWM becomes un-
stable only after the condition number of the matrix reaches values of
order 10'7.

Example 2. We considered the elliptic domain Q, and a Dirichlet
boundary condition
x eTy,.

g (x) = (sin(xlxz)exp(ixl) H icos(xz)), (53)
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For the Lamé constants we took A =3 and x =2 and for the density
p = 1. As in the previous example, the exact solution of BVP (14) with
boundary condition g, is not known and the accuracy of the approximate
solution will be analyzed by measuring its boundary error €.

The graphical results for the boundary error by the two methods
with @ = 10, n = m = 40 and R = 8 x 10° are shown in Fig. 5. The global
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behavior of the absolute error and its magnitude are similar for the two
methods. Taking 5 x m boundary points, we measured €, = 5.436 x 1075
for the MFS and ¢, = 5.282 x 10~ for the PWM.

In the interior of the domain the approximate solutions by the two
methods are also undistinguishable, see Fig. 6.



S.S. Valtchev

Engineering Analysis with Boundary Elements 92 (2018) 64-72

7

x10" x10°
11
11
9
19
17
17
15 Is
1t
3 3
-2 1 1
-2 -1 0 1 2
Fig. 7. The absolute error in Q,, by the MFS (left) and by the PWM (right).
—6 —6
25 x 10 25 x 10
2r 1 2 1
1.5F 1 1.5¢ 1
1t | 1} |
0.5 j/\ 0.5
O I 1 A 1 0 I 1 1 A 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Fig. 8. The absolute error on I';, by the MFS (left) and by the PWM (right).
Table 3 Table 4

The maximum absolute error ¢, on I'y and the condition number of the linear
system for the MFS (with R = 10*) and for the PWM. w = 2.

m(=2n)  MFS Cond(A) MFS ¢ PWM Cond(A) PWM ¢,

20 8.979 x10? 8.091x 1072 4.267 x10? 8.097 x 1072
30 3.230x10° 1.575% 1072 1.439x10° 1.498 x 1072
40 2.838x108 1.082x 102 1.592x108 1.077 x 1073
50 4.141x 10" 6.487x 1075 3.214x 10! 6.042 x 1075

In Table 3 we include the numerical results from the two methods,
for a lower frequency w = 2. Also, we considered twice as many col-
location points as directions/sources (m = 2n) for this simulation and
solved linear system (44) in the least squares sense. For the MFS we
took R = 10*.

The numerical results in Table 3 indicate that the PWM is slightly
more accurate than the asymptotic MFS due to the slightly better con-
ditioning of the PWM linear system. However, in terms of order of mag-
nitude, the two methods show similar precision and stability.

Example 3. Consider the Dirichlet BVP for the star-shaped domain Qg
and the boundary condition

83(x) =G, (x —y)(e| +e) + W, (x,d)(e; +e,), x €Iy, 54)

where y = (5,-5) ¢ Q; and d = (1,1)/v/2. We fixed A= p =1 and y = 2.
Note that the natural extension (from I'; to Q3) of function g5 is also
the exact solution of BVP (14) and, for this example, it is possible to
measure the absolute error of @ in Q; explicitly.

The absolute error of the approximate solution in Qj, by the two
methods, is shown in Fig. 7. Here we considered w = 3, n = m = 30 and
R = 105 for the MFS.

71

The maximum absolute error ¢, on I'; by the MFS
with R = 10° and by the PWM.

5} m (= 2n) MFS PWM

10 100 1.186 x 10~* 1.188 x 107*
15 150 3.298 x 1076 4.297 x 107°
20 200 6.408 x 1077 1.219x 1077
25 250 9.778 x 1077 1.299 x 1078
30 300 6.377 x 107 3.834x 10710

The two plots are similar, with the absolute error assuming its peak
values near the points of the star shaped domain. On the boundary
of the domain the numerical results are also approximately the same,
see Fig. 8. On I'; we measured ., =2.008 x 10~® by the MFS and
£ = 1.955 x 1076 by the PWM.

Accurate numerical results were also obtained for higher values of
the circular frequency w, see Table 4. Here we considered 10 colloca-
tion points per unit frequency, i.e. m = 10 X @, due to the complexity of
the domain Q. Also, we took R = 10° for the asymptotic MFS and a
knot configuration with m = 2n, which improved the condition number
of the collocation matrices by approximately 3 orders of magnitude, in
comparison with the case m = n. The boundary errors were measured on
5xm knots.

During the numerical simulations we noticed that the MFS was sig-
nificantly slower than the PWM. In order to illustrate this fact we mea-
sured the CPU time necessary to build the collocation matrix in the two
methods, see Table 5. We took w =3 and R = 10* for the asymptotic
MFS. The two methods were coded in Matlab and a laptop with an Intel
Core i7 640M CPU running at 2.8 GHz was used.
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Table 5

The CPU time (in seconds) re-
quired to build the collocation
matrix for the MFS and the

PWM.
n=m  MFS PWM
10 0.040 0.016
20 0.127  0.023
40 0.422  0.055
80 1.637  0.185
160 6.504  0.760

By analyzing the numerical results in Table 5, we may conclude that
the difference in the speed of the two methods increases with the in-
crease in the dimension of the matrix. For example the MFS is 2.5 times
slower than the PWM for n = m = 10 but this difference increase to ap-
proximately 9 times for n = m = 25. This advantage of the PWM is due
to faster routines for evaluating exponential functions (plane waves) in
comparison with the routines for evaluating the Hénkel function (fun-
damental solutions). Note that for large scale problems the most time
consuming part of the methods becomes the actual solution of the lin-
ear system and the two methods will have approximately the same run
time.

5. Conclusions

An asymptotic analysis of the method of fundamental solutions with
source points located far away from the domain of interest has been
performed for 2D and 3D elastic wave propagation problems in homo-
geneous media. In particular, it has been shown that the asymptotic MFS
is equivalent to a meshfree boundary collocation method, based on su-
perposition of shear and compressional elastic plane waves. The method
described here can be viewed as an extension, from the scalar (acous-
tic) case to the vector (elastic) case, of the plane waves method (PWM)
analyzed in [10].

The equivalence between the asymptotic MFS and the PWM has been
illustrated through several numerical examples, for different geometries
and boundary conditions. Also, this equivalence holds even for BVPs
with high circular frequencies. The numerical results indicate that, in
smooth settings, the PWM is an accurate and robust meshfree numerical
method which converges exponentially for the solution of the Navier
equations of elastodynamics.

The choice of the artificial boundary I" and the corresponding dis-
tribution of the source points usually depends on the smoothness of the
geometry and on the regularity of the boundary conditions. The optimal
choice of this parameters for the MFS still remains an open problem.
From this point of view, an advantage of the PWM over the MFS is that
no artificial boundary is necessary for its application. Another advantage
of the PWM is that, for reasonable scale 2D problems, it is significantly
faster than the MFS due to the faster evaluation of exponential functions
(plane waves) than Héankel functions (fundamental solutions).
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