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Abstract: Sudden cardiac death (SCD) represents a critical public health challenge, em-
phasizing the need for predictive techniques that model complex physiological dynamics.
Studies indicate that the “V-trough” pattern in sympathetic nerve activity (SNA) could act
as an early indicator of potentially fatal cardiac events, which can be effectively modeled
using a modified version of Chua’s chaotic system, incorporating the variables of heart
rate (HR), SNA, and blood pressure (BP). This paper introduces a Chua circuit with delay,
and proposes a novel control design technique based on Lurie-type control systems theory
combined with mixed-sensitivity He (S/KS/T) methodology. The proposed controller
enables precise regulation of HR in Chua’s circuit, both with and without delay, paving
the way for the development of advanced devices capable of preventing SCD. Further-
more, the developed theory allows for the project of robust controllers for delayed Lurie
systems within the single-input-single-output (SISO) framework. The presented theoret-
ical framework, supported by numerical simulations, demonstrates the effectiveness of
the conceptualization, marking a considerable advance in the understanding and early
intervention of SCD through robust and nonlinear control systems.

Keywords: Lurie type system; control systems; automation; cardiology; heart diseases;
robust control; fatal arrhythmias; sudden cardiac death; nonlinear systems; Chua’s circuits

1. Introduction

Sudden cardiac death (SCD) is among the primary contributors to global cardiovascular-
related deaths. According to [1], it is estimated that the occurrence of SCD varies between
53 and 117 cases per 100,000 individuals annually in developed countries such as the US
and The Netherlands, while in emerging countries such as China and India estimates range
from 41.8 to 181 per 100,000 people per year. SCD is an unexpected death caused by cardiac
arrhythmias, typically occurring within an hour of symptom onset; a definitive diagnosis
relies on electrocardiographies data or recordings from implanted devices, as indicated by [2].

The most common device used to prevent SCD is the implantable cardioverter de-
fibrillator (ICD) [3-5], which is a medical device implanted in the body to continuously
monitor the heart rhythm and correct serious arrhythmias such as fibrillation or ventricular
tachycardia. It detects abnormal beats and sends electrical impulses or shocks to restore
normal rhythm, preventing sudden cardiac arrest. The ICD is essential for protecting

Eng 2025, 6, 89

https:/ /doi.org/10.3390/eng6050089



Eng 2025, 6, 89

2 0f 20

patients at risk of fatal arrhythmias. However, in its classic presentation, it does not directly
monitor blood pressure (BP) or sympathetic nerve activity (SNA). On the other hand,
the relationship between SNA and SCD is well recognized, and new technologies have
explored ways to integrate these measurements [6-8].

In particular, the model presented in [6] is based on Chua’s chaotic system, which
simulates the relationship between SNA, heart rate (HR), and BP. The model reproduces
the SNA “V-trough”, an early indicator of fatal heart events, associated with impaired BP
regulation by SNA, highlighting its contribution to the triggering of fatal arrhythmias. In
this context, while Osaka’s study focused solely on the mathematical modeling of a cardiac
condition that may lead to sudden death, our approach goes further by proposing a control
mechanism aimed at mitigating SCD. This contribution has the potential to drive future
advancements in the prevention of SCD.

For the development of controllers, several works address the Chua circuit control
problem, for example, refs. [9-12]. However, this paper uses recent research results on
Lurie’s problem and robust control theory [13-21] to develop a new control technique
specifically applied to SCD based on Chua’s circuit with and without delay. The technique
was thoroughly studied and compared with other works in the article [18]. However, a
formal proof had not yet been presented, which is accomplished in this work through the
demonstration of Theorem 3. With regard to the robust control techniques used, their main
foundations were established by Doyle [22,23], Zhou [24], and Skogestad [25].

Lurie’s problem [26] emerged in the 1940s in the context of automatic aircraft con-
trol, introducing the concept of “absolute stability” for nonlinear systems. Over time, it
has been explored in various domains, including chaos theory [27,28], L,-stability [29],
p-analysis [30,31], and uncertain [32] and switched systems [33], as well as aeronautical
applications [34]. Recent studies have leveraged Lyapunov functions and linear matrix in-
equalities (LMISs) to refine stability conditions [27,35]. Ref. [36] introduced a loop-functional
approach to stabilize networked Lurie control systems with network-induced delays, en-
suring absolute stability through state feedback control. In contrast, this work applies
Lurie’s control theory to the prevention of sudden cardiac death (SCD), integrating Chua’s
circuit dynamics with mixed sensitivity He control to regulate heart rate. A recent review
of applications of Lurie’s problem in the medical and biological fields can be found in [21].

Therefore, this paper primarily aims to address the control problem of the Chua chaotic
circuit introduced by Osaka [6]. As a secondary objective, the paper presents Chua’s circuit
with delay, which represents an advance on that presented by Osaka, but which requires
further investigation with real data. To better outline the contributions of this paper, the
key points are emphasized in the following bullets:

e  Presentation of the model (3) that includes the time delay in relation to that presented
by [6] represented by system (1);

e  The demonstration in Section 3.1 that the Chua circuit is a particular case of a Lurie
control system;

° The main contribution of this work is the presentation, demonstration, and valida-
tion of Theorem 3 via the Chua circuit. This theorem introduces a novel approach
for controller synthesis based on the Ho mixed sensitivity technique for time-delay
systems. Furthermore, the theorem is not limited to the control of Chua’s circuits with
or without delay but extends to a broader class of dynamical systems, specifically
Lurie-type SISO systems with or without delay and nonlinearities mapped by sector
conditions. This generalization significantly expands the applicability of the proposed
method, enabling its use in various systems beyond the Osaka model, thereby re-
inforcing its originality and contribution to the field of robust control of chaotic or
nonlinear systems;
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e  Controller design via Matlab for Chua circuits with and without delay that simulate
the dynamics between SNA, HR, and BP in SCD.

Section 2 continues the paper with a statement of the problem addressed in this article.
Section 3 provides the theoretical basis for the main results presented in Section 4. Section 5
presents a brief discussion of the results obtained, and, finally, Section 6 presents the
paper’s conclusions.

2. Problem Statement

The chaotic dynamics of the cardiovascular system, modeled by the modified Chua
circuit, highlights a complex interaction between HR, SNA, and BP [6]. In the work by
Osaka [6], it is indicated that a reduction in the interaction between SNA and BP, simulated
by changes in the circuit parameters, can lead to the emergence of specific patterns, such as
the V-shaped trough in SNA. This V-shaped trough, characterized by an initial fluctuation,
an abrupt descent, and a sharp rise, has been identified as a critical precursor to fatal cardiac
events, such as ventricular arrhythmias.

However, the absence of an effective control mechanism to stabilize HR during the
V-shaped trough represents a significant risk of sudden death. Thus, the development of
a control system that acts directly on the regulation of HR in this model is essential for
the development of future devices to mitigate pathological dynamics associated with the
V-shaped trough and prevent the occurrence of fatal events in the context of autonomic dys-
function. System (1) presents a Chua’s circuit in state equations that models the interaction
between HR, SNA, and BP, realized by [6]:

X1 (1) = afxy(t) +x2 — f(x1(2))],
X (t) = x1(t) — x2(t) + x3(t), Y
x3(t) = —Bxa(t) — Boxs(t),

where x1(t), x2(t), and x3(t) are state variables that represent the dynamics of HR, SNA,
and BP, respectively. The nonlinearity is:

Fn(6)) = mxa(t) + 3o — ma) (122 (8) 1| — | (8) ~ 1), @

and «, B, p, mg, and mj are real numbers. In this model, ref. [6] found that the x, peaks
precede the x; peaks and the x3 nadirs, just as the SNA peaks precede the HR peaks and
the BP nadirs.

In addition to system (1), this paper presents a variant with a delay. According to [20],
time-delay systems are present in a multitude of physical phenomena; in the case of this
problem, the insertion of the delay could bring the mathematical model closer to the real
biological system. An example of a delay for this problem can be inserted into the second
equation of (1) in the interaction between HR and SNA, taking the following form:

X (t) = afxi (8) +x2 = f(xa(#))],
Xp(t) = Ox1(t — 7) — x2(t) + x3(t), ®)
X3(t) = —pxa(t) — Poxs(t),

where T € Ris the delay and 6 € R a constant for model adjustments.

Therefore, the problem to be solved in this work is the development of a control system
capable of controlling the HR, i.e., the variable x; (t) for systems (1) or (3).

3. Theoretical Basis

The theoretical bases used to develop the controller for systems (1) or (3) are presented
below. The section begins with an overview of Lurie control systems, demonstrating that
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the Chua circuit is a particular example of a Lurie system. Considering Chua’s circuit as a
Lurie system, it becomes possible to use the recent theories developed in [18]. To this end,
the theory of controller design via He mixed-sensitivity for Lurie-type systems and Padé
approximations are presented.

3.1. Lurie Control System

Lurie single-input-single-output (SISO) control systems can be represented by the
system in Figure 1a. In this system, there is a linear dynamic represented by system G, and
the function f (o) represents a nonlinearity (Figure 1b).

(@) (b)

f(@) f(@)
ko ko
~F(0,k] Flky, ke
" /\/ F(0,k) /\ﬁ kyo
‘ U ’ U

r(t)

Figure 1. The Lurie system in SISO case: (a) block diagram of the SISO Lurie control system; (b) types
of functions f.

Assuming r; = 0, the system depicted in Figure 1a can be represented by the following
set of ordinary differential equations (ODEs):

o=cTx,

x =Ax —bf(o),

{ f(0) @
where x € R" is the state vector, b, ¢ € R", A € R"*" are fixed matrices, and ¢f(c) > 0. In
general, the nonlinearity f(c) is a continuous function constrained to the first and third
quadrants of the plane (see Figure 1b). It belongs to one of the following families:

Fou = {fIf(0) = 0,0 < of(0) < ko?, 0 # 0}, ®)
Fog = {f1f(0) = 0,0 < of(0) < ko*,0 # 0}, (6)
Fieo ko] = {f1f(0) = 0,k10* < 0f(0) < kpo?, 00 # 0}, @)
Foo := {f|f(0) = 0,0f(0r) > 0,0 # 0}. ®)

A Lurie control system with delay can be described by the block diagram in Figure 2
and corresponding Equation (9):

T )

¥ = Ax —bf(0)+ Fex(t — 1) +bry
oc=clx

Here, x € R" represents the state vector, T > 0 denotes a constant real delay, f(0) € R, and
o € R. The system includes fixed matrices Fr € R"*", b € R", ¢ € R", and A; € R™",
where A: is a Hurwitz matrix. Equation (9) is an extension of Equation (4), which includes
the time delay:.
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Figure 2. Block diagrams of the SISO Lurie control system with delay.

The stability analysis of Lurie-type systems has become known in the literature as the
study of absolute stability, whose definition is presented below.

Definition 1. (Absolute Stability) Assuming null input (r1 = 0), it is said that system (9) (or
system (4)) is absolutely stable if the zero solution of (9) (or system (4)) is globally asymptotically
stable in the Lyapunov sense for f(o) € Fyy, that is, Ve > 0, 3 5(e) > 0, such that the
solution x(t) := x(t, to, xo) of the initial value problem associated to (9) (or system (4)) is unique
and satisfies:

Ix(O)l <€, Vt=to, if |lxoll <d(e), (10)
and for any xg € R" :
lim ||x(t)]| = 0. (11)
t—roo

Now, to correlate the Chua circuits of Equations (1) and (3), with the Lurie control
systems of Equations (4) and (9), take the nonlinearity as Fik, ko) where k1 = my and
ko = mq, and the matrices as:

o 0 —u 1 -0 o 0
A= 1 -1 1 , b= 0 |, c=|0], A= 0 -1 1 ,
0 —p —pp 0 0 0 —B —pp
0 0 0
and Fr=1606 0 0
0 0 0

3.2. Heo Mixed-Sensitivity for Lurie Control Systems

In this subsection, the H mixed-sensitivity (5/KS/T) control theory for Lurie con-
trol systems developed by [18] is presented. Firstly, the nonlinearity f in Figure 1b and
Equation (4) is modeled as a parametric uncertainty, resulting in a family of plants, G,. By
substituting f with 4, the perturbed transfer function, G, is defined as follows:

G(s)

@) = 15acG)

(12)
where G(s) = cT(sI — A)~!b represents the transfer function for the linear component
shown in Figure 1a and Equation (4). Figure 3 shows the block diagram formats in which
Lurie-type systems need to be placed in order for the controller to be developed. The
mixed sensitivity method consists of obtaining a controller, K(s), with robust stability and
performance by satisfying the following condition [25]:

[IN[l3,, = max y(N(jw)) <1, (13)



Eng 2025, 6, 89

6 of 20

here, ¥ serves as an upper bound for the norm, utilized to quantify the size of the ma-
trix N across all frequencies. In the case of SISO systems, N becomes a vector, and
7(N) corresponds to the standard Euclidean norm of the vector:

Y(N) = /WS + [WinT[2 + [W,KS[2. (14)

In N, such that N = [W,S W,KS W;uT]?, one defines the sensitivity function
S = (I + G,K)~! and the complementary sensitivity function T = (I + G,K) ~1G,K, where
G, and K are as shown in Figure 3a and Figure 3b, respectively. The objective is to develop
controllers that ensure the system’s stability and performance robustness, as depicted in
Figure 3c. The term KS represents the control effort, defined as the product of the controller
transfer function, K, and the sensitivity function, S, reflecting the controller’s response
to disturbances and noise. Here the perturbed transfer function is represented by G,(s),
which is according to (15) and Figure 3a.

Gols) = Ty 11 <1 (15)
The J-uncertainty is obtained from a of (12), and Wy, Wy, and Wy are weight functions.
The weight Wiy, is used for modeling the uncertainty and is defined by the uncertainty
model of the plant family. Ref. [18] shows in detail how to obtain Wiy, for a Lurie-type
system. The designer selects the weights Wy, and W), to represent the desired specifications
for the closed-loop system. The weight W, is applied to penalize excessive control efforts.

According to [25], the W), could be chosen as:

where:

M: robustness margin (or robustness parameter), which defines an upper limit for the
sensitivity function, balancing performance and robustness. Typically, M > 1.

wp: bandwidth crossover frequency, which determines the frequency at which the
sensitivity function is approximately 1. It is related to system performance in terms of
response speed.

E: defines error attenuation at low frequencies and the transition to high frequencies,
adjusting the decay rate of the weight W,,.

The new nominal model of the plant is represented by G,(s). The functions Wy and
G, depend on G (this is shown in Theorems 1 and 3).

For the robustness analysis of stability (RS) and performance (RP), according to [13,25],
the conditions are as follows:

Yw; 17)

and
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—»(+ » Go —> U(s
0 (s) Wk . Gp(S) | Y(s),
L
Win 5 « r
GP
(a) (b)
W, —»
K }o GO Wp—b
IVVIMk ) GP

(0)

Figure 3. Block diagrams of the theory of robust control for analysis and synthesis via H mixed-

sensitivity. (a) Perturbed transfer function inverse multiplicative. (b) System L, = G,K in closed

loop. (c) Complete diagram with all weights.

The following theorem, derived from Ho mixed-sensitivity techniques, can be used to

synthesize controllers for Lurie-type systems without delay (Equation (4)).

Theorem 1. Given a controller, K(s), and [k1, k2], the sector that includes f € Fy, 11 (f is replaced

by a such that k1 < a < ky), then system (4) with a feedback loop containing the controller, K(s), is

robustly stable and has a robust performance, if and only if:

W,S
WyK(s)S <1,
WinT s,
where:
S=(1+Gy(s)K(s)) ™,
T = (14 Gh(s)K(s)) 'G5 (s)K(s),
Wh(s) = GE(s) (254,
with: G(s)
ki s
Go(s) = 1+G(S)(k2;k1),
and

G(s) =cl (s — A)~'b.

Here, W, and W, are chosen to match specification (19).

Proof. The complete proof can be found in Theorems 5 and 6 of the paper [18].

(19)

(20)
(21)

(22)

(23)

(24)
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Remark 1. It is important to note that the controller ensures RS and RP when varying the

" _rr

parameter “a”, which varies from kq to ko and replaces the nonlinearity f. Thus, this theorem
proposes a robust control approach to solve a nonlinear control problem. The same observation also

applies to Theorem 3.

3.3. Padé Approximations

In this work, Padé’s approximation is used instead of the time delay. Some Padé
approximations represented here by [M/L] are shown in Table 1. The following theorem
presents an important result of the convergence of Padé approximations, which will be
used to demonstrate the main result of this paper.

Table 1. Padé table of exp(s).

MI/L 0 1 2
0 1 I+s 2425452
i 1 2
1 2+s 6-+4s4-s?
1 1—s 2—s 6—2s
2 6+2s 12465452
2 2 25152 6—45+52 12—65+52

Theorem 2. Let f(s) be a meromorphic function. Suppose that € and 6 are given positive numbers.
Then My exists such that any Padé approximation [M/ M) satisfies:

1£(s) = IM/M]| <, (25)
forall M > My on any compact set of s-plane except for a set Epy of measure less than 6.

Proof. See [37]. O

It is important to note that this convergence is uniform because neither 6 nor € depend
ons.

4. Main Results

This section presents a new theorem for synthesizing robust controllers for time-
delayed Lurie SISO control systems with nonlinearities of type Fi, x,- This theorem is
directly applicable to Chua systems, since these are a particular case of a Lurie control
system, as demonstrated in Section 3.1. Thus, in the following, the newly proposed theorem
is employed in designing a robust controller for the modified chaotic Chua circuit, free
of delays, as described by [6], which models the dynamics between HR, SNA, and BP
in “V-trough” events, which may be a precursor of fatal cardiac events. Next, the same
Chua circuit, with an inserted delay, is analyzed and a controller is developed based on the
new theory.

4.1. Theorem for the Synthesis of Lurie SISO Control Systems with Delay

Theorem 3. Given a controller, K(s), and [kq, k], the sector that includes f € Fig, k) (f is replaced
by a such that k1 < a < ky), then system (9) with a feedback loop containing the controller, K(s),
(Figure 4) is robustly stable and has a robust performance, if and only if:

W} S,
WIK(s)Sex || <1, (26)

T,k
Wit Tk Heo
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where:
Sex = (1+GJ(s)K(s)) ", (27)
Teg = (14 G¥(s)K(s)) "' Gy (s)K(s), (28)
ko +k
Wiki(s) = GF(s) (F 5, (29)
with: G
GIk(s) = —— (30)
’ ( ) 1+ Gr,k(@)
and
Gex(s) = cT(sI — Ar — Fr[k/K]) . (31)

Here, [k/ k] represents the Padé approximation, where both the numerator and denominator have a
degree of k, and Wy; and Wi are chosen to match specification (26).

r

Figure 4. Lurie control system with delay and a feedback loop containing a controller.

4]

K

v

u GT g

A

f (o)

Proof. Consider initially the system of Figure 2 and Equation (9) placed in the following form:
The equation for the system of Figure 5, for r; = 0, is:

Figure 5. Simplified block diagram for Lurie control system with delay of Figure 2.

T

X = Ax+bu+ Fx(t—1)
c=c'x.

Gy

v

f(o)

o
-

(32)

To obtain G¢(s), as in Figure 5, one must take the transfer function applying the Laplace

transform to Equation (32), which relates the input signal, u, to the output signal, o:

But,

SO:

sX(s) = AcX(s) +bU(s) + Fre™ ™,

X(s)(sI — A¢ — Fre™ ™) = bU(s),

- (SI - AT - FreiTs)ilb.

(33)
(34)

(35)

(36)

(37)



Eng 2025, 6, 89

10 of 20

When replacing the exponential term with the Padé approximation, it becomes necessary
to verify whether the sequence Gy converges to G;. To do so, we define the function
¢(s) = sI — Ar — Fre 5! and the sequence of functions ¢4 (s) = sI — Ar — F¢|k/k]. Every
element of F;[k/k| is expressed as a rational function. By Theorem 2, this sequence con-
verges uniformly, and thus the matrix sequence is convergent Fre~*". Since sI — A can
be thought as a constant sequence (which always converges), and since the sum of two
convergent sequences of complex matrices also converges, it follows that ¢ (s) converges
to ¢(s). Therefore, this sequence of rational function matrices converges point-to-point.
One knows from Theorem 2 that the sequence of Padé’s approximations [k/k| converges
uniformly to e~ ™. The sequence F; [k/k] is composed of elements that demonstrate uniform
convergence. Using the co-norm (£ ||Afle = max;(}; [a;;|)), which is distinct from the
Heo norm applied in Heo control, it follows:

P65)lleo = 15T = Ac = Felk/H] = ST+ Ar + Fee ™|

1Fe(e™™ = [k/K])lloo = max () |[Felijl[[k/K] = e™™[) = [[Felloole™™ — [k/K]|.  (38)
j

[ px(s

Since for every € > 0 there exists K > 0, such that, for all k > K, |[k/k] — e~ ™| < €, one can
always choose a €, > 0, such that there is a € = €, /|| Fr ||, such that there is a K > 0, such
that all k > K. Then, one has:

19k (s) = @(s)lleo = [ Flcoe < €2, (39)

as a result, ¢y (s) converges uniformly under the norm in question. Since the space of matri-
ces is finite-dimensional, convergence in one norm implies convergence in all other norms
within the same space. The subsequent step involves establishing the sequence ¢, (s) and
determining whether it also converges uniformly. The sequence ¢ (s) exhibits convergence.
Moreover, f(A) = A~! is continuous if and only if A € GL(C, n), representing the set of
n x n complex matrices with a nonzero determinant. In other words, within an open set
where f remains continuous, we exclude the finite set of poles where ¢ (s) lacks definition.
Since the elements of the matrices ¢ (s) are meromorphic, the set of points where they are
not defined has measure zero in C. Therefore, each ¢(s) is defined almost everywhere
in C, meaning it is defined in an open set. It is clear that the function f is defined within
this open set and is continuous, then {¢, *(s)} converges in this set point-to-point. It is
necessary to demonstrate that, for every e, > 0, there exists a K > 0, such that for all k > K
we have |4>]:1(s) — ¢ 1(s)] < €2. By using the identity S™! — T~! = —S~1(S - T)T~},
one has (in the open set described above, that is, almost everywhere):

9 1(s) — () loo <
(5T = Av = Felk/K) ool Fe([k/H] = ¢70)[leollsT = Ax = Fee™" oo
= |[k/k] — e 7| ||(sI — Ac — Fe[k/K]) Mool Fellool| (ST — Ac — Fre ™) Vo . (40)

=1(s)

Assume s = jw. Then, there exists a constant A > 0, such that |I'(jw)| < A, which
serves as an upper bound for the factors, as shown in Equation (40). Since [k/k| uniformly
converges to ¢~°7, for every € > 0 there exists a K, such that for all k > K we have
|[k/k] — 7| < e. Consequently, for every e, > 0, there exists a K, such that for k > K the
following holds:

g () =97 (5)lleo < |[K/K] —e™*T|A < eA =&, (41)
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which concludes uniform convergence. Since ¢, 1(s) is convergent almost everywhere in
C and if it is just multiplied by constants on both sides, then cT{qbl: 1(s)}b continues to
converge. Therefore, it is proven that G, ; converges to Gr.

Now, let us consider the system in Figure 5 with a feedback branch with a controller
according to Figure 4. The system of Figure 4 can be placed in the form of Figure 3a,b, and
from (12) we have:

Ge(s)
= 42
Gp(s) T 4G (s)’ (42)
since one has f € F[kl/kZ] then k1 < a < kp, thus:
ky —k ko —k ko +k ky —k
2 2 2 2
Gz (s)
P 14 Ge(s) (R23R1) 4 Go(s) (Ff1)s
dividing the numerator and denominator by 1 + GT(S)(@), one has:
Gz(s)
2%aa]
Gp(s) = HeC ) (45)
( Gz (s)( 22 1) )
1+Ge(s)(231)

so one has inverse multiplicative uncertainty, according to (15): G,(s) = HC?& |6] < 1.So:

Winm(s)o”
T Ge(s)
GI(s) = , 46
0 (S) 1 + GT(S)(kZ;kl) ( )
Wha(s) = G5(5) (2, )
S=(I+GIK)™, (48)
T = (I+ GIK)"'GIK. (49)

It is verified that G, converges to G:. In addition, it is known that linear operations
of convergent sequences also converge, and therefore the result holds for G, (s), which
allows us to derive S¢x, T, WITI’\E, and G; * . The weights W; and W} must be inserted in
order to obtain a system according to Figure 3c. Finally, by condition (13), the theorem is
demonstrated. O

4.2. Controller Design and Simulations

The Matlab function mixsyn(G, Wi, W, W3) was used to design the controller. This
computes a controller that minimizes the Ho norm of the weighted closed-loop transfer
function, given by N = [W;S  W,KS W;T]T. Proceeding from Theorem 3, we insert the
functions G, /k, W; , Wﬁﬁ, and W/ in place of G, Wy, W, and Wj3 to design the frequency
responses for disturbance rejection, tracking, noise reduction, controller effort, and ro-
bustness. Therefore, this function calculates a controller, K(s), by solving the problem
mlg'n IN(K) |, while also returning the value of 7 (for more information, see Mathworks

in [38]). The block diagram analogous to the one used in Simulink is shown in Figure 6.
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Figure 6. Block diagram corresponding to the Chua circuits with the control system. To have
simulations of only the Chua circuits without the control system, remove the part highlighted in red
(bold). The selector switch (No Delay/Delay) allows us to select the Chua circuit without delay (1) or
with delay (3).

Remark 2. In conventional control systems, the equilibrium point is often used as a reference.
However, in the context of this study, where we deal with cardiac responses, a sinusoidal reference
signal is more appropriate. This choice is justified by the fact that heart rate variability and various
physiological dynamics of the cardiovascular system exhibit natural oscillatory behavior. By using a
sinusoidal reference, we ensure that the controller’s performance is evaluated under conditions that
better reflect the physiological characteristics of the problem, making the analysis more realistic and
relevant for medical applications.

4.2.1. Controller for the Chua Circuit (1) That Models HR, SNA, and BP in the SCD

The parameters for the Chua circuit (1) that models the interaction between HR, SNA,
and BP that generates pathological dynamics associated with the V-shaped trough that can
lead to sudden cardiac death, according to [6], are « = 15.6; B = 30; p = 0.0025; my = —8/7;

and my = —5/7. The simulation of this model is shown in Figure 7.
To design a controller using H. mixed-sensitivity (S/KS/T) for (1), the sec-
tor is f € Fy, k), and thus we adopt ky = mg. So, by Theorem 3, one has

Gei(s) = cT(sI — A — Fe[k/k])~'b, with

A= 1 -1 1 , b= 0 |, ¢c=1|01|, and F;=0.
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Time (s)

Figure 7. Time response for the Chua circuit (1) that models the interaction between HR (x7), SNA (x3),
and BP (x3) generating a V-shaped trough. The figure was obtained using Simulink with the block
diagram analogous to Figure 6 without the control part (highlighted in red /bold) and with the switch
set to “No Delay”.

Now, by Theorem 3, one has G * and WITAZ According to (16), W) = W,(s) = Séﬁ%
and the parameters M =5, E =5 x 107%, and wj;, = 500 are used. E << 1 was chosen to
obtain a small stationary error. M = 5 was chosen, according to the value suggested in [25].
We chose a high value for wy, (in a similar way to [39]) to improve the tracking capability
for dynamic reference signals (which in this case is a sinusoidal signal). Finally, using the
Matlab function mixsyn (G2, Wy, Wk, WT), the controller, K(s), is obtained:

—243.45° — 1.518¢04s° — 2.594¢05s* — 1.151e06s> — 1.425¢07s> — 2.061e07s — 1.99¢08

K(s) = 50
(s) 86 + 32.24s5 4 110.55% + 189153 + 238452 + 2.718e04s + 67.94 (50)

The value of v = 0.9432 was achieved with W[ = 0.1. This particular value for W, was
determined after several trials. A time-domain simulation was conducted using nonlinear
function (2):

Fn(®)) = mxa(t) + 3 (mo — ma) (I (8) 1| — [ (1) ~ 1)),

The controller was inserted as shown in Figure 6 to act on variable x1, i.e., HR. Note in
Figure 8 that the HR variable is controlled to follow the sinusoidal reference inserted into
the control system input.

Furthermore, Figure 9 allows the analysis of robustness in terms of stability and
performance of system (1) with the controller (50). Figure 9a presents the Bode diagrams
of the sensitivity (S) and complementary sensitivity (T) functions. In Figure 9b, the Bode
diagram for stability robustness (RS) analysis is shown, where it is verified that condition
(17) is met. Similarly, Figure 9c shows that condition (18) is satisfied, thus ensuring
performance robustness (RP).
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Figure 8. Time response of the Chua circuit (1) controlled. One has the HR variable (x1) under control,
which follows the sinusoidal input of amplitude 1. The other variables are also altered, acquiring
stability. The figure was obtained using Simulink with the block diagram analogous to Figure 6
including the control part (highlighted in red /bold) and with the switch set to “No Delay”.
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Figure 9. Analysis of RS and RP for the control of Chua’s circuit without delay. (a) Bode diagram of
the functions S and T. (b) Analysis of RS according to condition (17). (c) Analysis of RP according to
condition (18).
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4.2.2. Controller for the Delayed Chua Circuit (3)

The parameters for the Chua circuit (3) that suggests a new model with delay for the
interaction between HR, SNA, and BP in SCD are the same for the constants «, 3, p, my,
and m1, and for the matrices b and c. As we now have the case of delay, the parameters
T = 5and 6 = 0.5 and the matrices A; and F; are included:

-0 o 0 0 0 0
Ar = 0o -1 1 , and Fr=186 0 0
0 —-B —Bp 0 0 O

Figure 10 shows the time response of a simulation of the Chua circuit with delay (3). It
is clear to see that the main difference provided by the delay in the comparison between
Figures 7 and 10 is an increase in the amplitude of the delayed system. Furthermore, just as
Osaka observed in model (1), here too we find that the SNA peaks precede the HR peaks
and BP nadirs for the delaved model.

_10 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time (s)
Figure 10. Time response for the Chua circuit with delay (3). The figure was obtained using Simulink

with the block diagram analogous to Figure 6 without the control part (highlighted in red /bold) and
with the switch set to “Delay”.

To design a controller using H« mixed-sensitivity (S/KS/T) for (3), the same parameters
and weight functions are used, with the exception of G (s) = cT(sI — A — F[k/k]x) 10,
which changes due to new matrices A; and F;. Using the Matlab function mixsyn (Gs ’k, er ,
WITf\fy W), the controller, K(s), is obtained (we do not present the controller’s transfer
function here because it is of high order). The gamma value y = 0.9432 was reached with
W, = 0.1. Again, the controller was inserted according to Figure 6 to act on the variable
x1,1.e., HR. Note in Figure 11 that the HR variable is controlled following the sinusoidal
reference entered at the input of the control system.

As in the previous section, where the system without delay was analyzed, the Bode
diagrams of the sensitivity and complementary sensitivity functions are shown below
(Figure 12a). In addition, it can be seen that the RS (Figure 12b) and RP (Figure 12c)
conditions are satisfied for the control of the Chua circuit with delay.
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Figure 11. Time response of the controlled Chua circuit (3). The HR variable (x1) under control
follows the sinusoidal input of amplitude 1. The other variables are also altered, acquiring stability.
The figure was obtained using Simulink with the block diagram analogous to Figure 6 including the
control part (highlighted in red /bold) and with the switch set to “Delay”.
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Figure 12. Analysis of RS and RP for the control of Chua’s circuit with delay. (a) Bode diagram of the
functions S and T. (b) Analysis of RS according to condition (17). (c) Analysis of RP according to
condition (18).

5. Discussion

The primary objective of this study was to propose a method for developing a con-
troller for the modified Chua circuit presented in [6]. However, after some analysis, it
became possible to propose a similar circuit with a delay. This led to the need to devise
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Theorem 3. This theorem is an extension of Theorem 1, which was already used with delay
in [18], although no formal proof had been provided.

The results obtained from the analysis of the modified Chua circuit with delay show
that the increase in the amplitude of the responses observed may reflect characteristics of
autonomic instability often associated with critical conditions, like arrhythmias and sudden
cardiac death. The meaning of the variables x1, X2, and x3 in the model is equivalent to heart
rate (HR), sympathetic nervous system (SNA) activity, and blood pressure (BP), respectively,
with the current inclusion of the delay providing an advance of the theory developed by [6],
further contributing as a useful bridge between the mathematical behavior of the circuit
and physiological phenomena.

Regarding the impact of delay on performance, it is generally assumed to be a source
of performance degradation. However, as reported in [40], appropriate delays can actually
enhance system performance. In this work, delay is used to model SCD, aiming to produce
an artificial temporal response that most closely resembles a biological one, so that its
adjustment (either increasing or decreasing it) can improve the model’s ability to accu-
rately represent a biological system. Furthermore, after implementing control, simulations
confirmed that the developed controller maintains its performance regardless of the delay
value, validating Theorem 3, whose condition ensures controller robustness. Thus, in the
controlled system, performance remains unaffected, as the designed controller satisfies the
theorem’s condition, guaranteeing robustness in performance.

This work focuses on the continuous-time case with delay; however, in the discrete
domain, future investigations could follow the approach proposed by [41], which addresses
the stabilization of Lurie systems using sampled-data control within a hybrid continuous-
discrete structure. While the present study applies H control to regulate the dynamics
of the Chua circuit for biomedical applications, ref. [41] propose an iterative method
(CCLI) to compute discrete controller gains, taking into account delays and data loss.
This comparison suggests that discrete-time methods could be adapted to control delayed
physiological circuits, especially in implantable devices operating with sampled signals.
As future directions, we propose: (i) exploring the application of sampled-data control to
biomedical circuits with delays, and (ii) developing hybrid control strategies that combine
robust continuous-time techniques with discrete-time structures to achieve higher efficiency
in real physiological systems.

As far as controlling the variables is concerned, in this work, as it is a first approach, we
opted to control only one variable, HR. However, in the time responses of Figures 8 and 11
it can be seen that, by controlling the HR, the other variables automatically take on new
stable behaviors. Further research is needed to develop controllers that also control the
other variables. Implementing an external controller that dynamically adjusts the system’s
variables in response to dangerous conditions, such as sympathetic dysregulation or BP
fluctuations, could provide a more robust means of stabilization. Such a controller could
apply corrective stimuli, such as those used in advanced pacemakers or neurostimulation
devices, to mitigate chaotic patterns and reduce excessive sympathetic activity.

The practical application of these discoveries could culminate in the development of
advanced physical devices that modulate not only the heart rhythm, but also the dynamic
interaction between HR, SNA, and BP. Such a device would have a broader approach,
continuously adjusting to the patient’s conditions to prevent physiological mismatches.
Such technology could prove especially useful in high-risk populations, such as patients
with heart failure or uncontrolled hypertension, where autonomic instability is prevalent.

The limitations of this work are that the focus here was not on developing a new model
with delay, but on developing a controller. Therefore, further research should be carried
out with the new model proposed in this work (the inclusion of the delay). Furthermore, in
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general, although the modified Chua circuit model offers valuable insights, it represents a
simplification of real cardiovascular dynamics. Additional factors, such as the influence of
metabolic, hormonal, and mechanical variables, could be integrated into future iterations
of the model. In addition, the real-world application of devices utilizing this concept
would require substantial refinement, including experimental validation and adaptation to
respond to real-time physiological signals.

6. Conclusions

This work presents a new control methodology for delayed Chua circuits, addressing
the problem of controlling HR in the Osaka model [6], as well as in the updated delayed
model outlined by Equation (3). Furthermore, the developed theory is applicable to
other SISO Lurie-type systems with delay. For future work, it is worth considering the
development of controllers to manage other variables of the model, namely SNA and BP.
Additionally, refinement and validation using real physiological data for the delayed Chua
circuit are necessary, as this study primarily focuses on the development of the controller.
Future work should incorporate actual physiological data, such as heart rate (HR) and
blood pressure (BP), to further verify the feasibility of the model in practical applications,
as well as present a detailed analysis of the dynamics of the delayed Chua circuit presented
in this work.

Future research should advance the integration of Chua’s circuit into a medical device
for blood pressure control. Initially, the goal is to develop an experimental platform with
electronic components to implement both Chua’s circuit and the controller. The imple-
mentation can be carried out using the Hardware-In-The-Loop (HIL) methodology [42],
allowing interaction between analog and computational electronic systems. This approach
will contribute to expanding knowledge, reducing costs, and enhancing the scalability
of bench experiments, representing an innovative strategy for treating arrhythmias and
preventing fatal events.

After conducting hardware experiments and their proper validation, a prototype can
be developed for future in vivo experiments. This prototype would integrate advanced
detection, dynamic control, and precise stimulation to stabilize heart rhythm, marking a
significant step at the intersection of biomedicine and dynamical systems theory.
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Abbreviations

The following abbreviations are used in this manuscript:

BP Blood pressure

ICD  Implantable cardioverter defibrillator
HR Heart rate

ODE Ordinary differential equations

SCD  Sudden cardiac death

SISO  Single-input-single-output

SNA  Sympathetic nerve activity
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