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Abstract

The aim of this paper is to study complex boosts in complex Minkowski space-time that preserves
the Hermitian norm. Starting from the spin group Spin*(2n,2m,R) in the real Minkowski space
R2™2™ we construct a Clifford realization of the pseudo-unitary group U(n, m) using the space-time
Witt basis in the framework of Hermitian Clifford algebra. Restricting to the case of one complex
time direction we derive a general formula for a complex boost in an arbitrary complex direction and
its K AK —decomposition, generalizing the well-known formula of a real boost in an arbitrary real
direction. In the end we derive the complex Einstein velocity addition law for complex relativistic
velocities, by the projective model of hyperbolic n—space.

MSC 2000: Primary: 51F25, 20F67, Secondary: 30G35
Keywords: Pseudo-unitary group, complex boosts, Hermitian Clifford algebra, Complex Einstein
velocity addition.

1 Introduction

Lorentz boosts are linear transformations of space-time that preserve the space-time interval between
any two events in Minkowski space. They are very important in many fields of mathematics and physics
when relativistic effects come into play. In the real case, Lorentz boosts are elements of the Lorentz
group SO(3, 1), which are rotation-free and preserve the indefinite norm ||z||> — ¢, with = € R? and
teR

The generalization of real boosts to complex boosts requires the study of the unitary group U(n, 1).
This is just the group of isometries of the (n + 1)—dimensional complex space C"! which preserves
the Hermitian indefinite norm ||z||? — ||T||?, with z € C"® and T € C. One of the first papers studying
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the real group structure of the complex Lorentz group in four dimensions was the paper of Barut [1].
Real and complex boosts in arbitrary pseudo-Euclidean spaces were discussed in [19], where the law of
composition of generalized velocities (subluminal and superluminal velocities) was found. Real Lorentz
transformation groups in arbitrary pseudo-Euclidean spaces where also presented in Eq.(8.14e) of Ref.
[24] using the language of gyrogroups, established by A. Ungar [25, 26]. Using this new formalism
A. Ungar studied abstract real and complex Lorentz transformations and its associated gyrogroups in
a series of papers |21, 22, 23, 18|. In these papers it is shown the strong connection between boosts
and gyrogroups in the real and complex cases, through the study of the automorphisms of the unit
ball (real or complex).

In the real Minkowski-space time R™! a boost in an arbitrary direction w € S"~! can be described
using the universal real Clifford algebra R, by the spin element s, = cosh(c/2) + wesinh(a/2),
where o € R and € is the vector that spans the time axis. In [11] it was shown that there is a bijection
between hyperbolic rotations generated by s, and relativistic velocity additions (non-standard veloc-
ities, coordinate velocities, and proper velocities), giving rise to three different models of hyperbolic
geometry (Poincaré, Klein, and Hyperbola models). Thus, not only the infinitesimal generators of the
Lorentz group are important, but also the formula of a boost in an arbitrary direction is of foremost
importance for the construction of concrete examples of gyrogroups and the study of the relativistic
velocities. The formula of the complex boost in an arbitrary complex direction constructed in this
paper allows the derivation of the complex Einstein relativistic velocity addition by the projection of
its spin action on Minkowski space to the complex unit ball. It turns out that this transformation
belongs to the automorphism group of the complex unit ball considered by Rudin in [16]. Our work
has also several applications in harmonic analysis, quantum phase-space analysis, coherent states and
wavelets (c.f. [13, 14, 15, 10]). For instance, in [10] the author used the automorphisms of the unit
ball to construct a family of spherical continuous wavelet transforms on the unit sphere in R™. Thus,
the results of this paper are of interest for people working in physics and also mathematics.

In the last years Hermitian Clifford analysis has emerged as a refinement of Clifford analysis but also
as an independent theory. While Clifford analysis focuses essentially on the study of the null-solutions
of the Dirac operator on R", called monogenic functions, Hermitian Clifford analysis focuses on the
study of Hermitian monogenic functions taking values in a complex Clifford algebra or in a complex
spinor space, which are null solutions of two complex mutually adjoint Dirac operators. In the real
case, the Dirac operator is invariant under the orthogonal group SO(n) which is double covered by the
group Spin(n), while in the complex case, the two Hermitian Dirac operators are invariant under the
unitary group U(n). A vast literature on such function theories is available, see e.g. [4, 6,12, 17, 2, 3, 5].

Clifford analysis has also been investigated in real Minkowski space-times R™! or R™™ m > 1. In
[9] it was developed a function theory for Clifford algebra valued null solutions for the Dirac operator
on the hyperbolic unit ball, the so-called hyperbolic monogenics. In this case the invariance group is
the proper real Lorentz group Spin™(n,1) (see [9] and the vast literature therein). Our results can lead
to the construction of a function theory for Hermitian hyperbolic monogenic functions on the complex
projective model, generalizing the results in the real case (see e.g. [9]).

It is well-known that a very large class of Lie groups can be described as spin groups (see [8],|7]).
Therefore, Clifford algebras or geometric algebras are a very powerful mathematical tool for the study
of Lie groups. In this paper we construct a Clifford realization of the pseudo-unitary group U(n,m)
as a subgroup of the real orthogonal group Spin™(2n,2m,R). The paper is organized as follows. In
Section 2 we define the space-time Witt basis for working in the Hermitian space H, ,, and we es-
tablish all the algebraic relations and properties needed for our constructions. In Section 3 we study
the spin group Spin™t(2n,2m,R) in the real Minkowski space R?»2™ and we construct a Clifford re-



alization of the pseudo-unitary group U(n,m) using the space-time Witt basis in the framework of
Hermitian Clifford algebra. We compute all the complex infinitesimal transformations (holomorphic,
anti-holomorphic and non-holomorphic transformations) in the Hermitian space H, ,,. Hereafter, in
Section 4 we construct the holomorphic, anti-holomorphic and non-holomorphic complex boosts in an
arbitrary complex direction for the case of one complex time direction. Each of these boosts turn out
to be the composition of two specific real boosts. We show also the Cartan or K AK —decomposition
of such complex boosts. Finally, in Section 5 we will derive the complex Einstein velocity addition
for complex relativistic velocities by the projective model of hyperbolic n—space, which belongs to the
automorphism group of the complex unit ball in C”.

2 The pseudo-Hermitian space H,, ,,

We will denote by Hy, »,, the standard pseudo-Hermitian space of type (n,m) which corresponds to the
standard complex space C"*™  of complex dimension p = n + m, endowed with the non-degenerate
sesquilinear Hermitian form, called the standard scalar product, defined by

n n+m
(z,w) = Z 2W; — Z zjw; for all z,w € Hy m. (2.1)
i=1 j=nt1

We consider that H,, , is identified with (R?P,.J), where R?2P=27+2m ig the real vector space subordi-
nate to H,, ;, and J is the R—linear mapping fixing the complex structure. Since we want to incorporate

complex space and complex time in this abstract setting we will consider z=(z1,...,2n,t1,...,tm) a
vector in C" ™™ with z; = z;+iy; € C,j =1,...,nand t, = u,+iv, € C,r = 1,...,m. Then, z can be
identified with the vector (z1,...,Tn,
YLy ooy Yns ULy oo oy Uy V1, - - -, V) € RZ?P. The vector space R?P=2H2™ tyrns out to be a pseudo-
Euclidean space of signature (2n,2m).

Let us consider {e;,&,j7 = 1,...2n,r = 1,...,2m} an orthonormal basis of the real Minkowski

space-time R?%?™ endowed with a non-degenerate real quadratic form of signature (2n,2m), and
let Roy, 2, be the associated real Universal Clifford algebra. The non-commutative multiplication in
Roy,,2m is governed by the rules

ejex + epe; = _25jk7 &r€s + &8 = 20, ej&" + gTej =0, (2'2)

for ,k=1,...,n,and r,s = 1,...,m. In particular, e? =-1,j=1,...,nand & =1,r =1,...,m.

With these elements we construct the space-time Witt basis

{fj,f},j: L...n}U{b,bl,r=1,...m}

where , ny
G T i t_ % T Cntj =
fi = 5 , fi = 5 , j=1...,n (2.3)
and , ny
b= S Sy (2.4)

Here, the symbol T stands for the Hermitian conjugation, which is the composition of the usual conju-

gation on the Clifford algebra Ry, 2,, defined by

arra, ab=ba, a+b=a+b, e=—e;, &=-&, 1=1



and the complex conjugation A — A° for A € Cy),, where Cy, denotes the complexification of the
Clifford algebra Ray, 2,,. The elements of the space-time Witt basis satisfy the following Grassmannian
and duality identities:

Fifk +Hf; = 0 (2.5) bebl +blh = by (2.10)
i+ = 0 (2.6) fibr +0:55 = 0 (2.11)
Bk = o 2.7) fioe +bofl = 0 (2.12)
bbs + b6 = 0 (2.8) fibl+blf; = 0 (2.13)
bibl + bl = 0 (2.9) fibl + bl = 0 (2.14)

2
for j,k =1,...,nand r,s = 1,...,m. In particular, fj2 = (f;) =0,j=1,...nand h? = (f);r«) =
0,7 =1,...m, i.e. these elements are isotropic. From (2.3) and (2.4) we obtain

ej=F—fl, and enyy=i(fj+f), j=1,....n. (2.15)

& =b.—bl, and Enir=i(h.+bl), r=1,...,m. (2.16)

Thus, every X € R?™2™ ig written in the Witt basis as

X = Z(xjej + yjentj) + Z(Ur& + vr&mtr) (2.17)
j=1 r=1
= > (i =) + > (b — b)) (2.18)
Jj=1 r=1

where Z; and ¢, are the conjugate variables of z; and t,, respectively. Defining the Hermitian vector

variable
n m
Z=> zfj+ > tebr (2.19)
j=1 r=1
and its Hermitian vector conjugate variable
n m
Z0 ="zt + )t (2.20)
j=1 r=1
then X is identified with a  Clifford vector by X = Z — Z'.  Since

101 = 325 (s + 1y *) = 327 (Jur® + Jur[?) and 22 = (27)% = 0 we have
X = X|?P=(Z-2" = (22" + 272). (2.21)
Using the Witt basis elements we can define two complex Grassmann algebras (see [5]):

(CATL,m = AlgC{flv R >fna hla et bm} and CAIL,WL = Alg({:{fL ey fjm h‘ll-, ey bjn}



The projection of the Clifford vector Z — ZT onto these complex algebras can be made by introducing
the primitive (anti-)idempotent element

I =fifl - fufhbib] - bmbl, (2.22)

which satisfies I = I, I? = (—1)™I, and the conversion relations

ej] = iensiI = —f11, fI=0, j=1,...,n; (2.23)
Tej = —ileny; = Ifj, Ift=0, j=1,....n (2.24)
&1 = ibpmyrl = —h1I, bl =0, r=1,....,m; (2.25)
I& = —ilépyy = I, bl =0, r=1,...,m. (2.26)

Therefore, I(Z — Z1) = 1Z, and (Z — Z1)I = —Z1I i.e., I projects the Clifford vector Z — ZT onto
CApm or (CALM if the multiplication is performed on the left or on the right respectively.
Given two Hermitian vector variables Z1, Z2 we can define the dot and wedge product by

1 1
Ly = §(Z122 + Zng) and Z1AZy = §(Z1Z2 — ZQZl). (2.27)

The following lemmas generalize Lemmas 1 and 2 presented in [5].

Lemma 2.1 For each j,k=1,....,n andr,s =1,...,m we have
fife=fl-f.=0 (2.28)
Fiofh=1 1= % ik (2.29)
by b =hl-hl =0 (2.30)
b - bl =bl-b, = —%&s (2.31)
fjobe=f-b =40l = -p, =0 (2.32)
Lemma 2.2 For each j,k=1,...,n,j %k, andr,s=1,...,m,r # s we have
fj A = =k AT =Tifk = %(ejek — i€j€ntk — i€ntj€k — EntjCnk) (2.33)
BASL = —fLAf =1l = i(ejek +i€jentk + i€ntjek — Entjlntk) (2.34)
AT = =T AT =il = —i(ejek +iejenin — inrjer + ntjenir) (2.35)
B A = —ba Ay = brba = (66 — s — iEmirs — EmsrEnss) (2.36)
B A DL = ] A B = BB = (660 + i€ Ens + irEs — Eunirinsa) (237)
e ABL = b1 Ay = bob] = ~ 166 i€ — iEmrs T EmsrEonrs). (239)



Furthermore, for each 3 =1,....n, andr =1,...,m we have

AT =fiAfi=0 (2.39)
f AfL = AT = s esenss (2.40)
br Abr. = bl ABL=0 (2.41)
b AbY = b A, = — Lk (2.42)
B Abr = by Ay = b = 3(es6r — iejmir — ienise — Ensslmir) (2.43)
e Y Y S S SO S SR (2.44)
B AT = —bF ATy = T3] = — 2 (656 icsmir — iensibe + entibmer) (245
L ABE = 1 A= 0 = Les6 + iesmer + i — nnsnsr). (2.46)

3 The pseudo-unitary group U(n,m)

The pseudo-unitary group U(n,m) is the group of holomorphic transformations preserving the Her-
mitian form (2.1). It is well-known that U(n,m) = SO*(2n,2m,R) N Sp(2(n + m),R) i.e., U(n,m)
is both a real subgroup of the pseudo-orthogonal group SO (2n,2m,R) and of the sympletic group
Sp(2(n 4+ m),R).

In this section we will consider the group Spin™ (2n, 2m, R), the double covering group of SO™(2n, 2m, R)
to construct a representation of the unitary group U(n,m). The group Spin*(2n,2m,R) can be de-
scribed by

Spin™(2n,2m,R) = {s € 't (2n,2m,R) : s5 = 55 = 1},

where I'"(2n, 2m, R) is the even Clifford group in R?™2™, Usually, the Lie algebra spin™(2n,2m,R) is
the real algebra spanned by the bivectors

eiej, ihj=1,...,2n, i <j (3.1)
&rEs, rs=1,....2m, r <s
eigra izl,...,Qn,r:1,...,2m (33)

generating space rotations, time rotations, and space-time rotations, or boosts, in R?™2™_ It is easy to
see that the dimension of spin™t(2n,2m, R) is
n(2n—1)+m2m—1)+4nm = (n+m)(2(n+m) —1). When we want to exploit complex symmetries
of spaces of even real dimension it is more appropriate to split the vector basis of R?*?™ into

{ej,entj, i =1,....,n} U{& Sy, m =1,...,m}

in order to identify real and imaginary axes. Therefore, we can write another basis for the Lie algebra
of Spin™(2n, 2m, R), more suited for our purposes.



Lemma 3.1 The Lie algebra spin™(2n,2m,R) can be generated by the (real) bivectors
S} =ejens; =2if; Af, j=1,....n (3.4)
S = esen+ envjensh = =25 ATk —fe AT Gk =1 om, j # b (3.5)
ST i = ejentk —enyjen = 20i( AT+ T ATD, Gk =1,...,n, j #k (3.6)
St = ejer — entjenik =205 AT+ AT, Gk=1,...0n,j#k (3.7)
S3n = esentn + envjer = 2( AT =i ATL), Gk =1,...n, j #k (38)

T' = &b =2ib, ABL, r=1,...,m (3.9)
T2, = &€+ Emrbmts =—2(be ABT =B ABD), 7 s =1,...m, 1 #5s (3.10)
T2, = &bmss — Emars = 2i(b, ADL+ D ABD), ros =1, om, r#s (3.11)
T, = &8s — Emirbmss = 20 A +BIADBD), ros=1,...,m, r#s (3.12)
TP, = &bmes + Gmarbs = 2i(br Ay —BEABD), rs=1,... m, 1 #s (3.13)

B}’T:ejfr +en+j€m+rz_2(f} Abr =+ A hi), ji=1,....,n,7r=1,...,m (3.
B2, =¢€jbmir — ensi&r=—2i(Fi Al —F; ABD),j=1,... n,r=1,....m (3.
B} =¢€j& — enyjbmer=2(f; Abe + 1 ABD) j=1,...n,r=1,....m (3.16
Bl =€jbmir + ensi&=2i(F; Ab —fiABD), =1, n,r=1,... ,m. (3.
Proof: Since the proposed elements are linearly independent and the dimension equals n + 4(72‘)
m+4(") + 4mn = (n + m)(2(n 4+ m) — 1) they constitute a basis of spin*(2n,2m,R).
[ |

Henceforward, we shall refer to elements (3.4)-(3.8) as complex space bivectors, elements (3.9)-(3.13)
as complex time bivectors, and elements (3.14)-(3.17) as complex space-time bivectors since they will
generate complex space rotations, complex time rotations, and complex-time rotations or complex
boosts, respectively, as we will see in this section.

Lemma 3.2 For j, k,1,I' = 1,...n, r,5,q,¢ = 1,...,m, (1,82 = 2,3,4,5, and v = 1,2,3,4 the
following commutation rules hold:

1. Commutation relations between complezr space bivectors:

(S} =0 Sk Stk = 255,(1—dj)

] [ J» ,k]
[S; Sl i) —252,651,5 # k (531, SPk] = 287,(1—6,)
S} 5] 2531071, # k B —257,(1 = 6;)
(S}, 8] = 280.65.5 #k (5% 4. Sk 255,(1 = 6;1)
(S5, 80k = —283051,5 # k [SiasSi] = 285,(1 = d5)
(S5, Sz i) = 257,(1—dy) E 4(S; +55)
(S5 ; w8k = 4(Sk—5)) [ShiSik] = 285%,5 #1
(S5 Sz k] 2571, #1 (S5 Stk = 255,(1—d7)
(20 Ste) = 285,(0—65) [Sjﬁ,}g, Sﬁf/] = 0,jALEkAl



2. Commutation relations between complex time bivectors:

[TLTH = 0 [T Ts]
[T}, T2, = 2030, # 5 FESYEN
A EN —2T7 Opqir # 5 [T;’js, T‘{S]
[T, Ty = 2D #5 (176 Tyd]
[T}, T2,] = 2T} 6mq,r #5 [TﬁS,T;s]
[T,?,S,Tq%s] = —2T,%q(1—5Tq) (T2, 12, =
[T, 10, = 4(T; - 1)) [The Ty =
[T Tos) = 2T, #4q (17 Tp]
TR T = 20— 7,772

3. Commutation relations between complex space-time bivectors:

[]r, } = 272, (1—6,q), ¥y [B:,.BY,] =
[]rv l] = _2532,15rq7j7él [JT’ ?q]
(B Bj,] = 4(Sj+T7) (B2 Bl
(BBl = —2T%.r#a (B B
[;rv 12] = 2Sj,157’lpj7él [JT’ l4] =
[BJ{T’B]%Q] = 2Tr47q(1_5“1) []7"’ 13} =
(Bl Byl = —2Bjirg:j #1 [B3rs Bi]
[le,T’BJAf,T] = _451 []7" ;lq]
[BjrBjgl = 200 #4 B}, Bl
[Bia:Brgl = —28010r4,5 #1 (B By =

4. Commutation relations between compler space and time bivectors:

[SLTY] = 0 Sh.T =
[s;,ng} - 0 [Sf;,ng] _

= 217 (1 -
= 2T7,(1 = byq)
= =277 (1 = 6,q)

—2T,§q(1 — 3rq)
brq)

—2T72,(1 = 6,q)
—4 (T} + 1))
—2T3 .1 #q

—2T7 (1 = brq)
0,7#qs#q

~2526,q, 5 #1

= 27} (1= 0rg)
= 252157"(17 .] 7é l
= 2T}, (1— 6,y

zsj%lérq, j#1

—252,8g, j #1

= —4(S; -1})
= 273 r#q

,q°
725’]‘7[ rq> .] ?él
_25?7157’117 j 7& !



5. Commutation relations between complex space and space-time bivectors:

[S;.Bl,] = —2B}.6 (S35 Biy] = 2By,d5
S}, Bt,] 2B, ;1 (571 Biiy] —2B} .0
(S}, Bi))] 2B;,6j1 (S} Biyy] 2Bj,,.01
S}, Bi,,] —2B7 41 [k BE:] 2B};,0j1
[Sik: Bry] = 2B, 05 [SiwBlx] = 2By 05
(571 Bt ] 2B, ;1 S}k Bi] 2B} .0
(57 > Biv] 2B}, 91 (57 Bi.s] 2B, .01
5% 4 Bi,y] 2By,.051 [S7 4 BE] ~2By,0;1
574 Bi,y] ~2Bj,0;1 (S} Bily] ~2By,0;1
[S}?’,m BZQ,T] = QBli,r(Sjl [S?,ka Bl4,r] = 2Bli,r5jl
6. Commutation relations between complex time and space-time bivectors
[T Bjg] = —2Bj.6r [T Bial = —2Bj0rg
[T Bjql = 2Bj,0n [T Bial = 2Bjdrg
[T, Bg] = —2Bj,0r [T Bjal = —2B]s0r
[T!,B},| = 2B3.0n (T,, B2, 2B] 0rq
[Tv?,sz},q] - _23},557%1 [TéwB?,q] - _231 5“1
[Trz,s’ B?,q] - _2BJ2',85W [T;l,m B;'l,q] - 2BJ286
[Tr%sz?,q] - _23},557%1 [Trs,wBJl,q] - _234 s0rq
[Tr%s’ B;'l,q] _23?,857“4 [Tgm BJQ',q] _231385
[T Bjgl = —2B]s0rg [T Blgl = 2B
[Tgm BJZ,q] - 2331',85”1 [Tgm B;'l,q] - 2BJ1 35



From these commutation relations, a subalgebra of spin™(2n,2m,R) can be identified.

Lemma 3.3 The elements

St = ejen+j:2ifj/\f;,j:1,...,n

S2. = ejen + entjenin = =205 AT — e AT G k=1, 0, j #k

S’;{k = ejen+k—en+jek:2i(fj/\f2+fk/\f}) Jk=1,....n,5#k

T} = &bmyr =2ib, AL, r=1,....m

T2 = &8s+ Emprbmis = —2(0- ADL = b ABD), ms=1,...om, r £
T2 = &bmts — Emarls = 2i(b, ABL+ 05 ADD) ros =1, m, 1 # s

B!, = ej& + entjbmir = =201 Al A0 =1, n e =1, m
B2, = €j€mir — enii&r = —20(iAb — 5 ABD), G=1,.. 0 r=1,...,m

constitute a Lie subalgebra of the Lie algebra spin™ (2n,2m,R).

Proof: Since the Lie bracket is closed under these elements they define a subalgebra of spin™(2n, 2m, R).
|

The Lie subalgebra defined in Lemma 3.3 defines a Lie group of dimension (n + m)? isomorphic
to the unitary group U(n,m). Before we realize this let us compute the spin actions generated by
the elements (3.4)-(3.17) of the Lie algebra spin™(2n,2m,R). For s € Spin™(2n,2m,R) its spin-1
representation is given by

h(s): X — sX35, X € Ropom,

which preserves the multi-structure of Rap,20m.- The spin elements
s € Spin™(2n,2m,R) associated to (3.4)-(3.8) are obtained by exponentiation of the elements of the
Lie algebra spin™(2n,2m,R) :

s} = e%ejenﬂ, j=1....n (3.18)
2y = er(Cicrtentionik) — gieithesentiontk k=1 . n,j#k (3.19)
2 = e3(Erenkmentick) — g3ienihe T3k =1,... ,n,j # k (3.20)
shp, = esleenenticnsk) — g3eicheTgntintk Gk =1,... ,n,j # k (3.21)
0y = er(Caentntentic) — g3eientherenti®h k=1, ,n,j # k (3.22)

s = ezérémis p =1 . m (3.23)
S;S = e5(Er8atbmarbnis) = eggrgseggm“é’"*s, ros=1,...,m,r#s (3.24)
S, = ¢35 (Erémes—Emir€s) — o3&r€meso=3Emirks 1o 1 mop£s (3.25)
= ¢35 (Er&s—Emirbmrs) — o3& 3Emirbmts 1 g =1 mor£s (3.26)
571«,% — 2 (ErEmestEmints) — eggrg’"“egg’”*’fs, ros=1,...,m,r#s (3.27)
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sih=e2(@brtentibmin) = egeibresentibmir j=1 . mr=1,...,m (3.28)
si2=e2(@bmirmentib) — egesbmire =g entibr j=1 . nyr=1,...,m (3.29)
sal,i:e%(ejgr_e””&"“) —e2Cbrem 2 tibmir f=1 | nr=1,...,m (3.30)
sit=e2(@bmirtentit) — egebmiresentilr j=1 . n, r=1,...,m. (3.31)

In (3.19)-(3.22), and (3.24)-(3.31), the exponential law is valid since

ejeks entientk]l = [ejenik,entjer] =0, k=1,....n,j#k
[frgsa §m+r§m+s] = [€r§m+55 €m+r§s] = 0, r,s = 17 cee, My, T 7é S,
[ej£m+T7 en+j£m+r] = [€j£m+7"7 enJrng] = 07 .7 = 17 cee, T = 17 s, M.

The elements (3.18)-(3.31) are a basis of Spin™(2n, 2m,R). We choose the circular angle 6 € [0, 2n[ for
Euclidean space and time rotations whereas the hyperbolic angle o € R will be associated to hyperbolic

rotations. Since for an arbitrary bivector B such that B? = —1 we have
0 0
3B = cos 3 + Bsin 3 (3.32)

and if B? = +1 we have o o
e2B = cosh 3 + Bsinh 5

we can easily compute the spin actions of the elements (3.18)-(3.31) on a given vector X € R*?™ In
real coordinates they are given by

n

sjlgsjl = Z (zeet + ytenyt) + (x5 cos0 — y;sinf)e; + (z;sin b + y; cos0)en+;
t=1,t#j
+ (Urgr + Urgm-‘—'r) (333)
r=1
S?klsfik = Z (zeer + yeenyt) + (x; cos6 — xi sinf)e; + (y; cos @ — yg sinB)enyj
t=1,t#£4,k
+ (x;sin8 + xy cos O)er, + (y; sinf + yi cos 0)enti + Z(urgr + Ur&mtr) (3.34)
r=1
sfkisgik = Z (zret + yrentt) + (x5 080 — yg sinB)e; + (y; cos @ + x sinb)en+;
t=1,t#7,k
+ (—y;sinf + xy cosf)er + (x; sin 6 + yy cos @) enti + Z(u,-{,- + Ur&mtr) (3.35)
r=1
s?ﬂkisﬁj = Z (zret + ytentt) + (x5 co80 — xp sinb)e; + (y; cos O + yi sinb)en;
t=1,tj,k
+ (z;sin @ + x1 cos 0)eg + (—y; sin 0 + yi cos 0)entk + Z(urfr + Ur&mer) (3.36)
r=1
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n
s?,kisik = Z (zeet+yrentt)+ (x5 cos @ —yyg sinO)e;j+ (y; cos 0 —xy sin ey
t=1,t#j5,k

+ (y; sinf + z cos O)ex, + (x; sin + yi cos 0)enti + Z(ur{r + UrEmgr) (3.37)
r=1

50 X8, = Y (@ie; T ysenis)t Y (Wrkr+v&mir)+(ur cosO+u, sin 0)€,

j=1 r=1,r#s
+ (—ur sin 0 + vy cos 0)&m4r (3.38)

n

1. XsT. = (wje; + Yjents) +

Ms

(webe 4+ ve€myt) + (ur cos O + us sin 0)&

=1 t=1,t#£r
+ (vr cos 0 + vs 8in 0)Emqr + (—ur sin6 + us cos 0)€s + (—vr sin b + vs cos 0)Ems (3.39)
s Xshe = > (w565 + Yjents) + Z (wee + ve&me) + (ur cos b + vs sin 0)&r
j=1 =1,t#r
+ (v €080 — us Sin 0)Emyr + (v SIN O + us cos 0)Es + (—ur sinf + vs o8 0)Ep s (3.40)

n

570 X0 = Z(l’jej + yjent;) + Z (webt + ve&mtt) + (ur cos 6 + us sin )&,

j=1 t=1,t#r
+(vr cos @ — Vs SN O)Emtr + (—ur Sin @ + us cos 0)Es + (vysin 0 + v, €08 0)Ermts (3.41)
s X s10, = Z(Ij@j + yjentj) + Z (uét + ve€mtt) + (ur cos 0 + vs sin 0)&,
j=1 t=1,t4r
+(vr cos 0 + us sin ) &gy + (—vr SIin 0 + us cos 0)Es + (—ur sinb + v, o8 0)E s (3.42)
SrsXSPs = Z (wres+yrentt)+ Z (ue€s +ve€myt) + (x5 cosh a+u, sinh a)e;
t=1,t45 t=1,t£s
+(y; cosh a+v, sinh a)en 4+ (x; sinh 4w, cosh )&, + (y; sinh a+v, cosh @)&m4r (3.43)

n

SrsXS%QS = Z (et +yrentt)+ Z (we&s +ve&myt)+ (x5 cosh a+v, sinh a)e; +

t=1,t45 t=1,t£r
(y; cosh a—u, sinh a)enj+ (—y; sinh a+u, cosh @)&,+ (z; sinh a+v, cosh a)&m4r (3.44)

n

singsli” = Z (zees+yrentt)+ Z (ut&t +v:€mt) + (x5 cosh a+u, sinh a)e; +
1,t#r

t=1,t4j t=
(y; cosh a—wv, sinh &)e,;+ (z; sinh a+u, cosh a)&+ (—y; sinh a+v, cosh )& (3.45)
si4SXsl4 = Z (zeet+ytentt)+ Z (ue€t+vi€mt)+ (x5 cosh a+v, sinh a)e;

t=1,t#j t=1,t#r
+(y; cosh a+u, sinh a)e, 4+ (y; sinh a4u, cosh )&, + (z; sinh a+v, cosh @)&pm+4r (3.46)

Their complex form is obtained by passing to the Witt basis. Using (2.15) and (2.16) we obtain
the following complex transformations:

= Y (ufe—7@f) + €285 — €051 + Z (t by — b1 (3.47)
t=1,t#j r=1
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n
sikisik = Z (zefe — Zifl) + (2 cos O — z sin0)f; — (z; cos O — z sin G)f;
t=1,t#j5,k

+ (25 8in 0 + zx cos 0)fx, — (z; sin @ + zi cos H)TL + Z(trhr — 7))

r=1

s?kaa = Z (zefr — Zif1) + (2 cos 0 + iz sin 0)f; — (2 cos O + izg sin G)fT
t=1,t#j4,k

+(iz; sin 0 4 2k cos 0)fx — (izj sin @ + 2, cos O)fL + Z tob, —Ehl)

r=1

sing = Z (zef+ — Zif1) + (2 cos O — Zg sin 0)f; — (2 cos O — Zg sin G)f;r
t=1,t#j,k
+(Z7sin 0 + 2z, cos O)fx — (Z; sin 6 + z, cos O)f!, + Z trb, — Eh1)

r=1

s?kis?ik = Z (zef+ — Zif!) + (2 cos O — izg sin 0)f; — (2 cos O — iasinﬁ)ﬂ.
t=1,t£5,k

+(iz; sin 0 + zi, cos 0)fx, — (iz; sin 0 + zj, cos 6)f Z (trhr —t:h T

6 6 —1i0 14
87,5 X 89 :Z(zjfj - ijf )+ Z (trbr — ) +tre” " —tre h:r"
=1 t=1,t#£r

m

s XsT . =D (%f; — Z1)) Z (trbr — 1) + (£, cos 0 + L, sin )b,
j=1

—(tr cos 0 + ts sin H)UT ( 1n0 +tscosf)hs — (—trsinf + ts cos 9)[)2

m

sy X8, —Z i =G+ D (teby — &) + (£ cos 0 — it sin )b,

t=1,t#r,s
—(tr c050 — 4ts sin Q)hr (—itrsin® + ts cos0)hs — (—itr sinf + ts cos O)bl

t=1

sp o X9 =Z(zjfa i)+ D (tebr — Ebl) + (tr cosd + £, sin )b,
RN
—t,

—(tr cos@—i—t sin0)h! + (— 51n9—|—t cos )by — (—t, sin 6 + £, cos 0)h!

510, X 510, —Z zif; — zjf Z (trhy — E01) + (¢ cos O + it, sin 6)b,

t=1,t#r,s
—(tTCObQ—l—ztsme)br (—it, sin @ + t5 cos )b, —(—ztrsm@—i—tSCObH)bT

n

sj. TXSH = Z (zef+ — Zif1) + (2 cosh a + ¢, sinh a)§; — (2 cosh o + ¢, sinh a)f;-

t=1,t#j
m
+ Z (tshs — Tshl) 4 (zj sinh o + ¢, cosh a)b,. — (2 sinh o + ¢, cosh )b
s=1,s#r

t=1,t#j

J wXsio = Z (z¢§t — Zifl) + (2 cosh a — it, sinh &)f; — (2; cosh a — it, sinh a)f;
m

+ Z (tshs — Tsb1) + (izj sinh o + t, cosh a)b,. — (iz; sinh o + £, cosh )b/
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(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)



(3.59)

n

515 X513 = Z (z+f+ — Zifl) + (2 cosh a + &, sinh a)f; — (2 cosh o + £, sinh a)f;-

Xsi
t=1,t#]

+ Z (tshs — E:b1) + (z7 sinh a + t, cosh @), — (Z; sinh a + ¢, cosh a)h;. (3.60)

s=1,s#r

S5, 7quM = Z (24f+ — Zif!) + (2, cosh pha + it, sinh a)f; — (2; cosh a + it sinh a)f;
t=1,t#j

+ Z (tshs — tsb1) + (iZj sinh « + ¢, cosh a)b,. — (iZ; sinh o + ¢, cosh )b/ (3.61)

s=1,s#r

The complex transformations (3.47)-(3.61) preserve the Hermitian norm and they can be di-
vided into two classes: the holomorphic transformations (a group in itself) and the non-holomorphic
transformations. Indeed, multiplying at left the spin actions (3.47)-(3.61) with the (anti-)primitive
idempotent I (projection onto CA,, ), we immediately see that transformations (3.47)-(3.49),(3.52)-
(3.54),(3.57),(3.58) are holomorphic transformations in the variables z;,7 = 1,...,n, and t,,r =
1,...,m, belonging to the unitary group U(n,m), whereas the remaining transformations are non
holomorphic. It is interesting to observe that the projection of the spin actions (3.47)-(3.49),(3.52)-
(3.54),(3.57),(3.58) onto (CAIL,m, obtained by the multiplication at right with the (anti-)primitive idem-
potent I, yield the anti-holomorphic transformations in the variables z;,j = 1,...,n, and ¢,,r
1,...,m. Therefore, the Hermitian Clifford algebra approach encodes, in the same structure, holomor-
phic and anti-holomorphic transformations.

The spin elements (3.18)-(3.20),(3.23)-(3.25),(3.28),(3.29) that give rise to the holomorphic (and
anti-holomorphic) transformations can be fully characterized by the primitive idempotent I by defining
the Clifford group

U(n,m) = {s € Spint(2n,2m,R)|30 > 0: Is = ¢?I}. (3.62)

Thus, it follows that the Clifford group U(n, m) is isomorphic to the unitary group U(n, m). Removing
the elements in U(n,m) responsible by a global phase term we obtain a Clifford realization of the
special unitary group SU(n,m) which is given by

SU(n,m) = {s € U(n,m) : Is = I}. (3.63)

Corollary 3.4 The Lie algebra su(n,m) is generated by the real bivectors (3.5),(3.6), (3.10),(3.11),
together with the elements

S} = €jentj — enean = 2if; AT = 2ifu Afh i =1,... n—1
Trl* = €r§m+r_€m§2m:2ihr/\h;[_27;bm/\bin’r: L...,m—1

Proof: First we see that all the real bivectors are linearly independent and their number equals (n +
m)? — 1, which is exactly dim(su(n,m))= dim(SU(n,m)). Furthermore, the spin elements associated
to these bivectors satisfy the condition Is = I.
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4 Complex boosts in an arbitrary complex direction

We have seen that elements (3.28)-(3.31) are the Lorentz boosts generators in R?™?™ yielding complex

Lorentz transformations. In this section we restrict ourselves to R?™2, the case of one complex time
dimension, and we compute the formula for a general complex boost in an arbitrary complex direction.
In the real case it is well-know that a real boost in the real Minkowski space-time R™! is parameterized
by a direction w € S (8”71 is the unit sphere in R™) and a hyperbolic angle o € R, by the formula

Sw,a = cosh (%) + w¢ sinh (%) (4.1)

where ¢ is the Clifford basis element which spans the time axis and satisfies €2 = 1. The spin element
(4.1) corresponds to the exponentiation of the element w¢, which belongs to the Lie algebra spin™(n,1).
Therefore, we have

S = owE — e(wle1+--.+wnen)§ — ewierét . .twnen (4.2)

i.e., the real boost s, o in an arbitrary direction w € S™~1 appears as the exponentiation of the real
linear combination of the boosts 1€, ..., e, in spin™(n, 1). For a real space-time vector x + t§ where
z € R" and ¢ € R, the spin action induced by s, o is given by

Swal+18)suga = x+t&+ ((cosh(a) —1) (w,z) + sinh(a)t)w +
+((cosh(a) — 1)t + sinh(a) (w, x))E. (4.3)

In this section we will derive a similar formula for the complex case, by studying all possible linear
combinations of the complex boost bivectors in the Lie algebra spin™(2n,2,R), which are given by

(1) ej&1 + ent &2 (4.4)

(I1) ej€2 — eny;&1 (4.5)

(L11) ;€1 — ent 562 (4.6)

(V) ejéa + entjé1 (4.7)

with j = 1,...,n. As we have seen in Section 3, boosts (I) and (II) are the complex holomorphic boosts

whereas boosts (III) and (IV) are the non-holomorphic complex boosts. To obtain a holomorphic
generalization of formula (4.3) we need to investigate the linear combination of the real boosts (I) and

(11).

Case 1: (I) + (II):
Let us consider the spin element associated to the linear combination of (I) and (II):

s = esWleg&itent €2)tAnyilejfa—ent;€1))

6% ((Njej=Antjenti)éit(NjentitAntsej)é2)

e2 Niei—An+jenti)é1 o5 (AjentjtAntje;)é2 (4.8)
S1 52
where A\j, \p4; € R, for some j = 1,...,n. The last equality is valid since

[(Ajej — Mtjenti)érs (Njents + Antjej)éa] =0
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and thus, the exponential law holds. The elements s; and s are defined by

s1 = cosh (%) + (Ajej — Antjentj)€1 sinh (%) (4.9)
and o o

$9 = cosh (5) + ()\jenﬂ- + )‘n+j€j)§2 sinh (5) (410)
which belong to Spin™(2n, 2, R) if and only if )\? + )‘i—i-j = 1. This is the normalization condition that

we have to impose. By straightforward computations, the spin actions induced by s; and s2 in an
arbitrary space-time vector X € R?™2 are given in real coordinates by

3155:2(%@]- + yjent;)+((cosh o — 1)()\?xj—)\j)\n+jyj)+)\ju1 sinh a)e;
j=1
+ ((cosha — 1)(/\%+jyj — AjAn4j%5) — Angjur sinh a)en
+ (u1 cosh v + sinh (A jzj — Ay jys)) &1 + w2 (4.11)
and

n

SQXEZZ(:cjej + yjentj) + ((cosha — 1)(>\i+jxj+)\j)\n+jyj) +

j=1
+ Ay jug sinh a)ej+((cosha—1)(A32~yj+)\j)\n+j:vj)+>\ju2 sinh &) ey
+u1&1 + (ug cosh o + sinh a( Az + Ajy;))Eo. (4.12)

Finally, the composition of s; and s gives us the spin action sXs:

n
s1(s2X52)357 :Z(xjej +yjentj)+((cosha—1)z;+sinh a(Ajui+A4ju2))e;
j=1
+ ((cosh v — 1)y; + sinh a(Ajua — Ay jur))enyj
+ (u1 cosh a + sinh (A jz; — Ay jy5)) 61
+ (ug cosh o + sinh (A5 + Ajy;))o. (4.13)

Writing (4.13) in terms of the Witt basis using (2.15) and (2.16), we obtain the following complex
transformation:

sX5=27—Z" 4 ((cosha — 1)zjw; + T sinh a)w;f;
—((cosha—1)z;w;+T sinh a)wjf;—{—(T(cosha — 1)+sinh o zjw;)by

—(T(cosha — 1) + sinh o zjw; )b (4.14)

with w; = Aj + tA,; such that A? + )‘121+j =1, and T" = wuy + iug. Since \,1; € R is arbitrary we
can replace A\p4; by —An4; in (4.14). Considering also w; = (0,...,wj,...,0) € C", which satisfies
||wj||? = 1, we finally obtain the spin action

sX5=27 — Z" 4 ((cosha — 1){(z,w;) + T'sinh a)w;f;

—((cosh a—1)(z,w;)+ T sinh @)wjf +(T(cosh & — 1)+sinh a(z, w;))h1
—(T(cosha — 1) + sinh a(z, ﬂ»hL (4.15)
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with z = (21,...,2,) € C", and (z,w;) the usual Hermitian inner product on C". Formula (4.15)
corresponds to the action of a compl(?x boost in the complex direction w; = (0,...,wj,...,0) € S,
where S denotes the complex unit sphere in C". Replacing Ay4+; by —An1; in (4.8) the spin element
can be written in Hermitian form as

Swja = (cosh (%) + (w;f; — wjf})(hl - h];) sinh (%)) X

Q Q
X (cosh (5) — (wfj + w;ft) (b + b) sinh (5)) : (4.16)
To have a boost in an arbitrary direction of the complex sphere we can consider the linear combination
of all boosts of types I and II or we can simply consider rotation arguments. Let w = (w1,...,w,) €S
be an arbitrary direction in C™. Then it is always possible to find s, € U(n,0) such that w = S4W; Sy,
where w; = (0,...,wj,...,0) € S. Therefore, by performing the action ss,, o5x we will arrive at the
formula of the complex boost sy o in an arbitrary direction w € S, which is given by
Swa = SiSwjaSr = (cosh (%) + (w—wh)(h — [ﬂ) sinh (%)) X
(cosh (%) — (w+w) (b1 + 1) sinh (%)) (4.17)

Its action on X € R?™?2 is given by
Sw.0XFma =2 — Z' + ((cosha — 1)(z,w) + T'sinh a)w
—((cosha — 1){(z,w) +T sinh a)w' + (T cosh a+sinh a(z, w)) by
—(T cosh o + sinh a{z, w)) b1 (4.18)

Multiplying at left the spin action (4.18) with the primitive (anti-)idempotent I, we obtain a holomor-
phic transformation in the variables zj,7 = 1,...,n, and T, whereas, the multiplication of I at right
gives an anti-holomorphic transformation. We summarize our results in the next theorem.

Theorem 4.1 The holomorphic and anti-holomorphic complex boost parameterized by a complex di-
rection w € S and a hyperbolic angle o € R s given by

Swa = <cosh (%) + (w—wh)(b — h‘;) sinh (%)) X
x <cosh (%) — (w+w) (b1 + b]) sinh (%)) (4.19)

and it admits the KAK decomposition sy o = 88w, a8, where sy, o € 7](1, 1) 2 U(1,1) is the group of
complex boosts on a fized complex direction
wj = 0,...,wj,...,0) € S, and s € Un,0) = U(n) such that w = sw;8. The holomorphic spin

action of s, i an arbitrary space-time vector X € R*™2 4s given by

IsyoaXSya = I(Z+ ((cosha—1)(z,w)+ T sinha)w+

+(T'(cosha — 1) 4+ sinh a(z,w))h1) (4.20)
and the anti-holomorphic spin action is given by
SwaXSpal = — (ZT + ((cosh o — 1) (2, w) + T sinh a)w’
+(T(cosh o — 1) + sinh a(@)b}) I. (4.21)
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Case 2: (III) + (IV):
In this case we study the linear combination of boosts (III) and (IV). Since these are non-holomorphic
boosts we will obtain the non-holomorphic analogue of formula (4.18). The spin element associated to
the linear combination of boost elements (IIT) and (IV) is given by exponentiation as

s = esNi(eilimentj&2)+Antj(ejé2tent 1))

— 3 ((NegtAntjent )&t (=AjentjtAntje;)é2)

— e5(Ne +)\n+j€n+j)£11 ez (FAientitAngjes)ée (4.22)
S1 52

where A\j, A\p4; € R. The last equality is valid since
[(Ajej + Antjenti)és (—Ajentj + Antjes)éa] =0
and, thus, the exponential law holds. By similar computations as in Case 1 we obtain the spin action

sX5 =7 — Z" + ((cosha — 1)z;w; + T sinh a)w;f;

—((cosha — 1)z;w;+T sinh a)@f}—l—(T(cosh a — 1)+sinh aZjw;)hy

—(T(cosha — 1) + sinh a z;w;)b!, (4.23)
with w; = A;j 4+ i\,4; such that )\3 + )\%ﬂ- = 1. Let wj = (0,...,wj,...,0) € S. Then we obtain the

non-holomorphic complex Lorentz boost in the w; direction:

sX5=27—Z"+ ((cosha — 1){z,w;) + T sinh a)wjf;

—((cosha—1)(z, wj) +T sinh a)uﬁf} +(T'(cosha—1)+sinh a(z, w;))h

—(T(cosh o — 1) + sinh a(z, w;))b], (4.24)

with z = (21,...,2,) € C™. In this case, the non-holomorphic complex boost Sw;a in the direction wj
is written in the Witt basis as

S = (COSh (%) + (wjf; —w,f!) (b1 — bl) sinh (%)) X
x (cosh (5) + (wgy + 751 (91 + b)) sinh (5)). (4.25)

By the same rotation arguments as in the Case 1 we can obtain the formula for a non-holomorphic
complex boost parameterized by an arbitrary direction w € S, that we will describe in the next theorem.

Theorem 4.2 The non-holomorphic complex boost parameterized by a complex direction w € S and a
hyperbolic angle o € R is given by

Swa = (cosh (%) + (w—wh)(by — hJ{) sinh (%)) X

X (cosh (g) + (w+wh(h + bi) sinh (%)) (4.26)

and it admits the KAK decomposition sy = 854,45, where Sy, o € ff(l, 1) =2 U(1,1) is the group of
complex boosts on a fized complex direction

18



wj = 0,...,wj,...,0) € S, and s € E(n,()) > U(n) such that w = sw;8. The non-holomorphic

spin action of sy, in an arbitrary space-time vector X € R?72 s given by
Iy aXSwa = I(Z+ ((cosha —1)(z,w)+ Tsinha)w
+(T(cosha — 1) + sinh a@)fn) (4.27)
or
SwaXSpal = — <ZJr + ((cosha — 1)(z,w) + T sinh a)w'
+(T(cosha — 1) + sinha(g,g))bi) I
(4.28)

Case 3: (I) + (III):
Finally, we study the spin element associated to the linear combination of elements (I) and (III):

s = esNi(elitentj&)tintj(ejé2—entjé1))

e Ni(ei€itentj€2) o5 Antj(ejfa—enytjé1)

— 2% g5 Ajenti€2 o5 Antj€i€2 o= G Antjentjé1 (4.29)
N—— ~—
S1 S92 S3 S4

Thus, s1, 82, 83, 54 € Spin™(2n, 2, R) if and only if )\? = +1 and >‘721+j = =£1. Here, four sub-cases appear.

Sub-case 1: A\; =1 and A, y; = 1. We have

s = e2%81p5en+i€2 o 52— Fentj81
N

NV

11
S

J,1

13
J,1

The spin action induced by s is just the composition of the spin actions induced by the spin elements
83111 and sjl?’l of Section 3. We obtain

— T+T
sX5 =5} (s]3Xs13)sl] = Z-7"+ ((zj +7;) sinh? () + +

sinh(2a)) j;

— <(zj +7%;) sinh?(a) + % sinh(2a)> f;r + <zj—2&—z] sinh(2a)+

zj+2z;

+(T+T) sinh2(a))b1—( sinh(2a)+(T+T) sinh%a)) hJ{ (4.30)

Sub-case 2: A\j = —1 and A, ; = 1. We have

o T-T
o205 = ST etk = 221+ (o2 sinh(a) + 75 sz ) 1

- ((zj — %) sinh?(a) + r-r sinh(2a)> f} + ( % ; % sinh(2a)

—(T—T)sinh?(a)) by - <— % ;27 sinh(2a)—(T—T) sinh2(a)> bi. (4.31)
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Sub-case 3: A; =1 and A,4; = —1. In this case we obtain the inverse transformation of (4.31) replacing
a by —a.

Sub-case 4: A\j = —1 and A,4; = —1. In this case we obtain the inverse transformation of (4.30)
replacing a by —av.

In conclusion, the linear combination of boosts elements (I) and (III) gives the composition of well-
known spin actions. The same happens for the linear combinations of boost elements (I) and (IV), (II)
and (III), and, (II) and (IV).

5 The complex Einstein’s addition

In this section we show that the complex Einstein velocity addition can be realized by the projection
of the holomorphic spin action (4.20) to the hypersurface defined by 7' =1 in the projective model of
the Hermitian space H,, 1. The Einstein velocity addition belongs to the group of automorphisms of
the complex unit ball in C" defined by Rudin in [16] (cf. [22] and [23]).

For (2,T) € Hy 1, with 2 = (21,...,2,) € C" and T' € C we consider the indefinite real quadratic
form Q(z,T) = ||z||*> — |T'|? inherited by the Hermitean inner product (2.1). The associated complex
null cone is defined by Q(z,7) = 0. It is a cone with real signature (2n,2) and it stands for the
complexification of the real cone of signature (n,1) on the Minkowski space R™!. The time and space-
like regions defined by

TLR ={(2,T) € H,1:Q(zT) <0} (5.1)

SLR = {(2,T) € Hny : Q(z,T) > 0}. (5.2)

Inside the TLR region a complex projective model can be defined using the manifold of rays given by
Rays(TLR) = {{\(z,T) : A€ C},Q(2,T) < 0}. (5.3)

This projective model is known as complex hyperbolic n—space. The unitary group U(n,1) acts
transitively in Rays(TLR). Considering 7" = 1 we obtain the embedding of the complex unit ball B
in the complex hyperbolic space since ||z||? < 1. Using the same arguments as in [11] we finally show
how to obtain the normalized complex Einstein velocity addition.

Theorem 5.1 Let T = 1 and a,z € C" with ||z|| < 1, ||a|]| < 1, cosh(a) = ﬁ,sinh(a} =
—lla
% and w = ﬁ Then the restriction of the holomorphic spin action (4.20) to the complex unit
—lla a

ball Bg: gives the complex Einstein’s addition ©f defined by
@ (VT TlalPe+ ————(z.a)a + (5.4)
a 2= —— —||a||*z T+ ——F——= (&, q)a T+ a .
S T 1 () T TP

(cf. [25,p.282]).
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Proof:

Considering in (4.20) the substitutions mentioned we obtain the complex time and space compo-

nents:
. 14+{(za)

V=P
_ 2 -1
VI=TalPz+ e @) e +a
VTP

Finally, multiplying z* by A = % (corresponds to the restriction to B¢) we obtain the complex space
coordinate

and

2=

1—|—

AzF = <\/1—Ha\2 + (z, a>a—|—a>

+ 1= llall?
which corresponds to the complex Einstein velocity addition.
[ |

In [22] it was shown that (Bg,®g) is a complex gyrogroup. The restriction of formula (5.4) to the
real case gives the real Einstein velocity addition. By the same arguments we can restrict the anti-
holomorphic and non-holomorphic spin actions (4.21), (4.27), and (4.28) onto the complex unit ball B
by the complex projective model. In this way all complex Einstein velocity additions (holomorphic,
anti-holomorphic and non-holomorphic) are found. A more detailed study of complex relativistic
velocity additions will be made in a forthcoming paper. With this work we hope to have shown
the importance of Hermitian Clifford algebra for a better understanding of Hermitian spaces and the
automorphisms of the complex unit ball in C™.
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