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Abstract

In this work, we consider the n-dimensional fractional Sturm-Liouville eigenvalue problem, by using
fractional versions of the gradient operator involving left and right Riemann-Liouville fractional derivatives.
We study the main properties of the eigenfunctions and the eigenvalues of the associated fractional boundary
problem. More precisely, we show that the eigenfunctions are orthogonal and the eigenvalues are real and
simple. Moreover, using techniques from fractional variational calculus, we prove in the main result that the
eigenvalues are separated and form an infinite sequence, where the eigenvalues can be ordered according to
increasing magnitude. Finally, a connection with Clifford analysis is established.
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1 Introduction

The Sturm-Liouville theory deals with the following general linear, homogeneous second-order differential equa-
tion

2= (W) @) + 01 10) =Ar(@f (o), 0

where z € [a,b] and in some cases the functions u(z), v(x), and r(z) are known. The problem consists in finding
the values of A € C (called eigenvalues) for which there exits a non-trivial solution f(x) (called eigenfunction)
satisfying and some additional boundary conditions at a and b. The previous equation was initially studied
by Jacques Sturm and Joseph Liouville in 1837, more precisely they studied problems involving the previous
equation and the properties of the solutions. The so-called Sturm-Liouville equation arises directly as a
mathematical model of motion according to second Newton’s law, but more often as a result of using the
method of separation of variables to solve the classical partial differential equations of physics, such as Laplace’s
equation, the heat equation, and the wave equation (see [1}[7L9]).
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In recent years, many mathematicians directed their attention to some generalizations of the Sturm-Liouville
problem in connections with other fields of Mathematics. One of the most important reasons for this emerging
interest is the fact that the orthogonal eigenfunctions’ system of the fractional Sturm-Liouville problem can
be used to solve fractional partial differential equations that are related with anomalous diffusion processes
(see |12]). For example, in the one dimensional case we can find in [12,|14116,(18] fractional approaches for the
Sturm-Liouville problem in the sense that the integer derivatives are replaced by derivatives of arbitrary order.
In [15/16] the authors defined some fractional Sturm-Liouville operators containing left and right Riemann-
Liouville and left and right Caputo fractional derivatives. Here, the eigenvalue and eigenfunction properties
of the fractional Sturm-Liouville problem were theoretically investigated in detail. These properties were also
proved in |18] for other fractional operators. The use of fractional variational calculus in [14], allowed the authors
to improve the work in [18] proving the existence of a countable set of orthogonal solutions and corresponding
eigenvalues. Moreover, it was shown that the lowest eigenvalue is the minimum value for a certain variational
functional. More recently, in [12] the authors studied exact and numerical solutions for the regular Sturm-
Liouville problem in a bounded domain subject to homogeneous mixed boundary conditions. Their approach
consisted on transformation of the differential fractional Sturm-Liouville problem into an integral problem and
the use of operator theory. Nowadays, there are several definitions for fractional derivatives. Its purpose is to
represent the physical reality more accurately by introducing a kind of memory mechanism in the process to
obtain models for anomalous physical processes. For more details about fractional calculus and its applications
we refer to [6,[L1L12}/17,19L20].

This paper aims to study the fractional Sturm-Liouville problem in higher dimension combining the ideas
and some techniques presented in [141/18] for the one-dimensional case. We point out that some of the techniques
used in |14}/18] can only be applied in the one dimensional case. For example, the Ritz method used in [14] to
approximate the solutions is replaced by the Rayleigh-Ritz method when we deal with problems in R™. The
fractional Sturm-Liouville operator introduced in this work includes the generalization of the eigenvalue problem
to n-dimensions, i.e.

V- (ulx) V() +v(x) f(x) = Ar(x) f(z), (2)

where z € Q@ C R™ and V is the gradient operator in R™ (for more details see [9]). In our work, the gradient
operator is replaced by fractional gradients involving left and right Riemann-Liouville fractional derivatives
giving rise to the new eigenvalue problem:

— (V5 - (VL)) (@) + v(@) f(z) = Ar(2) f(a). 3)

The use of simultaneous left and right fractional gradients allows the fractional Sturm-Liouville operator to be
self-adjoint and the use of a fractional variational approach (see Section |4.2)). Moreover, a formulation of (3]) in
terms of one-sided fractional derivatives does not lead to orthogonal eigenfunctions (see |13]).

The structure of the paper reads as follows. In the Preliminaries section, we recall some basic facts about
fractional calculus which are necessary for the development of this work. In Section [3| we establish a new
generalization of the fractional Sturm-Liouville problem in R™ and we study the properties of the eigenfunctions
and eigenvalues. In Section [f] we prove that the eigenvalues are separated and form an infinite sequence, where
the eigenvalues can be ordered according to their increasing magnitude, and we prove also the existence of
orthogonal solutions for the fractional Sturm-Liouville problem. In the following section, we indicate how the
obtained results can be extended to the context of Clifford analysis and in the last section we present the
conclusions of this work.

2 Preliminaries

Let a,b € R with @ < b and o > 0. The left and right Riemann-Liouville fractional integrals I and I;* of
order « are given by (see [11])

(I3 f) (z) = I‘(la) /: @ f(:))la dt, z>a (4)
b
D)@ =5 [ g 2 <b 6



By RLD(‘;+ and RLDI?_ we denote the left and right Riemann-Liouville fractional derivatives of order a > 0 on
[a,b] C R, which are defined by (see [11])

("'Dey f) (x) = (DI f) (z) = r(ml— o) dCZ; /: (m_{)(ﬁ)mﬂ dt, z>a (6)

_1\m m b
(D5 1) (@) = )" (D) @) = ot [ e @)

Here, m = [a] + 1 and [o] means the integer part of . Let “D?%, and D¢ denote, respectively, the left and
right Caputo fractional derivative of order @ > 0 on [a, b] C R, which are defined by (see [11])

z (m)
(CD;ﬁf) (x) = (I""°D™f) (z) = F(mlf 5 / (1; ft)au2n+1 dt, T>a (8)
—_1)m b (m)
(°Dy- f) (x) = (-1)™ (I"=“D™ f) () = F((mlz 5 / C _fm)a(_t?nH dt, z <b. (9)

The left and right Caputo fractional derivatives can be defined in terms of left and right Riemann-Liouville
fractional derivatives by (see [11])

™ok (g
(Dg.1) () = (RLD;; [f(t)—zf o Nt—a)’“D @. (10
k=0

m (k)
(D 1) (@) = (RLD? [f(t)— ey <b—t>kD (@) (1)

Remark 2.1 If f(a) = 0 then from @) we conclude that (°D2, f) (z) = ("ED2, f) (x), and if f(b) =0 then
from we conclude that (°Di f) (z) = (BED{ f) ().

We denote by I (L,), p > 1 the class of functions f that are represented by the fractional integral of a
summable function, that is f = I, ¢, with ¢ € L,(a,b). A description of the space I, (L1) is given in [19].

Theorem 2.2 (cf. [19]) A function f belongs to I$ (L1), with o > 0, if and only if 17" f belongs to
AC™([a,b]), m =[] + 1 and (I f)*F(a) =0, k=0,...,m — 1.

In Theorem AC™([a,b]) denotes the class of functions f which are continuously differentiable on the
segment [a, b] up to the order m — 1 and f(™~1 is absolutely continuous on [a,b]. We note that the conditions
(I;’fo‘f)(k)(a) =0,k=0,...,m— 1, imply that f*)(a) =0, k=0,...,m — 1 (see [17,[19]). Removing the last
condition in Theorem 2.2] we obtain the class of functions that admit a summable fractional derivative.

Definition 2.3 (see [19]) A function f € L1 (a,b) has a summable fractional derivative (D2 f) (x) if (I f) (z)
belongs to AC™([a,b]), where m = [a] + 1.

If a function f admits a summable fractional derivative, then we have the following composition rules (see [17,19])

3

Tr—a a—k—1 k1
(122 0z.1) (@) = 1) = Y- U ()™ @, ol (12)
k=0
m—1 — p)a—k-1 mek—1
(I FLD2 f) (x) = f(x) — (bF(a)—k) (1) ), m=[a]+ 1. (13)
k=0

We remark that if f € I% (L1) then and reduce to (12, D%, f) (z) = (I3 "Dy f) (z) = f().
Nevertheless we note that RLDg‘+ I f = RLD;{ I f = f in both cases. This is a particular case of a more
general property (cf. [17) (2.114)])

©(ILD) =D57f azy>0. (14)



It is important to remark that the semigroup property for the composition of fractional derivatives does not
hold in general (see [17, Sect. 2.3.6]). In fact, the property

g (D2 f) =Dyt (15)

holds whenever f € AC™ *([a,b]), f'™ € Ly(a,b) with m = [8] + 1, and

f9(a*) =0, j=0,1,...,m—1. (16)
Moreover, for m — 1 < a < m with m € N and 8 > 0 we have
- I'(B) o

RLpa _ \B-1 _ _g)B—a—1 1

at (I a’) F(IB _ Oé) (:L' 0,) ’ ( 7)
_ L'(8) _

I (b—2)P~ 1 = — g)fte—t, 1

PO = s ) (18)

Now we present the rules for fractional integration by parts.

Lemma 2.4 (c¢f. [11,|18]) Let « > 0, p > 1, ¢ > 1, and % +é <l4a((+#1andq# 1 in the case when
% + % =1+4+a).
(a) If g(x) € Ly(a,b) and f(z) € Ly(a,b) then
b b
[ 9@ tzp) @de = [ @) (159 (@) da. (19)
(b) If f(x) € I} (Lp) and g(x) € 1%, (L,) then
b b
[ 9@ 2.0 @ds = [ 1ta) (05 g) (@) do. (20)

(c) If f(x) € I2.(Lp) and g(x) € Iy (Lg) then

b b
/ g(z) (CD{)’;f) () dzx z/ f(z) (RLD;J‘+g) (x) dz. (21)

Now, we recall the following result regarding the boundedness of the left Riemann-Liouville fractional integrals
in the space L,(a,b) space (see |11, Lem. 2.1]).

Theorem 2.5 Let 3 € R™ and p > 1. The fractional integral operator I5+ is bounded in Ly(a,b), i.e.,
(b—a)’
rg+1)

The previous definitions of fractional integrals and derivatives can be naturally extended to R™ considering

||, < Eslfly,,  with K=

partial fractional integrals and derivatives (see Chapter 5 in [19]). Finally, in what follows when vectorial
functions are considered all theirs properties should be understood componentwise. For example, if f(z) =
(fi(z),..., fo(z)) is said to be C(Q) where Q C R™, then f;(z) € C(Q) for alli=1,...,n.

3 Fractional Sturm-Liouville problem in higher dimensions - defini-

tion and basis properties

In this work we consider the following Riemann-Liouville fractional Sturm-Liouville problem in n-dimensions

with mixed Dirichlet and Neuman boundary conditions in the form

— (FVi - (u@) B3 ) (@) + (@) S (@) = Ar(a) f(2)
@)+ R (wkes ) @) B (22)
ﬁ:[’,j] f(fE) z;=b; + ﬁé[lj] I;;_aj (ulzljraxajj f) (x) zj=bj St "

where:



e € Q=T]["]a;,b;[C R" and “-” is the usual scalar product between two vectors in R";

. RLV?_ and RLVZ‘+ are, respectively, the right and left Riemann-Liouville fractional gradient operators of

order a = (aq, ..., ay,) given by
n n
Godefan wmd Mwp - 3elos, &
where for i =1,...,n, e; denotes the standard unit vector in the direction of z;, the partial derivatives
8;‘1, RL(’?;“, are the left and right Riemann-Liouville fractional derivatives of order ay; € ]%, 1] with

respect to the variable x; €lag, bif;

o ] bl,_ % denotes the right Riemann-Liouville fractional integral of order 1 — o with respect to the variable
i

xj €laj,bj[, where o; € [3,1] and j =1,...,m;
e 1, v, and 7 are continuous scalar functions defined on 2. The function r is called the weight or density

function. Moreover, u(z) > 0 and r(z) > 0 for all z € Q;

e the values of A € C for which there exists non-trivial solutions f(z) € I:i (Lp(Q)),p>landj=1,...,n
are called the eigenvalues of the problem. ’

We remark that L,(2) C L1(Q), for p > 1, then since f(z) € Iaj (L, () we have that f(z) € IO‘7 (L1(Q)), for
|

every j = 1,...,n. Therefore, from Theorem . we conclude that f(x) = 0. Let us deﬁne the fractional

Tj=aj

Sturm—Llouvﬂle operator BLL® associated to problem (| .
RLLa = _ R ?7_(MR a )—‘r—l/ (24)

This operator can be seen as a fractional differential operator of second order since «; € ]%, 1], for every
i =1,...,n. Moreover, in the special case of & = (1,...,1) and u(xz) = 1 we recover the Euclidean Laplace
operator. We prove now that #FL® is a self-adjoint operator with respect to the inner product in R™ from

C2(Q) to C2(Q).

Theorem 3.1 Let o* = minj<i<p{a}, p > 1, ¢ > 1 and % —|—% <1l4a* (p#1and q # 1 in the case
+ I=14a*) Ifhel (L,) and p(z) Ve, g(z) € I (Ly), then

/ h(z) BELg(2) dx = / g(x) YL f(x) dx
Q

Q
Proof: From the definition of #XL% (see (24)) we have

I = /Qh(m) RLpg(x) do = —/Qh(ac) (P - (u(z) B2, g(2))) dx—i—/ v(z)h(z)g(x)dz

Q

= —Z/ h(x RLOQ’ ( (x )i?@?g(x))) dx—l—/ﬂy(x) h(z) g(x) dx.

Now, using the rule of integration by parts in Theorem [2.4] and taking into account Remark 2.1} we get

Z / x) PO g (o )) RLY2: () da + / v(z) h(z) g(z) dz

Q

=—Z / Lo (x) fzga;};h(x)) dx + /Q v(z) h(z) g(x) da

- _z_; /Qg(x) (nrag: (nw) "hogin(e)) ) da+ /Q v(w) h(z) g(x) da

:—/g(x) (B (1R, () d:v—l—/u(ac)h(x)g(x)d:s
Q

Q

:/g(m) RLLoh(x) dex.
Q



For the fractional Sturm-Liouville problem we prove now some classical results.
Theorem 3.2 All the eigenvalues of the fractional Sturm-Liouville problem @) are real.

Proof: Suppose that A is a complex eigenvalue of the fractional problem , with the corresponding
eigenfunction f, possibly complex-valued. Then the eigenvalue and its eigenfunction verify

FEL f(2) = Ar(z) f(=). (25)

Moreover, taking the complex conjugate we get

RLLO‘f(x) = Ar(x) f(x). (26)
From Theorem [3.1] we obtain

/f ) BELYf( dxf/f VEELY f(x)de < | flx)Xr(x) f(x)de — | f(z)Ar(z) f(z)dz =0
& (=) [ 1) f@) F@)de =0

@a—m/ﬂr(x) 1F(@)]? dz =o.

Since the integral is always positive we get that A = X, i.e., X is a real number.

Theorem 3.3 If f and g are two eigenfunctions of the fractional Sturm-Liouville problem (@ corresponding
to the eigenvalues A1 and Ao, respectively, with A1 # A2, then the eigenfunctions corresponding to different
eigenvalues are orthogonal with respect to the weight function r, i.e.,

[ @) s@ gt dr =0,
Q

Proof: Let A1 and Ay be eigenvalues with corresponding eigenfunctions f and g, and such that A\; # As.
These eigenvalues and eigenfunctions verify

RLpe f(z) = A r(z) f(x) and RLpeg(z) = Mg r(x) g(x). (27)
Multiplying the first and second equalities in by g and f, respectively, leads to
g(a) FLAf(x) = Mr(e) f() g(x)  and  f(z) PFLog(x) = Ao () g(@) f (). (28)
Subtracting the equalities in and integrating over €2, we get
RLT @ RLT @ _
/Q (9(z) "L f(2) = f(z) ""L¥(2)) dw = (A1 — A2) /Q r(z) f(x) g(x) dx, (29)
where due to Theorem the left hand side of is equal to zero. Since A\; # Aq, the orthogonality of f and
g with respect to the weight function r is verified.

Now, we prove under which conditions the eigenfunctions of the fractional Sturm-Liouville problem are
simple, i.e., under which conditions we have that for each eigenvalue corresponds only one linearly independent
eigenfunction, up to a constant. Let A be an eigenvalue of the fractional Sturm-Liouville problem and f
the eigenfunction associated to it. For the equation in we have

— (g (u V) () + v(@) f(2) = Ar() f(z) & (V- (W5 ) (2) = v(z) f(z) — Ar(z) f(2)
Fx(f)

ZRLa%( ot f(a)) = Fa(f). (30)



In order to incorporate (30) and the boundary conditions defined in in a single equation, we need to apply
fractional integral operators to 1.) Applying first I % to both 81des of , taking into account and

making straightforward calculations, we get that (| . is equlvalent to

Rli_ag;f(x) _ (bj _ xj)ajil [J]

@) T) =30 I e () M @) + S TR, ()

— p(z ()
i#]

r;=b;

where the constant fgj ] with respect to the variable x; is given by

zj=b;

ey

= 1, () 0 f ()

2.=b, .
e x;=b;

Applymg now I 7 to both sides of (3 7 taking into account and making straightforward calculations, we
get that (31) is equlvalent to

flz) = (2 —a))™ " g

[4]
+ ¢
['(ay) ! ?

Tj=aj;

3o (s o () o) ) + 12 (s 12 B ). (32)

J

i=1
i#]
where the constant ﬂj ] with respect to the variable x; is given by
Tj=aj;
) o
gj] = Iafa]f(aj)
Tj=a; i r;=a,

Finally, applying the operator Ibl: & (u(x) i?ﬁﬁj ) to both sides of and taking into account the relations
J
and 7 we obtain that is equivalent to

j 1-a; o7 o7
&, =0 (w0 f@)) - ngf RLOR: () "LOS: f(@)) — 1 FA(F). (33)
#J
Considering now the boundary condition in and the fact that f(x)|, =a, = 0, we have

I (u(m)igas;ﬂx)) =0, (34)

Tj=aj;
Combining and with z; = a;, we get

7]
2

Ij:b]'

- Z 1 Rop (u(@) Moz f(@) . (35)
#J

Taking into account and (32)) with «; = b;, the second boundary condition in can be written in terms
7]
of &

- as
Bl f@)| o+ AL (p@) o) (@) =0
®3=0 ’ ! z;=b;
4] _ I'(a;) 1 RLAa; RL fa; oy ((bj — ;)"
4 51 zj=a; - (b] _aj)ajfl Z-[b_ b‘a < ) a;"axi f(x)) Ia;r < /J/(l‘) F(a]) ch:bj
#J
_ . (8% 1 aj RL oo RL na; I 1 aj
21 (it B ot (o iz ) CAVERTRRLY N R
7 x;=b;



Let us observe that when n = 1 expressions and become, respectively,

& =—1I,- FA(f) (37)

B 1 o (b—:r)o‘*1
R R s

1 F(Oé) « 1 «
B0 = e e ()

(38)

z=b

Expression corresponds to expression (59) in [18], while corresponds to expression (58) where some
misprints are corrected. Summing up each member of from j =1,...,n we obtain

N *ay .t oo (b =)
3 i ey, ot @)

J
7% aj a; % il Lo
+Z (xfb?a (vt oz ) ) 3t (G ) g
lsﬁj

+&f!

Tj=aj;

where §£j ] and Egj ]

Ti=a; zj=b;
condition or]1 t}ie function Jspa]ce C(9) of the form f = T'f, where T'f is the right-hand side of . Now we
calculate the norm of the difference between T'f and T'g for f,g € C(9).

are given by 1D and ll respectively. We can consider (39) as a fixed point

n

1
|Tf—"Tg| < - Z(HTJ = Twgll + |T2f — Togll + |15 f — Tsg| + |10 f — T4g||>, (40)
i=1

where each term inside the sum in is associated with a term in (39)). Let us now estimate the norms of the
four terms inside the sum in . For the first term, taking into account that

IFA(F) = F(@)l < — v = A7l Il (41)

and the expression for §£j )

given in we have after straightforward calculations
Tj=a;

IT3f = Tuglh < llonll | { || @20 = Faio)| + ZI,} R (ulx) oz (f = )| | [ €212,
#J

o (Gr e (s g -0)) |+

i#] Tj=a;

- A
< ol | (=200 gy aa,) ol o,

(21 - nw)|

- A
+ ”V T” ||¢6|:| ||fng

Tji=a; n2mﬂ
(42)
where
a;—1 1
x;—a;\ "’ a; (bj —xj)* 1
(bx':(j ]> ) ¢2 _17 ! ) (]SSK’E:I,l
) =5 ) =L @ ey (0 =14,
Il RLaaI 6(11 [a] ICVJ RL6041 aOu = J%i J%i1 (43)
by b i af , ¢s(2) = af by Z Ti af » Pol7) = af b7
7,75] Z#J
M, = max |u(z)], my, = mi |u(z)].



Concerning the 2nd term on the right-hand side of , taking into account and the expression for fgj ]

z;=bj
given in , we have that
ITof = Togl < ll6a] | |1 (BA(F )M-zy}i%M(w%@ﬂf—m)
L Z#J
v = Ar|l 45
< llgall |20 gl M| £ gl (44)
We pass now to the 3rd term on the right-hand side of . We have that
ITsf - Tugll < 231“7(ﬂ 1y R (g (1 -))
Z#J
M,
<108 yp ). (45)
o
Finally we study the last term in the right-hand side of . Taking into account we have
o o —Ar| ||o
I7s = Tiall =22 (5 12 (R - R ) | < el g, (46)

From , , , and , expression becomes

ITf =Tyl < os |If—gll,

where
1y v = Arll M, v = Arll ]
oa =2 3 [l [ (P25 g a8, ) a2 sy |+
Jj=1
v = Arll Josll Mo, llv = Arl ool
ool | L2000 g g, |+ :
n my n?my,

and ¢;, ¢+ = 1,...,6, M, and m, are given in . Under the assumption that ¢g < 1 we have that T is a
contraction on the space C(Q) for a chosen norm. Therefore, the unique fixed point f exists, up to constant,

and solve .

4 Main result - increasing sequence of eigenvalues

4.1 Auxiliar results

In this section, we present and prove some auxiliar results that are necessary to the proof of the main result of
the paper (see Section [4.2)).

Lemma 4.1 Let o = (ay,..., o) with a; € |3,1], and a vectorial function v(z) = (v1(2),...,m(z)) € C(Q)
such that

n
BLostee N "1 iy() =0, i=1,...,n. (47)
i#i
If
/ v(x) - PVt h(z)de =0 (48)
Q



for h € C1(Q) such that RLViio‘h € C(Q) and h satisfies the boundary conditions

h(z)| =0, Ii%h@)| =0,
Tj=a; i xi=b;
RLoYin(x) =0, RLoYih(x) = 0, ij=1,...,n, i#j, (49)
then for each i =1,...,n we have v;(x) = cg] [f]xl, where cg} and c[li] are real constants.
Proof: Let us define a function h as follows
M) =1 [ Yo (@) — ! = lay) | =17 () — o = ey
j=1 j=1 "7
with constants cm and c[lj] fixed by the 2n conditions (for each i =1,...,n)
12, (vi(w) = of! = ) =0 (50)
B (o) -l i) | = o)
‘ z;=b;
I;Ia" Iiiaj (vj(x) - cg] - c[lj]xj =0, j=1,...,n and j#i, (52)
* J z;=b
30‘ 1+a] (’yj(x)—c([f]—c[lj]mj =0, j=1,...,n and j#1. (53)
J z;=b;

It is direct to see that function h is continuous and fulfils the boundary conditions . Using , @, and the

fact that the integration over a point is equal to zero, we have for j,i = 1,...,n that
n
14a;
)| =D () — ol - bla) -0,
zj=a;  j=1 7 zj=a;
n
) 1+
Mogh(@) =Y Mhom I (v~ o - day) | =0
‘ Ti=a; =1 J z;=a;

nrvh@)| =3t () - - dln) | 4 () -l - dln) | <o,
K z;=b; =1 Y zi=bs ' vi=bi
i
R;érag; h(l’) Z +6a1 1::&] ('7]( ) _ C[OJ] C[lj]xj) + Ii{r ('71( ) _ c([)l] C[ldxz) = 0.
K z;=b; j=1 wi=bi ' ri=bi

J#i
In addition, fort=1,...,n
0r h( j{jaalfl*“'(wj<>~—c€]—-4?mj)-%1“1 (i) = b = ')
1
ot

z": T 0(@) + 10 () - o) - )

Jj=1
J#i

10



is a function in C(Q). Moreover, taking into account Remark and the assumption , we have

vaclli_ah Z e; RaLalJral Z Il+a3 (’Y] Cg] — C[lj]l’j)

n

= Zei Z iLfaalc:rai I;j—_aj ('Yj(x) - Cg] — C[lj]xj) + € (%( - cg] c[lﬂxz>

=1 j=1#i i=1
n n n
.1 : ]

S 3 Gt 2 (o) e ) 3 () - - )
i=1  j=1#£i J i=1

n n n
= e ok S I @) + Y e () ol - )

i=1 ’ j=1 i=1

i

= Z e; (’yZ — c([)l] c[f}xl) (54)

is also a function in C'(2). From and we get for Q = [Ti=1]a:, bi

i

/(Z (% )= b - Mzi)> - IR () da

= [ 2te) - vk e - [ (Z oo () + cgﬂzi)> RIS da

=1

n b )
030 [ ) 0, Moo
x;=b;
- Z /

P
- c[f] / iﬁ@;‘jh(x) dx; | dz
Ti=a; a; i ’
=0. (55)

Finally, from and we obtain

0—/ (Zn:el (% —co] —c[l] Z)) -R[’Viio‘h(x)dx

4 clily ) L% h(z)

i=1
= [ (o) ) i)
Yi(x CO X x
which implies that for each i = 1,...,n we have

vile) = el + ez
[ |

Lemma 4.2 Let a = (ai,...,o,) with oy € |3,1]. Let also v(z) = (n(z),...,m(z)) € C(Q) with
RIglTo .y € Ly(Q). If

/v(m) BRI (2) de = 0
Q

for h € CY(Q) such that 92.h € L(Q), i = 1,...,n, and BV T*h € C(Q) fulfilling the boundary conditions

. Then for each i =1,...,n we have that v;(x) = c([)l] + cgﬂxi, where cg] and c[lﬂ are real constants.

11



Proof: We define a function A as in the proof of Lemma
"
2) =S 1 (@) — o) - Flay),
j:1 J

with constants cgj] and c[lj] fixed by the conditions , , , and . The proof of this lemma is
analogous to the proof of Lemma Additionally, for the second order derivative with respect to x; we have
fori=1,...,n

o , . w 2
3§ih(x) = Z@iz Iai I (vj(x) — Cg] — C[lﬂxj) + 11?331” : (’yi(x) — cg] — c[l]zz)

= DL O () + oL (o) = f = el

which is a function in Ly(£2). Moreover, function h satisfies the conditions of Lemma The remaining part
of the proof is analogous to that in Lemma

Lemma 4.3 Leta = (aq,...,qp), witha; € ]%, 1], andy, € C(Q) a scalar function. Let vo(x) = (71[2], .. ,77[12]),

where for eachi=1,...,n and p > 1, 72[2] € Ig_,(Lp), . %[2] = I2 i with p; € L,(Q). If

/Q (v2(2) - BV h(z) + 71 (z) h(z)) dz =0

for each h € CH(Q) such that 97 h € Ly(Q),i=1,...,n, and RLVii'ah € C(Q) fulfilling the boundary conditions
in Lemma then

RLV;)’, co(x) +71(x) = 0.

Proof: In the one hand, since 7[ I e 12 (Lp), withi=1,...,n and p > 1, we have

/ ( ) . vaa+h dl‘—/ Z RLaa ( )dl‘
n b,
= Z /\ / Ig— Pi (SE) iﬁag:h(z) dl‘z dz.
i=1 7 Jar t i

Applying the formula of integration by parts for fractional integrals we get

n b;
/QW) G () de =) /Q | w1l o) s,z
i=1 @i
= /A / I oi(x) Loy T h(x) da; dZ
i=1 Y& Jai  * i

= [ 1el) - VL) de, (56)
Q

where

Iy-p(x Zezlb pi(z

On the other hand, we have that
/ v (z) h(z) de = — / Zla; }ff;@“’ x) dx.
Q

12



Applying the formula of integration by parts for fractional integrals we get

1 < bi (e %) RL qo; =
/Qvl(m) h(z)dz = - ; /ﬁ /al Ib;fyl(x) arawi h(z) dx; dz.

Taking into account the boundary conditions in Lemma [£.I] and making use of the classical formula for integra-
tion by parts, we arrive to

1 ¢ % e , -
/Q'yl(x) h(z)dz = - E /ﬁ / Ii.* 1y (2) O, iﬂ@g‘lh(x) dx; dz.
i=1 ai ' ’

Since Ib = I we have the following simplification of the previous expression

i

Since 7, and ¢ are continuous in {2 and
1
Iy-p() - — L n(z) € O(Q) € La(),

we conclude from Lemma that there exist reals constants cg I and c[lﬂ7 with ¢ = 1,...,n, such that
! L ita (0
Ii_p(x) — - L%y (x) = Zei (Co +a x1> .
i=1

Applying the operator RLV?_ to the previous equality, and taking into account Remark and the definition
of the right Caputo fractional derivative @ leads to our result

o 1 @ @ - i 7
Rige (Ié-so<x>n15+ w)) = fiyp (Z (c£]+c£]xi)>

=1
o SR gia) = Correr () + o)
i=1 i=1
& Vo) - m(r) =0
|

Remark 4.4 When n =1, Lemmal[{.1, Lemmal[{.9 and Lemma[{.3 reduce, respectively, to Lemma 1, Lemma
2 and Lemma 3-Part (2) in [14)].

4.2 Main result

Now we prove the main result of this work, namely that the eigenvalues are separated and form an infinite
sequence, where the eigenvalues can be ordered according to their increasing magnitude so that

AD <« \@ <A < A 5 4o as n— +o0.

Theorem 4.5 The fractional Sturm-Liouville problem (@ has an infinite increasing sequence of eigenvalues
AD NP and to each eigenvalue N there is a correspondent eigenfunction (M which is unique up to a
constant factor. Furthermore, the eigenfunctions f) form an orthogonal set of solutions.

13



Proof: The proof of this theorem is based on the proof presented in [7,/14], but here we consider the n-
dimensional case and fractional derivatives in the Riemann-Liouville sense. The proof is divided into six parts
and aims to derive a method for approximating eigenvalues and eigenfunctions at the same time.

Part 1 - we solve the minimizing problem associated to (@)
Let us consider the minimization problem of the functional

I = [ [uda) (92 5(@) - (V3 S @) + vla) (@) do (58)
subject to the boundary condition in and the additional condition
1) = [ r@) Playdo =1 (59)
Q

First we observe that the functional (58) is bounded from below. In fact, since r(z) > 0 and p(z) (#V% f(z))-
(BIve, f(x)) > 0 because p(z) > 0, we have

Juvzzjmm(MV; (@) - (*V2, £ (@) + v(a) ()] da

zLW@F@Mm

. () 2
21;1618 () /Qr(x)f (x) dz
—_—

M 1
=M.

Let {¢;}ien be an orthonormal basis in Lo(Q2) vanishing on 992. Taking into account the Rayleigh-Ritz method
(see [21]), we approximate the solution of the variational model by the truncated sum

1 m
m(z) = — S Bi(2), 60
fm(2) m;ﬂcb() (60)

where for each j = 1,...,n, we have 8; € R. Due to the choice of ¢; it is immediate that f,, vanishes on the
boundary of €. Substituting into and we obtain the problem of minimizing

2 2

; I I R v@) (&, o\ |
Jm(ﬂlwu:ﬁm)_/ﬂ :u( ); j:lﬁj a;raam ( r(x)) + T(LL‘) ;BJ QS]( ) d

—~

61)

subject to the condition

mewm=A§ﬁmwfm:iﬁéﬁmm=iﬁzx (62)
j=1 j=1 Jj=1

We have that is a function of 8 = (Bi,...,Bm), then our problem is to minimize jm on the surface o,,
of the m-dimensional unit sphere with equation |) Since o, is a compact set and jm is continuous on oy,
then jm has a minimum denoted by /\%) at some point Q(l) = (B{l), . ,ﬁr(,%)). If this procedure is carried out
for each m = 1,2,3,... we obtain a sequence of numbers )\gl), )\51), )\gl), ... and corresponding sequence of
functions fl(l), f2(1), fél), .... Taking into account that o, is a subset of o,,+1 obtained by setting 5,41 = 0,
while jm(ﬁl, ceyBm) = jm(ﬁh ey Bm, 0) we set )\E,ll)+1 < )\5,1), since increasing the domain of definition of a
function can only decrease its minimum. It follows from the relation )\%)+1 < )\5,? and the fact that J(f) is
bounded from below that exits the limit

lim AL = XD XD R, (63)

m——+oo
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P

Part 2: we prove that ( 7(711)) has a uniformly convergent subsequence (f,(,p)
peN

meN
Let
1 m
f5 () = > 8" ¢4(a) (64)
V(@) i
denote the linear combination (60) achieving the minimum ffn1 ). We prove now that the sequence ( 7(711 ))
meN

has a uniformly convergent subsequence. Recall that

Awaéww&W;mwnf%mmwoﬂmmmﬁwmm

is convergent, which implies that it is also bounded, i.e., there exists a constant My > 0 such that for all m € N

2
[ w0 (59 19@) - (B0 @) vt (19) | o < o
Q
Hence, for all m € N and taking into account it holds

0< [ uta) (M AD@) - (Vs @) do

[ v (19 @) aa

2 [ o) (10@) a,

r(x)
1

< My +

< My + max
zEe)

My

and since p(z) > 0,

MM@AC‘%ﬁ%ﬂf*ﬁmmﬁmgéwmﬁwnﬁ@)ﬁwﬁﬁmﬁwSM,

e

which leads to

M
RIxya (1) (R a p(1) dr < 1 — M>. 65
| (s 0@) - (@) de < s < (65)
Using and taking into account that I%, - #Lve, fr(r} )(:C) =n fr(n1 )(x) and using the Schwartz inequality, we
obtain the following estimate (where T = (x1,...,2;—1,t, Tit1,...,2n))
y? R 1 2
’nf'r(n)’ = I3 - ng+fr(n)($)‘

2

<3 ey |, o0 (Sozt?) @a

<3t ([ |ty @ a) ([ o)

=1

<y ——M i — 2@ gt
—;Wm>2qu>

n 200, —1

M2 bzai71 —a
< ? 7
- z:zl FZ(OQ‘) 20éi —1 ’

and therefore ( 7(111 )) N is uniformly bounded. Using the Schwartz inequality and we have for any
me
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a; < 2l < 2l <b, withi=1,....n

[0 70 (@2) = D )| =

[4] [4]
Ty . aifl . N zy i Oéifl . N
/ (33[21] - t) (}?ﬁa:ﬁ] fr(nl)> (z2) dt — / (37[1] - t) (szfawﬁz] fv(r})) (z1)dt

Ige - BT, D (@) — I PV £ (w0)|

1
2

1
n [ 3 [
1 Ta BRI . Iy [i] 2(a;—1)
< Lo, FLD dt / —t dt
<3 e (/ ( i) @) [ ()
(i 3 (il 3
ol Al N2
+< / (iﬁaﬁalfé%)) @)dt) ( / (4!~ 1) dt)
a; i aq
. [4] 200, —1 (4] 20, —1
o ([ )

(66)
where the right-hand side of is finite. Hence ( 7(,} )) is equicontinuous. Therefore, by the Arzala-Ascoli’s
meN
Theorem, we can select a uniformly convergent subsequence ( f,(nlp)) , i.e., we can find f() € C(Q) such that
peN

lim f{) = fO). (67)

p——+oo

Part 3: we prove that f1) is solution of the minimizing problem
By the Lagrange multiplier rule at 3 we have that

a%k [T (8) = A0 (Tn(8) - 1)]ﬁ:ﬁm —0, k=1,...,m,
i.e., for each k =1,...,m, we have
e 25 (o e (A0 e (S428) 55 (S ovto) o] -3 =0, (09

where we used , , and the fact that {¢; };en is an orthonormal basis in L2 (€2). Multiplying each equation
by an arbitrary constante Cj, summing from 1 to m, recalling and considering

m

h(l)

m

k:

we can rewrite in the form

m

[ i) (v @) - (Vb @) + wla) £ @) 1D )] do = 2D > A Ce=0. (@)

Integrating by parts the 1st term of the left-hand side of and considering Q* = [[j=1]a;, b;[ and dz* =
J#i



dry ...dxi—1dziqq ... dx,,we get

/ p() (RDV“ f(z )) : (vagmg)(x)) dx

=> / / zlll 0 (2) BLo% h() (2) da; d*
i=17 " ¢
n z=b;
=Z{ 2) LoD (@) I D (@) da / / v 1) P02 B () I;+aif1g@1)(x)da:idx*}
i=1 $ a; * B
n w—b;
= { / 2) Loz A (@) 2 fD (@) da
i=1 Qx i T=a;
b;
- / / (01, ()] 051D (@) + () D, ["Los A (@)] | 1o 1D () da:}. (70)
QJa; i

From we can rewrite in the following way

Z / / n, ()] "0 hD &) + () B, [P0 D (@)]] 1 1D ()
+Z [ I o @)

r=a,

+ [ via) @) BD @) de =AY Y 6 C
Q k=1

=: 1. (71)
At least for a subsequence fmp7 with p € N, we shall obtain in the limit the relation
Z// O, RLaa h(l)( )+ () Oy, [iﬁaﬁi’h(l)(m)ﬂ I;;aif(l)(x) dx
a::bi
+Z / x) Lo (@) 1 f<1>(a:)] dz*
+ / v(z) fO(z) kY (z) dz — XV Z B Cr
Q k=1
=:T. (72)
Let us check the convergence of (|71) to explicitly
I~ 1] < 2 / [0, )] 501D () I £ () 4 B, [a()) W0 h O ) 7 7O ()]
+ Z / |~ p) 0, "L 0D @)] 177D @) + (@) 0, [ P02 RO (@)] 17 D (@) de
+ 37| 1) T D @) 1 D @)] = () Bhosh D @) 1 D)
i—1 i T=0; z K T=0;
[ (2) 02 n D) (@) DT P @)+ [le) oz (@) I;I“if(”(x)}
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For the first term in we get

n

> / | =0, [(@)] 02 R (2) 17 0 (@) + Oy, [(@)] 02 R () 170 f O ()| da
Q % i i ai

i=1
=3 / | =0, [n(@)] 02D () 17 0 (@) = 0y, [u(@)] 02RO (2) 177 10 ()
Q g i %

i=1

+0, [p(2)] T505 A (@) I £ (2) + Oa, ()] B0 R (2) I;;“f'f“)(m)] dzx

i

<3 sl [
=1

RLaozl

<> 0.,
=1

(fu) ﬂl))‘ .

17041‘
+ chﬁr m
k2

RL o (hu) _ h(l))‘
ai T m

)
L2:|

)

Ko My |50 (10~ 1)

RL a0 (1)” H 1—a; (1) _ £(1) ‘
a;raa:lh’ Lo Ia:r (fm f ) Lo

(el

Proceeding in a very similar way for the second term in we get

where

M3 = sup Hf
zeQ

Ky o =

3 / (@) s, [PE0 B (@)] 17 1D () = () 0y, |02 RO @)] 170 f O ()| d
=179 ' : ' :

+ Kl—a M3 ‘

< ; |

For the 3rd and 4th terms we have, for i =1,...,n

o [t 5 (0= 1), e s 1)

o)

e @) — 1 W), L) — 1 W e), LR (e) — 1M (a),

due to the convergences || £ — fD|| — 0 and ||A%Y) — RV|| = 0 as m — +o0c. Moreover, we have

1—a;7,(1) 1—ay7 (1) . RL qo; (1) _ 5(1) _
I hm ( ) Iaj' h (Jf) = mli}l?kloo H ajaxi (hm h )’ Lo =0
. RLgo; (p(1) _ p(1)
= m1—1>+oo 8% [ a:ram (hm h >:| ‘ Lo 0

Hence

x; ''m )

T;=a;

By, [RLaa ip (D) ]: N [ﬁ@ag;h“)}

O, [RhoinD] b, o]

The above pointwise convergence implies that the 3rd and 4th terms tend to zero as m — +4oco. For the 5th

term in we have
[ ) [0 @)1 @) = 0 @) 1 2] | do

/ \ (10 @) R (@) + 10 (@) RO (@) = £ (@) RO (@) = FO RO (@) | da

Y
L2:|

which tends to zero as m goes to infinity. For the last term it is immediate by and that

< vl |sup 4]

meN

h(D — h(l)‘

|
Lo

10 = g0

m —+oo
A B Ce — AN B Cy, (74)
k=1 k=1
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as m — +oo. Finally, we conclude that I, tends to I as m — +oo and is valid for a function f(!) being

the limit of the subsequence ( T(nlz) of the sequence ( 7%1 )) .
peN meN

Part 4: we prove that fY) is solution of the fractional Sturm-Liouville problem
Taking into account the calculations of Part 3, we can rewrite integral as

[ @) (90 @) - (@) + [vle) - 30 r()] 19 @) hO (@) do =0
Q
Now, we apply Lemma [£.3] Defining
n(@) = (v@) =30 r(@)) V@) and () = ple) BV O(@),
we have that 1,7, € C(Q2) and therefore
[V - (u(a) Ve ) + v(@)] fP (@) = AV r(@) fO ().

By our construction the f() solution satisfies the boundary condition in , i.e., fU vanishes on 05, and it

is nontrivial due to
2
I(fm :/1"33 W (x dr = 1.
(#0) = | r@ (59@)

Moreover, for the solution f(!), we have that RLVg+f(1) =¢ Ve, f@ is a function in C(Q). Therefore we have
that f() solves and AV = A() is its correspondent eigenvalue.

Part 5: we prove that f(l) s also the limit of ( 7511)>

For a given A, the solution of

meN

[V - (v(@) V5L ) +v(@)] f2) = Ar(@) f(2) (75)

such that f vanishes on 0f) and satisfies is unique except for a sign. Next, let us assume that f(1) solves
and that the corresponding eigenvalue is (). Additionally, suppose that f(!) is nontrivial, i.e., there exists
2o € Q such that 1) (zq) # 0 and choose the sign so that f1)(zg) > 0. Similarly, for all m € N, let £ solves

(1)
m

1) with the corresponding eigenvalues A;;,” and let us choose the signs such that fr(,})(sco) > 0. Suppose that

7(711 )) does not converge to f(!), then we can find another subsequence of ( f,S% )) such it converges to
me meN

another solution f(l) of with the same eigenvalue \(). We know that for A(!) the solution of 1) must be
unique except for a sign, hence ?(1) =—fM je, ?(1)(330) < 0, which is impossible because fT(nl)(zo) > 0 for all
m € N. Therefore fﬁ ) M), provided we choose each f}(n1 ) with the proper sign.

Part 6: we construct the remaining eigenvalues and correspondent eigenfunctions
In order to find the eigenfunction f(?) and the corresponding eigenvalue A\(?), we again minimize the functional
(58)) such that is verified and f(® vanishes on 99 and satisfies an extra orthogonality condition

/Q r(2) f(z) FO(z) dz = 0. (76)

If we approximate the solution by

1 m
fm(x) - \/ﬁ ;Bi ¢1($),

such that f,,(z) = 0 for € 92, then we get again . However, in this case, admissible solutions are points
satisfying and the extra condition

S i =0, (77)
i=1

i.e., they lay on a (m — 1)—dimensional sphere resulting from the intersection of the m-dimensional unit sphere

defined by and the hyperplane defined by . By the same argument as before, we conclude that

Jm(B) has a minimum )\572,) and there exits A® such that limy, 400 )\,(3) = 3@, Moreover, we have that
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AL <A@ Now let f,g)(x) =>" 652) ¢i(z) be the linear combination achieving the minimum /\,(721), where

Q(Q) = (6%2), e ,(,%)) is the point satisfying 1]

that the sequence ( fﬁf ))
meN

A2 vanishes on 99, and satisfies and . Furthermore, because orthogonal functions cannot be linearly
dependent, and since each eigenfunction corresponds to one eigenvalue (except for a constant factor) we have

and 1) By the same arguments as before, we can prove

converges uniformly to a limit function f), which satisfies l) with eigenvalue

the strictly inequality A(Y) < A, If we repeat the above procedure, with the necessary modifications, we

can obtain the eigenvalues A, A4 . and the corresponding eigenfunctions f&), f(¥) . .. Now the proof is
complete.

|
As a consequence of the previous results, we could use the normalized eigenfunctions f(*), 2, f3)  of the

fractional Sturm-Liouville problem to obtain a series expansion for a function g
+oo
g(x) =Y e fO(x)
i=1
where the coefficients ¢; are given by

o = [ 1) gle) SO @) de = (9. 15D =12
Q

We observe that when n = 1 we recover the results presented in [14}[18]. Moreover, if & = (1,...,1) we obtain
the classical Sturm-Liouville problem in higher dimensions (see [1,/7,9]).

5 Clifford analysis

The aim of this section is to indicated how the previous results can be presented in the context of Clifford anal-
ysis. Clifford analysis offers a higher dimensional generalization of the classical theory of complex holomorphic
functions. Its tools can be applied to several different areas, for instance to quantum mechanics, quantum field
theory [§], projective geometry, computer graphics |22], neural network theory [2] and to many other areas of
physics and engineering [10]. The corresponding analogy of the class of complex holomorphic functions is that
of monogenic functions, which are the null solutions of the Dirac operator.

Now, we recall some basic facts about this geometric algebras: let {e1,- -, e,} be the standard basis of the
Euclidean vector space in R™. The associated Clifford algebra Ry ,, is the free algebra generated by R" modulo
2?2 = —||z||? ep, where x € R™ and e is the neutral element with respect to the multiplication operation in the

Clifford algebra Rg ,,. The defining relation induces the multiplication rules

eiej —+ ejei = 725”',
where d;; denotes the Kronecker’s delta. In particular, e? = —1foralli=1,...,n. The standard basis vectors
thus operate as imaginary units. A vector space basis for Ry, is given by the set {e4 : A C {1,...,n}} with

ea=eyep,...e,where 1 <l; <... <, <n,0<7r<n,ey:=e¢ep:=1. Each a € Ry, can be written in the
form a =" 4 aa ea, with ag € R. The conjugation in the Clifford algebra Ry, is defined by @ = > , aa €a,
where €4 =€, €, ,...€,,and ¢; = —¢jfor j=1,...,n, e =¢ = 1.

A Clifford valued function, i.e, an Ry ,—valued function f over 2 C R™ has the representation f =" ,eafa
with components fa : @ — Rg,. Properties such as continuity or differentiability have to be understood
componentwise. Next, we recall the Euclidean Dirac operator D = Z?:l e;0z;. This operator satisfies D? =
—A, where A is the n-dimensional Fuclidean Laplacian, and provides a first order generalization of the well-
known Cauchy-Riemann operator in complex analysis. An Rg ,-valued function f is called left-monogenic if
it satisfies Du = 0 on § (resp. right-monogenic if it satisfies uD = 0 on §2). For more details about Clifford
algebras and basic concepts of its associated function theory we refer the interested reader for example to [3,4].

From the above short description of the Clifford analysis setting, it is possible to adapt the obtained results
and the correspondent calculations to the context of Clifford analysis by the following considerations:
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e Vectors in R" are identified with 1-vectors in Ry ,, i.e. z = Z?:l e; ;. Moreover, for two 1-vectors z and
y in Ry, we have

T-y=— [fﬂy]o )
where [zy]o means the scalar part of the Clifford product xy.
e The vectorial functions are replaced by Clifford-valued functions;

e The fractional gradient operators that appear in the previous sections can be identified with the so-called
fractional Dirac operators introduced in [5]:

n n
fibgo, <Rbpe. =% e Mo and flgp <REpy =% e Lo, (78)
i=1 ‘ i=1 ’

In [5] the authors used these operators to develop a fractional integrodifferential operator calculus for
Clifford-algebra valued functions. As it happens in the formulation of the fractional Sturm-Liouville
problem , the Clifford analysis setting also requires the simultaneous use of left and right fractional
derivatives.

6 Conclusions

In this work, we use a composition of fractional gradient operators defined in terms of left and right partial
fractional derivatives in the Riemann-Liouville sense to propose a fractional approach to the Sturm-Liouville
problem in R™. We studied the main properties of the eigenfunctions and the associated eigenvalues if this frac-
tional boundary problem, more precisely we proved that the eigenfunctions are orthogonal and the eigenvalues
are real and simple. Moreover, we proved in the main result that the eigenvalues are separated and form an
infinite sequence, where the eigenvalues can be ordered according to increasing magnitude. The proved results
allow us to use these eigenfunctions and eigenvalues to define a novel kind of series expansion that depends
on a = (aq,...,a,). The connections of this work with Clifford analysis is presented, more precisely, it was
indicated the necessary adaptations to rewrite our results for Clifford-values functions. Finally, we point out
that similar results can be obtained using fractional gradients defined in terms of Caputo and Riemann-Liouville
fractional derivatives, i.e., for the fractional Sturm-Liouville operator L* = fRLVE‘, . (u CVZQ + v, since this
operator is self-adjoint.
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