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Abstract—This letter proposes a method to obtain integer re-
versible discrete cosine transforms for generic transform-based
coding schemes. The novelty of the proposed method, which is
based on decomposition of the DCT-II matrix into two triangular
and one diagonal matrices, is twofold: (i) the new matrices can be
of arbitrary size, i.e., any square N × N dimension, thus suitable
for applications where non power-of-2 dimensions are required; (ii)
they can be designed with adjustable precision in a trade-off with
the number of representation bits. Furthermore, improvements
are also proposed over the base scheme to avoid numerical issues
when working with large matrices and to obtain more reliable
approximations. The performance evaluation demonstrate the ef-
fectiveness of the proposed transforms to approximate the coding
gain capabilities of the original DCT-II.

Index Terms—Integer DCT, Lossless Coding, Separable
Transform, Transform Coding, Triangular Decomposition.

I. INTRODUCTION

D ISCRETE Cosine Transforms (DCT) have been employed
in many coding schemes since its original publication [1].

Several coding standards are based on such transforms, as the
JPEG [2], decades ago, and the more recent HEVC [3]. The
wide adoption of the DCT is partially due to the fact that they
approximate very well the energy concentration attributes of
the Karhunen-Love Transform [4] (the optimal one in terms
of this property) but, differently from the latter, it is not signal-
dependent and its implementation only requires real coefficients.

The widespread use of the DCTs, especially of the DCT
Type 2 (DCT-II), for transform coding has also motivated a lot
of research in related aspects, giving rise to variations of the
original transform. One of the most important ones is the integer
DCT, which can be employed in lossy and lossless coding tools.
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The integer DCT has the advantage of being reversible even
with finite numerical precision (inherent of digital computing)
and much more computationally efficient than floating point
implementations, as it can run in dedicated fix-point units. His-
torically, the DCT-based coding standards evolved from using
square (N ×N ) transform blocks, where N is a power-of-2 (as
JPEG and HEVC), to more flexible (N ×M ) where both N and
M are power-of-2 blocks (as in the VVC [5]), and more recently
the upcoming standard JPEG Pleno [6] employs 4D blocks with
arbitrary integer size [7].

Integer DCTs find useful applications in lossless coding (e.g.
medical images), since the reversibility with finite numerical
precision allows perfect reconstruction of images in DCT-based
codecs. Another promising area of application is lossless light
field coding, where recent advances ([8], [9], and [10]) may be
seen as precursors of a future extension of the JPEG Pleno [11].
However, the use of non-integer 4D-DCTs [7] does not allow
such coding mode in the current version of the codec.

This letter introduces a novel approach to obtain integer
reversible N ×N transforms that approximate the DCT-II, for
any integer N , based on the triangular matrix scheme [12]. Our
approach solves some issues related to the matrix conditioning
and numerical precision during the matrices generation, guar-
anteeing that the integer transform can be efficiently computed.
Also, the proposed approach uses a genetic algorithm to find
the best integer approximation for the N ×N DCT matrices,
retaining the DCT-II properties in terms of coding-gain.

The remainder of the letter is organized as follows:
Section II presents the related work discussing other approaches
and uses of the integer DCTs. Section III introduces the proposed
method explaining in detail how to obtain the integer reversible
transforms. In Section III experimental results demonstrate the
capabilities of the proposed transform in terms of coding-gain.
Finally, in Section V the conclusions and final discussions are
presented.

II. RELATED WORK

One of the most efficient ways to apply DCT transforms
to an image is to divide the image into blocks and use DCT
matrices to pre-multiply (and post-multiply in case of 2D trans-
form) each image block. Several coding standards use such
approach to implement their transform-based data compression.
Two of the most important image and video coding standards
(H.264/AVC [13] and H.265/HEVC [14]) adopt integer approx-
imations of the DCTs in their framework, in order to optimize
the transform computations.

The integer DCT approximation employed in the H.264/AVC
standard is presented in [15], and requires only the use of
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additions and bit shift operations, which simplify the compu-
tation of the transform matrices. Similarly, in [16] the DCT ap-
proximation matrices employed in the H.265 (HEVC) standard
are presented. The H.265 standard employs 4 fixed-size matrices
to compute 4× 4, 8× 8, 16× 16, and 32× 32 transforms.
These matrices are integer approximations of the DCT, however
since they are not perfectly reversible they cannot be employed
in lossless coding, although they present low inherent distortion.

In order to obtain proper approximation of the DCT trans-
form, which can be used in lossless coding applications, some
requirements must be fulfilled [17]: the input and output of the
transform must be integer, that is integer-to-integer mapping,
the transform must be reversible, that is, bijective. In addition
to those requirements, it is expected that the transform matrix
entries are all binary-valued, which means they can be repre-
sented as am,n · 2−k, with k ∈ Z+, am,n ∈ Z, and m,n being
the indexes of the transform matrix entries.A popular method to
obtain integer DCT approximations (for matrices whose sizes
are 2k, k ∈ Z+) is the lifting scheme [18], which produces direct
and inverse transforms that can be used with fast algorithms, such
as the Fast Fourier Transform (FFT).

The triangular matrix scheme presented in [12] generalizes the
lifting scheme for any N ×N full-rank transform matrix. This
approach, decomposes the original transform matrix into three
triangular matrices, which are approximated into binary-valued
matrices, resulting in a binary-valued approximation of the
original transform matrix. This method presents two main issues:
the first one related with the conditioning of the intermediate
matrices that can cause the method to diverge; and the second
related to the large approximation errors induced by truncation
that reduce the matrices transform coding gain.

This work presents an algorithm to generate reversible integer
DCT matrices based on the triangular matrix scheme [12] for any
N ×N dimension, with simplifications focused on the DCT-II.
Improvements are proposed to handle the truncation-induced er-
rors and the matrix conditioning, increasing the reliability in the
generation of the transform matrices. The proposed algorithm
features a trade-off between transform coding gain and bit depth
of the fixed-point representation.

III. PROPOSED METHOD

This section describes the method herein proposed to deter-
mine the integer reversible DCT and its inverse matrices based
on triangular matrix scheme (available as a Matlab function
in the supplemental material). As this work focus on providing
matrices to be used in transform-based coding, the proposed
method is limited to square transform matrices. If transforms
of non-square image blocks (N ×M ) are required (as in some
partitions of VVC [5]), it is possible to perform a composition
of two DCT approximation matrices (N ×N and M ×M ),
pre-multiply the image block by the N ×N and post-multiply
it by the M ×M matrix, resulting in an N ×M block.

A. Square DCT Matrix Adaptation

The conversion is performed by starting with a N ×N DCT-
II matrix G and decomposing this matrix as G = DT3T2T1,
where D is a diagonal N ×N matrix, T1 and T3 are N ×N
upper triangular matrices, and T2 is an N ×N lower triangular
matrix.

Matrix D is similar to an N ×N identity matrix, however,
the first entry of D, may be −1 depending on the size N , thus
D1,1 = γ, where γ = (−1)N−1. After determining the matrix
D, the following step is to find an upper triangular matrix L1

such that E = GL1, with

E =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1,1 e1,2 e1,3 . . . e1,N−1 e1,N
e2,1 1 0 . . . 0 0

e3,1 e3,2 1 . . . 0 0
...

...
...

. . .
...

...
eN−1,1 eN−1,2 eN−1,3 . . . 1 0

eN,1 eN,2 eN,3 . . . eN,N−1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)
and

L1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 τ1,2 τ1,3 . . . τ1,N−1 τ1,N
0 1 τ2,3 . . . τ2,N−1 τ2,N
0 0 1 . . . τ3,N−1 τ3,N
...

...
...

. . .
...

...
0 0 0 . . . 1 τN−1,N

0 0 0 . . . 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2)

To find the columns ln of L1 and thus all the entries of the
matrix, we can use the identity Snln + ĝn = zn, where

Sn =

⎡
⎢⎢⎢⎢⎢⎢⎣

g2,1 g2,2 . . . g2,n−1

g3,1 g3,2 . . . g3,n−1

...
...

. . .
...

gn−1,1 gn−1,2 . . . gn−1,n−1

gn,1 gn,2 . . . gn,n−1

⎤
⎥⎥⎥⎥⎥⎥⎦
, (3)

and

ln =

⎡
⎢⎢⎢⎢⎢⎢⎣

τ1,n
τ2,n

...
τn−2,n

τn−1,n

⎤
⎥⎥⎥⎥⎥⎥⎦
, ĝn =

⎡
⎢⎢⎢⎢⎢⎢⎣

g2,n
g3,n

...
gn−1,n

gn,n

⎤
⎥⎥⎥⎥⎥⎥⎦
, zn =

⎡
⎢⎢⎢⎢⎢⎢⎣

0

0
...
0

1

⎤
⎥⎥⎥⎥⎥⎥⎦
. (4)

From these definitions it is possible to determine ln =
S−1
n (zn − ĝn). Then, the expression can be rewritten such that

G = ET1, where T1 = L−1
1 . Since L1 is an upper triangular

matrix there are many efficient and simple ways to calculate its
inverse, which will also be upper triangular.

Now, E is decomposed as E = FT2, where

T2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 . . . 0 0

e2,1 1 0 . . . 0 0

e3,1 e3,2 1 . . . 0 0
...

...
...

. . .
...

...
eN−1,1 eN−1,2 eN−1,3 . . . 1 0

eN,1 eN,2 eN,3 . . . eN,N−1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (5)

and F is an N ×N identity matrix whose first line is replaced
by [f1,1 f1,2 f1,3 . . . f1,N ]. From that, we get

[f1,1 f1,2 f1,3 . . . f1,N ] = [e1,1 e1,2 e1,3 . . . e1,N ] ·T−1
2 . (6)
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Again, finding the inverse of T2 is straightforward since T2 and
its inverse are lower diagonal matrices.

Finally, F is decomposed as F = DT3. But, since D is al-
ready defined, we get thatT3 is an identity matrix whose first line
is replaced by [γf1,1 γf1,2 γf1,3 . . . γf1,N−1 γf1,N ], which
can also be obtained as T3 = DF, since D is an involutory
matrix (D = D−1).

To obtain the integer DCT approximation we need to approx-
imate the triangular matrices T1, T2, and T3 into binary-valued
ones (J1, J2, and J3). Assuming that the non-zero entries in the
m,n position of the T1, T2, and T3 matrices are ηm,n, ζm,n,
and ρm,n respectively, we approximate them as hm,n ≈ ηm,n,
cm,n ≈ ζm,n, and rm,n ≈ ρm,n so that

hm,n = 2−b1round(2b1ηm,n), (7)

cm,n = 2−b2round(2b2ζm,n), and (8)

rm,n = 2−b3round(2b3ρm,n), (9)

where b1, b2, and b3 are the number os bits used to approximate
T1, T2, and T3.

With (7), (8), (9), we obtain the binary approximation B of
G as B = DJ3J2J1. Since D, J3, J2, and J1 are all binary-
valued matrices, so will beB. Also, in order to obtain the inverse
approximated DCT matrix we simply do B̃ = J̃1J̃2J̃3D, with
J̃1 = J−1

1 , J̃2 = J−1
2 , and J̃3 = J−1

3 , which also results in a
binary-valued matrix (as J̃1, J̃2, J̃3, and D are binary-valued
and triangular matrices with diagonals composed by 1 and −1,
thus with unitary determinants [19]).

B. Improving the Matrices Conditioning

In order to obtain matrix T1, and thus matrix L1, it is
necessary to compute several inverse matrices, as explained in
Section III-A. However, the inversion of theSn matrices defined
in Eq. (3) can introduce errors in the algorithm if the matrices
are not well conditioned, that is if its condition number (ratio of
the largest to the smallest eigenvalue of the matrix) is too small.
To cope with such issues, a permutation step is introduced at
the beginning of the algorithm to provide a better conditioned
version of the G.

In order to find the new, better conditioned, matrix G′ that
replaces G we need to iteratively find the permuting P and Q
so that G′ = PGQ, and∣∣∣∣∣∣∣∣∣∣∣∣

det

⎛
⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎣

g′2,1 g′2,2 . . . g′2,n−1

g′3,1 g′3,2 . . . g′3,n−1
...

...
. . .

...
g′n−1,1 g′n−1,2 . . . g′n−1,n−1

g′n,1 g′n,2 . . . g′n,n−1

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣

(10)

is large for every value of n ∈ [2, N ]. To do so, we
use Algorithm 1. Since P and Q are permutation matri-
ces, it follows that PPT = QQT = I, thus we have that
G′ = PGQ = PDT3T2T1Q, G = PTDT3T2T1Q

T, B =
PTDJ3J2J1Q

T, and finally B̃ = QJ̃3J̃2J̃1DP.

C. Improving the Truncation Approximation

Another improvement to the standard version of the algo-
rithm is related to the method used to truncate the Tn matrices
coefficients in order to generate the Jn matrices. In some cases,

the values of the coefficients are very different from those of
the truncated matrices, thus reflecting in large errors when the
final binary matrix B is generated. To mitigate this issue, in
the cases where the coefficient error is large, i.e. 2bsTs(m,n) −
round(2bsTs(m,n)) > 0.25, the original truncation procedure
that replaces the number by 2−bsround(2bsTs(m,n) ± 1) is
modified.

Checking the effect of individual changes to the values of
the coefficients in the binary approximation matrix would be
impractical, as even in small transform matrices the number of
possible combinations can be prohibitive. Thus, it is proposed to
employ an alternative method based on a genetic algorithm that
will feature the sum of absolute differences (SAD) of the two
transform matrices (SAD =

∑N
n=1

∑N
m=1 |Gn,m −Bn,m|) as a

fitness function. This algorithm finds the best truncation approx-
imation among a limited amount of combinations, using 1-point
crossover and mutation to explore the space of combinations. In
this method the gene is a ternary-sequence of values (−1, 0, 1)
with the length equal to the number of values with approximation
equal to or larger than 0.25. At every iteration the gene values
corresponding to each matrix entry are added to the original
coefficient, and the fitness function for the resulting matrix is
measured.

In the experiments, the population was initialized with all
different elements whose only one position was non-zero. The
population size was twice the number of positions in a gene. The
stop-condition was 100 epochs without improvement.

The use of such methods allow the approximation SAD to be
lowered several orders of magnitude (depending on the size of
the transform), as will be shown in the following section.

IV. EXPERIMENTAL ASSESSMENT

The presented method allows one to obtain a binary-valued
approximation to the DCT matrices. These approximations will
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TABLE I
TRANSFORM CODING GAIN OF THE PROPOSED TRANSFORM IN dB

TABLE II
CODING GAIN OF DCT APPROXIMATIONS IN dB WITH 16 bits

be as close to the original DCT matrices as the number of
bits (b1, b2, b3) increases, thus being arbitrarily accurate with
an arbitrarily large number of bits. However, since in practice
the number of bits is limited, this section shows the impact of
adjusting the bit depth on the quality of the DCT approximation
to different sizes of transform.

One of the most effective metrics to demonstrate the useful-
ness of transforms in terms of transform-based block coding is
to measure the transform coding gain, as defined in [20].

Since the DCT is a good approximation to the ideal trans-
form in terms of transform coding gain (Karhunen-Love trans-
form) [21], the proposed transform approach has been compared
to the DCT-II in terms of transform coding gain, for different
sizes of the transform matrices, as well as for different number of
bit depths. The achieved results are shown in Table I (using first-
order Gauss-Markov process image model with autocorrelation
coefficient ρ = 0.95). The proposed integer approximations of
the DCT were obtained using both the truncation and permuta-
tion improvements.

Table I shows that even using a small number of bits to
represent the transform matrices, the proposed method performs
similarly to the DCT for block sizes up to 8× 8. Moreover, it is
clear that, for larger sizes of the transform matrix, equal or larger
than 16× 16, more bits are needed to obtain similar coding gain
to the DCT-II, as is evidenced by the poor coding gain of the
48× 48 DCT at 8-bits precision.

Particularly for DCT sizes 4× 4 and 8× 8 and 16-bit pre-
cision, which are common in block transform coding, other
integer approximations for the DCT have their coding gain
results available in the literature. Some of the most impor-
tant examples are the H.264 transform proposed in [15],
the Bink 2.2 transform [22] which is based on matrix ro-
tations, and the binDCT which is a lifting based approxi-
mation from [18], where it was employed in a lossless ap-
proach of the H.263 method. Table II shows the compari-
son of their coding gain with the proposed transform. Other
relevant transforms, such as the ones used in the HEVC [3]
are not compared, since they are not perfectly reversible. The
coding gains in this table show that our approach better ap-
proximates the coding gain of the DCT-II for the given bit
precision.

In addition, we also measured the impact of the proposed
truncation method based on genetic algorithms. To this aim
the SAD that arises from different sizes of the transform was

TABLE III
SAD OF INTEGER DCT WITH AND WITHOUT GENETIC OPTIMIZATION

measured, with and without the proposed method, as shown in
Table III. These experimental results were determined using a
fixed number of 8 bits.

The results in Table III indicate that the truncation improve-
ment has a high impact on the quality of the obtained transform,
which improves by orders of magnitude, depending on the size
of the transform, namely for sizes larger than 4× 4.

The produced transforms are separable, thus not limited to 1D
and 2D applications, but also applicable in 3D and 4D coding.
Also, since the coding gain is close to that of the DCT-II it can be
employed to convert lossy transform-based codecs into lossless
codecs without much change of the original framework (except
the removal of quantization), as in [18].

An in-depth analysis of the computational complexity of the
proposed transforms is beyond our scope. However, it is worth
noting that for some of the produced transforms (with power-
of-2 sizes) it would be possible to obtain fast implementations
based on the Cooley-Turkey algorithm [23]. Their computational
complexity should be similar to that of the lifting DCT [18]. If
no fast methods are employed, the complexity would be that of
standard matrix multiplication, hence the same complexity of
standard DCT without changes.

V. CONCLUSIONS

This work describes a new approach to derive integer ap-
proximations of DCT transform matrices of various dimensions,
which may be used in lossy and lossless transform-based codecs.
Unlike other methods in the literature, where there is a restriction
to the transform dimensions, namely the limitation to power-of-2
sizes, the dimension of these transform matrices may be adapted
to the image characteristics making them suitable for conversion
of lossy to lossless codecs.

The proposed method consists on deriving integer approxima-
tions for the DCT-II, based on the triangular matrix approach.
In order to enhance the quality of the approximation, a genetic
algorithm-based truncation improvement is described, and the
total approximation error decreases in orders of magnitude de-
pending on the size of the transform matrix. In terms of transform
coding gain, the achieved transforms presents similar results to
the original DCT-II matrices and superior to other methods in
the literature for sizes between 2× 2 and 8× 8, disregarding
the number of bits used to represent its values. For matrices of
16× 16 or larger, it is possible to trade-off between coding gain
and the bit depth to represent the matrix values. This flexibility
makes the proposed approach very attractive to be used in lossy
to lossless transform-based encoders. Not only for 2D images,
but also for video, volumetric or light field data, where higher
dimension transforms matrices might be efficiently used.
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