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An h-set is a nonempty compact subset of the Euclidean n-space which supports a finite Radon measure for
which the measure of balls centered on the subset is essentially given by the image of their radius by a suitable
function h. In most cases of interest such a subset has Lebesgue measure zero and has a fractal structure.
Let €2 be a bounded C'*° domain in R" with I" C 2. Let
B:=(-A)"'ot,

where (—A) ™! is the inverse of the Dirichlet Laplacian in € and tr" is, say, a trace type operator. The operator
B, acting in convenient function spaces in {2, is studied. Estimations for the eigenvalues of B are presented, and
generally shown to be dependent on h, and the smoothness of the associated eigenfunctions is discussed. Some
results on Besov spaces of generalised smoothness on R" and on domains which were obtained in the course
of this work are also presented, namely pointwise multipliers, the existence of a universal extension operator,
interpolation with function parameter and mapping properties of the Dirichlet Laplacian.

© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Let i : (0,1] — R* denote a continuous monotone increasing function such that 2(0") = 0. Assume that there
exist a nonempty compact set I' C R” and a finite Radon measure y with I" as support and such that

w(B(v,r)) ~h(r), 0<r<1, ~eT, (1.1)

where B(y, r) denotes any open ball with center in -y and radius r. Such a set I" is called an h-set. Two well-known
classes of h-sets are d-sets and (d, 1)-sets. In these particular cases the function £ is

h(r)y=r% and h(r) = riy(r), (1.2)
respectively, where d > 0 and ¢ : (0,1] — R™ is a monotone function such that
P(27) ~p(27), jeEN

We refer to [5], [8], where h-sets were studied and a characterisation of the functions h for which there exist
h-sets was obtained.
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6 A. M. Caetano and S. Lopes: Spectral theory for the fractal Laplacian in the context of h-sets

Let €2 be a bounded C*° domain in R™ such that I' C € and let —A be the Dirichlet Laplacian in €2. We study
the operator

B:=(-A)"lotl, (1.3)
acting in convenient function spaces in €2, where (—A) ™! is the inverse of the Dirichlet Laplacian in  and

r’ =id" o trr, (1.4)
where trr is an extension of the operator

¢ —plr, peSR")

and idF, which will be formally defined later, identifies elements of LP(F) with tempered distributions. The
operator B was already studied in the case where I' is d-set by Triebel in [38, Chapter 5] and [39, Chapter 3].
The case where T is a (d, v)-set was studied by Edmunds and Triebel in [15], [16] and by Moura in [29]. As
it was mentioned in these works, in the case n = 2 the operator B has physical relevance: it describes the
vibration of a drum where the whole mass is distributed on I'. This is the reason why the study of this subject
is usually called the fractal drum problem. So in this paper the fractal drum problem in the context of h-sets is
studied, extending the results for d-sets and (d, t)-sets. More precisely, several spectral properties of B, acting
in suitable function spaces, are proved, see Proposition 7.1 and Theorem 8.7. In particular, in the latter theorem,
which may be considered the main result of this paper, we study what than be called the Dirichlet Laplacian on
fractal h-sets, obtaining, among other results, a representation by Green’s function, smoothness properties for
their eigenfunctions and the asymptotic behavior of the corresponding eigenvalues. This, which can be seen in
(8.9), shows that the function & clearly influences such a behavior, except when n = 2.

As a by-product of studying the operator B some other interesting results for Besov spaces of generalised
smoothness were obtained: a result on pointwise multipliers for these spaces (Proposition 5.4 and Corollary 5.6),
the existence of a universal extension operator acting from Besov spaces on a class of domains into corresponding
function spaces on R" (Theorems 5.15 and 5.17) and mapping properties for the Dirichlet Laplacian (Theorem
5.21). In the proof of some of these results interpolation (with a function parameter), an important tool in the
theory of function spaces, was applied (we refer to Theorem 5.2 and to Propositions 5.19 and 5.20).

The paper is organised as follows. In Section 2 we collect some general notation and in Section 3 some
notions and properties related to sequences and functions that often appear in the context of function spaces of
generalised smoothness. In Section 4 we present definitions and results on function spaces on R" and on domains.
In Section 5 we study the Laplacian acting in Besov spaces of generalised smoothness, applying interpolation
with a function parameter, results on pointwise multipliers and the existence of a universal extension operator
acting from function spaces on domains to corresponding spaces on R". In Section 6 we collect definitions and
properties of h-sets and operators defined in connection with these fractal sets. In Sections 7 and 8 we study the
operator B, i.e., the Dirichlet Laplacian on fractal h-sets.

2 General notation

In this section some standard notation and useful definitions are presented. We write N for the set of all
natural numbers and Ny :=N U {0}. We denote by Z, R and C the sets of all integers, real and complex
numbers, respectively. As usually, R”, n € N, stands for the n-dimensional real Euclidean space and, given

z = (21,...,2,) € R", |z| stands for the Euclidean norm of z. We write Njj, where n € N, to represent the col-
lection of all multi-indices o = (o, ..., a,) witha; € Ny, j =1,...,n.Fora € Ny", |a| :==a; + - + oy,
al = a;!...a,! and the derivatives D* := 9l®l /(929" ... dz%" ) have the usual meaning. If there is no ad-

ditional information, when we speak about functions we are considering complex-valued functions. References
with respect to measurability and integrability should be understood in the Lebesgue sense. If £ C R” is a mea-
surable set, then |E| stands for its Lebesgue measure in R”. An open ball with center in z € R" and radius > 0
is denoted by B(z,r). If E C R", then OF denotes the boundary of E and E stands for the closure of E. If
E C R" and r > 0 we denote by E, the r-neighborhood of E, i.e., the collection of all points x in R such that
there is y € E for which |x — y| < r.
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We denote by S(R") the Schwartz space of all infinitely differentiable and rapidly decreasing functions in
R", equipped with the usual topology, and by S’(R") its topological dual, the space of all tempered distributions
on R".

If ¢ € S(R™), then F, or @, represents the Fourier transform of ¢, i.e.,

n

5 ,
) [ e tpwan, e,

and F~ 1o, or $, represents the inverse Fourier transform of ¢,

1
2

e = (

n

) /eiz'ggp(cc)dz, EeR".

Both F and F~! are extended to &'(R") in the standard way. For ¢ € S(R") and f € S’'(R") we will use the
notation

1

o0 = (57

(D) f == F (oF[).

As usual, domain stands for nonempty open set. If 2 is a domain in R” then D(f) is the collection of all
compactly supported complex-valued C'* functions on €2 and D’(€2) stands for the dual space of all distributions
on Q. If Q is a domain in R™ then L, (£2) denotes the collection of all complex-valued Lebesgue measurable
functions in ) such that

1£1L, ()] == (/me)pdx)i

(with the usual modification ess sup,.cq | f(z)| if p = 00) is finite.
Furthermore, if 0 < ¢ < oo then ¢, is the collection of all complex sequences a = (a;);en, such that

1/q

oo
laltg| = { > la;|”
j=0

(with the standard adaptation sup; ¢, |a;| if ¢ = oo) is finite.
If (fj);en, is a sequence of complex-valued Lebesgue measurable functions on R", then

1/q

ICf)sem (L)l = | D IAILIT)
j=0
with the appropriate modification if ¢ = oo and

Isenlzaell= ([ fj<x>eq||pdz)l/p,

with the usual adaptation if p = oco.
We use the symbol “<” in

ar Sby or ¢(r) S Y(r)
always to mean that there is a positive number ¢; such that
ar <crb, or @(r) < erp(r),

for all admitted values of the discrete variable k or the continuous variable r, where (ay )y, (b)) are nonnegative
sequences and ¢, ¥ are nonnegative functions. We use the equivalence “~” in

ap ~ by or ¢(r) ~(r),
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respectively for
ar Sbr and by Sap or @(r) S(r) and P(r) < O(r).

In what follows log is always taken with respect to base 2.
If A and B are quasi-Banach spaces and f is a linear map defined on A, then we will write

f:A— B

to mean that f is a continuous linear operator acting from A to B.
Further notation will be introduced whenever it is needed.

3 Admissible sequences and functions
In this section some definitions, notation and properties of sequences, functions and corresponding indices that
will be applied along the paper are presented.

Definition 3.1 Let o = (0;);cn, be a sequence of positive numbers. We say that o is an admissible sequence
if there are positive constants dj, d; such that

dooj <011 <dioy, j€N.

We introduce two particular kinds of admissible sequences.
Example 3.2
(i) We will denote by (s) the (admissible) sequences defined by

(s) == (2")jen,, sER. 3.1)

(ii) Let® : (0,1] — R be a positive monotone function such that ¢)(2727) ~ ¢)(277), for all j € N. We will
denote by (s, ) the sequences

(5,9) = (2"9P(277))jen,, sER,

which are also admissible sequences.

Notation 3.3 Let 0 = (0;);en, and 8 = (j);en, be admissible sequences and « € R. In what follows we
denote by ¢ and o3 the sequences defined by

(e}

0" = (0])jen, and of = (0;f;)jen,, (3.2)

respectively. It can be easily verified that both 0 and o3 are admissible sequences.

In this work function spaces of generalised smoothness will be considered. In this context usually some conve-
nient indices are considered to play the role of the regularity index usually denoted by s. We will use the indices
that we describe next.

Definition 3.4 Let 0 = (0;);en, be an admissible sequence and
Oj+k

. Oj+k — . .
g; = inf 1 and T; := sup , J€Np.
- keNy O keN, Ok

The lower and upper Boyd indices of the sequence o are defined, respectively, by

logo; log7;
s(0) = lim —— and 3(0):= lim —L.
j—oo ) Jj—oo )
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Remark 3.5 For an admissible sequence o, the sequence (log@;);en, is sub-additive. This justifies the defi-
nition of 5(c). As logg; = — log(o=T1);, s(o) also makes sense.

We remark that if o and 3 are admissible sequences such that o ~ 3, then their Boyd indices coincide.

If o is an admissible sequence, then for each § > 0 there are two positive constants ¢; = ¢ (d) and ¢ = ¢(0)
such that for all j, k € Ny,

2= < Tith .  o(S(a)+6)j (3.3)
Ok

This property follows immediately from Definitions 3.1 and 3.4.
In the next proposition we use the notation given in Example 3.2 and Notation 3.3.

Proposition 3.6 Let o and 3 be admissible sequences and o € R. Then
(i) s(0B) > s(0) +s(B) and 35(0f) <3(0) +35(8);

(i) s((a)o) =a+s(oc) and 3((a)o) =a+35(0);

(iii) s(o®) =as(o) and 35(c*)=as(o), if a>0;

(iv) s(o%) =as(o) and 3(0*) =as(o), if a <.

Proof. The properties given follow from Definition 3.4. We present the proof of (i). The proof of (ii)—(iv) is
similar. Let o and 3 be admissible sequences. Then

(08) = inf TRk o e Tuvk g ik g
— keN Ukﬁk keNy O keNy ﬂk 7=j
Hence
log (03) log(g;3.)
s(@f) = lim ———2 > lim ———2° = 5(0) + s(B). O
J—00 Vi J—00 ]

The following classes of functions will be considered.

Definition 3.7
(i) We denote by B the collection of all continuous functions f : R* — R™ such that
— t
7 = sup L8 < o forall 0. (34)
s>0 f(S)

(ii) We denote by B the collection of all f € B such that
fE) = f(¢)~", forall t>0.

Remark 3.8 In the results in [13] and [28], the class B was considered. In [4] for technical reasons an addi-
tional condition was considered, resulting in the class B.

Definition 3.9 Let f € B. The lower and upper Boyd indices of f are defined, respectively, by

L log (1) = o . log f(t)
5(f) := lim og 1 and  S(f) := lim logt

Remark 3.10 The function £ defined in (3.4) is submultiplicative and Lebesgue measurable. Therefore S(f)
and S(f) are well-defined and satisfy

—00 < 8(f) < S(f) < +oo.

For properties of these indices we refer to [13] and [28].

For our purposes it is convenient to associate to all given admissible sequence a function in B.
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Definition 3.11 Let o be an admissible sequence. We denote by Bo the collection of all functions f € B such
that

Uij(Qj)v jENO-
The next example, given in [4], guarantees that for any admissible sequence o the set B,, is nonempty.

Example 3.12 Let 0 = (0;);en, be an admissible sequence. The function f : (0, 00) — (0, c0) defined by

0(;1 ((0j+1 - 0-].)(2—,]'2, - 1) + Uj)’ S [Q'j’2j+1)a JEeENy
f(z) =
fhH z€(0,1)

belongs to B and, for all j € Ny, f(2/) =0} /00, i.e., f € B,.

The result we present next (cf. [4, p. 384, Proposition 3.9]) relates the Boyd indices of an admissible sequence
with the corresponding indices for functions in B,,.

Proposition 3.13 Let o be an admissible sequence and f € B,. Then

s(0) =S(f) and (o) = S(f).

4 Function spaces

In this section we present the function spaces on R” and on domains where the operators will act. We also present
some properties, namely equivalent quasi-norms, sufficient conditions for embeddings and results on duality.

Definition 4.1 Let 1 < p < oo.
(i) Letm € N. The Sobolev space on R", W (R" ), is given by

Wy (R") := {f € LyR") : |fFW; R = Y 1D fIL,(R")] < OO}~
| <m

(i) Let s € R. The Bessel-potential space on R", H;(R" ), is given by
Hy(®") := {f € S®) ¢ |F7 (1 +]aP ) PF L (RY)] < oo}
If p = 2 we use the abbreviation
Hy(R") = H*(R").

We fix some more notation.

Definition 4.2 By a resolution of unity we mean a sequence of compactly supported smooth function such
that

() supppo C {z € R" : |z] <2}
(i) suppyp; C {w e R" : 2771 < g <2771} jeN;

(iii) for any o € N there exists a constant ¢, > 0 such that for any j € Ny
|DYp;(x)| < o271l for any z € R";

(iv) forall z € R"

Y opi(a) =1
j=0
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Definition 4.3 Let & = (p;),en, be a resolution of unity and let 0 = (0;);en, be an admissible sequence.
(i) Let0 < p,q < cc. The Besov space of generalised smoothness on R", By | (R™), is given by

By (R") == {f € S'®R") : |[£IB] ,(R")|| = l(cj0; (D) f) ey [€q (Lp)]| < 00}

(i) Let0 < p < oo and 0 < ¢ < oo. The Triebel-Lizorkin space of generalised smoothness on R" | F, (R”)
is given by
Fy RY) = {f € S'R") « |£1E],(R")|| = ll(505 (D) f)jen, | Ly (6| < 00}

Remark 4.4 This Fourier analytic description of Besov spaces of generalised smoothness was given in [17].
In this work one can also find some information about the history of function spaces of generalised smoothness
with several references. If p = g we abbreviate By (R") = By (]R“) If 0 = (s) for some s € R the above
spaces coincide with the usual Besov spaces usually denoted by B (]R”) treated i m detall by Triebel in [34], [36]

and [39]. We will follow the notation referred above and denote these spaces by Bp g (R”)
Itis well known that Besov and Triebel-Lizorkin spaces include classic function spaces, namely:

) F )2 (]R“) =L,(R")if1 < p < o0;
(i) Fm R") =W (R")if 1 <p <ooandm € N;
(iii) Fp?2 (R") = H;(R")if 1 <p < ocands € R;
(iv) BY oo (R") = C*(R") if s > 0,
where C*(R"), for s > 0, denotes the Holder-Zygmund spaces. For the definition we refer to [34, p. 36].
Let0 < ¢,r < oo and (g,)’ € [1, o0] be given by

1 n 1 1 n S
TN/ - = 1 q T,
(@) q r
00, if g<r.

Proposition 4.5 Let 0 < p,q,r < oo and let o and T be admissible sequences. Then
ng(Rn) C B;,(R”) lf 0'_17' c l(q,-)" (41)
In particular,

(R*) C B, (R") if (1) < s(0). 4.2)

1’(1

Remark 4.6 The result in (4.1) was stated in [8, p. 40, Proposition 4.12]. The result in (4.2) follows from
(4.1) and Remark 3.5.

For the following result we refer to [34, p. 88, 2.5.6].
Theorem 4.7 Let 1 < p < oc.
(1) Let s € R. Then

F(R") = H3(R")

(equivalent norms).
@ii) Let m € N. Then

H;)W (R”) — W[:n (Rn)

(equivalent norms) and

m
LW @I = ILF1Ly (R + Z o7 Iz, )
is an equivalent norm in H)" (R" ).
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Definition 4.8 Let 2 be a domain in R". Let o be an admissible sequence, let A € {B, F'} andlet0 < p < co
and 0 < ¢ < oo, withp < 0 if A= F.

(i) We denote by A7 (£2) the collection of all f € D’(2) such that thereisa g € A7 (R") with glo = f.
Furthermore,

11474 (D) == inf [lg[A7 , (R")],

where the infimum is taken over all g € A7 (IR") such that its restriction g|q to € coincides in D'(€2)
with f.
(ii) We denote by A7 (€2) the completion of D(€2) in A7  (£2)

Remark 4.9 If Q2 is a domain in R”, 1 < p < 00, s € Rand m € N, then the meaning of

W), Wr(Q), H(Q) and H:(Q)

p

follows immediately from Theorem 4.7 and Definition 4.8.

Remark 4.10 One can easily verify that (4.1) and (4.2) in Proposition 4.5 remain valid if we write {2 instead
of R".

In the next theorem (cf. [8, p. 40, Proposition 4.11]) the dual spaces of the spaces By, (R") are determined.

Theorem 4.11 Let o be an admissible sequence, let 1 < p < 0o, 1 < q < oo and let p’ and ¢’ denote their
conjugates. Then

(Bg,(R") = B2, . (R") 43)

according with the notation introduced in (3.2).

S Interpolation, pointwise multipliers and an extension operator

As we have already mentioned, a collection of results on Besov spaces of generalised smoothness were obtained
in order to study the spectral theory for the fractal Laplacian. This section is devoted to these results. An important
tool in the proof of almost all of them was the interpolation with function parameter, so we start by collecting
some notation and results on this subject.

5.1 Interpolation with function parameter

In [13] and [28] it was proved that Besov spaces of generalised smoothness can be obtained by interpolation of
classic Besov spaces. In this section we apply this to obtain some properties for general Besov spaces, combining
the known results for classic Besov spaces with interpolation. This technique was already used by other authors
to extend results from classical to generalised smoothness. We refer to [3] and [12].

First we introduce some basic notation related to interpolation. For a systematic treatment of the interpolation
theory in Banach spaces, including the notions and results we are applying, we refer to [37, Chapter 1]. For a
collection of notions and results on real interpolation with function parameter of quasi-Banach spaces we refer
to [2, Chapter 2].

We consider { Ay, A; } an interpolation couple, meaning that A and A; are quasi-normed spaces both contin-
uously embedded in some Hausdorff topological vector space. In this case

llalAo N Ayl := max{[lalAo |, [[alAL[|}, a € Agn A

and
laldo + Arll:= inf — ([laoAoll + [lar|Ar]]), a€ Ao+ A
wg €Ay ayea;
(© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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define quasi-norms in AgNA; and A+ Ay, respectively. There are different approaches to construct interpolation
spaces. In this work we use the real method based on the K -functional introduced by Peetre. This functional is
defined by

K(t,a) = K(t,a, Ay, Ay) == inf (llao| Aol + tllar]A1])). 5.1

a=ag+ay
ag€Ag, a] €Ay

Forallt > 0, K(t,-, Ay, A1) is an equivalent quasi-norm in the space Ay + A;.

In the next definition we consider a function in B. We recall that this class of functions was introduced in
Definition 3.7(ii).

Definition 5.1 Let {4, A, } be an interpolation couple. Let v € B and let 0 < ¢ < oco. We define the
corresponding interpolation space with function parameter by

> dt\ '
<A0,A1>w,q:—{aer+A1:||a|<Ao,A1>w,q||—</ () K0, A A ) <oo},

0

with the usual modification if ¢ is not finite.

By [28, p. 194, Theorem 13], complemented by [13, p. 166, Theorem 5.3 and Remark 5.4] and [3, p. 205,
Proposition 7], Besov spaces of generalised smoothness can be obtained by interpolation of classic Besov spaces
with a convenient function parameter. This result is formally stated in the next theorem.

Theorem 5.2 Let o be an admissible sequence and let ¢ € B,. Let 0 < p < oo and let 0 < qy, q1,q < oo.
Let sy, 81 € Rsatisfy s1 < s(0) <5(0) < s¢ and let y be given by

50
tso—s1

¢(t5‘0*51 )
Then
(Byg) (R"), By (RY) = By, (R"). (53)

Remark 5.3 Usually the results related to interpolation with a function parameter are stated in terms of func-
tions in class B, i.e., given ¢ € B,

(BU1)(R"). BY)(RY), = BJ,(RY), s <5(6) < 5(&) < s0. (5.4)
where 3 = (¢(27));, and for p, p;, ¢, g;, i = 0,1, as in Theorem 5.2 and 7y as in (5.2). We state the results in terms
of admissible sequences, o. This formulation follows immediately from the classic one in (5.4), if one considers
a function in B, (we refer to Definition 3.11) and applies Proposition 3.13.

5.2 Pointwise multipliers for Besov spaces of generalised smoothness

This subsection is devoted to multiplication properties of Besov spaces of generalised smoothness on R", first, and
then on domains. If g is a function on R" (respectively {2) we study whether f — ¢ f (pointwise multiplication)
yields a bounded linear mapping from Besov spaces of generalised smoothness on R" (respectively €2) into
themselves. For the study of these properties in the case of Besov spaces with classical smoothness we refer
to [34], in particular to Section 2.8 for spaces on R" and to Section 3.3.2 in the case of spaces on domains.
In Section 2.8 Triebel describes in particular what is meant by g f (pointwise multiplication) when both g and
f denote tempered distributions. It is also remarked that for ¢ € S(R") the meaning of gf according to this
interpretation coincides with the usual one. In the present work we shall only consider ¢ € S(R") and so g f
has the usual meaning. We study pointwise multipliers for Besov spaces of generalised smoothness applying an
important tool in the theory of function spaces: interpolation.

The next theorem is based on [34, p. 140, Theorem 2.8.2(i)]. In [34] the pointwise multipliers were considered
in spaces Béﬁ?m, for p satisfying convenient conditions. In this work we content ourselves with the smaller class,

S(R™), and we recall that this space is even continuously embedded in the spaces B[(,q; (R™), forall 0 < p,q < 00
and s € R.
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Theorem 5.4 Let o be an admissible sequence, let 0 < p,q < oo and let p satisfy

p > max {s(a), % - s(a)}. (5.5)

Then any g € S(R") is a multiplier for By (R"), i.e., f +— gf yields a bounded linear mapping from B,  (R")
into itself and there is a positive constant c such that

|9f1BS.,(R™)|| < c|lgIBL) o R™)|| - || £1Bg., (R™)]], (5.6)

forallg € S(R") and all f € By ,(R").
Remark 5.5 For a proof of Theorem 5.4 we refer to [25]. The idea is to apply both the corresponding result
for classic Besov spaces (cf. [34, Section 2.8]) and Theorem 5.2.

A corresponding result for Besov spaces of generalised smoothness on domains follows immediately from
Definition 4.8(i) and Theorem 5.4.

Corollary 5.6 Let 2 be a domain in R". Let o be an admissible sequence, let 0 < p,q < co and let p satisfy
(5.5). Then any g € D(Q) is a multiplier for Bg,q(Q), i.e, f — gf yields a bounded linear mapping from
By () into itself and there is a positive constant ¢ such that

l9f1B;., ()] < ¢llgal BL o (R")] - [|£1B;.4(2)]

forall g € D(Q) and all f € BJ ,(R"), where we are writing gq to denote the extension by zero of the
function g.

) 5.7

5.3 A universal extension operator

In this subsection we state the existence of a universal extension operator acting from Besov spaces of generalised
smoothness on bounded Lipschitz domains to corresponding spaces on R™. We also present the main ideas of the
proof. First we introduce some definitions and fix some notation.

Definition 5.7

(i) We say that a domain Q2 C R”, n > 2, is a special Lipschitz domain if there is a Lipschitz function
w : R*~! — R such that

Q={z=(2,2,) ER" : z, >w()}. (5.8)

(i) We say that a domain 2 C R", n > 2, is a bounded Lipschitz domain if it is a bounded domain whose

boundary 952 can be covered by a finite number of open balls B;, j = 1, ..., J, centered at points of OS2,
such that

BiNnQ=B;NQ;, j=1,...,J (5.9)

where (); are rotations of suitable special Lipschitz domains.

(iii)) A bounded Lipschitz domain in the real line R is the interior of a finite union of disjoint bounded closed
intervals.

Notation 5.8 In what follows if we assume that €2 is a special Lipschitz domain in R” then we will denote by
w the Lipschitz function referred in Definition 5.7(i), particularly (5.8). We will denote by A a positive constant
such that

w(a') —w(y)| <Al —y/|, 2y eR"
Moreover we shall write K 4 to denote the cone

Ky:={(2,z,) €R" : 2| < A, },
which satisfies the property

r+ K4 CQ, z€q. (5.10)
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Notation 5.9
(i) In this section, for f € S(R") and 0 < ¢ < 1, if nothing additionally is said, f; denotes the function
defined by

filz)=t""f(t'x), z€R".
(ii) For any g : 2 — R we denote by gq its extension by zero from (2 to all R".

Definition 5.10 Let 7' € S'(R") and let f € S(R™). We define f * T by

(f+T,0) = (T, f(=)*¥), ¢eSR").

Remark 5.11 For this definition we refer, for example, to [22, Tome II, p. 18], where it is mentioned that
f = T belongs to S8’'(R™). Applying a collection of results which can be found in [22], namely the fact that
D(R"™) is dense in S(R™), a Fubini-type property for tensor products of distributions and a characterisation for
the convolution of distributions with functions in D(IR™), one can prove that f * T is a function, in the sense that
it corresponds to a regular distribution given by the function defined by

Y(z) = (T, f(x —")), zeR".
Definition 5.12 Let ¢y, ¢ € S(R") and let r > 0. Let g € S’(R™). We define

) 00 * g(y))|
9)r(x) := sup ——————-5, = €R",
(©59)r (x) yern (1+ |z —y|)

and, for j € N,

(055 9)r(x) := sup P21 *9(y)l

.—" xeRn’
yerr (14 27|z —yl)

where in ¢, —; we are following Notation 5.9. Additionally, consider an admissible sequence o and 0 < p, ¢ < co.
We define

1/q
lo1B, @[5 = ooll(@ia)e L&) + | 3 otlless o)Ly R
j=1
and
- 1/q
lg1Bg, R = oullgo * glLy R + | Y 0 lga-s * gL, ®M] | 5.11)
j=1

with the usual modification if ¢ = oc.
Definition 5.13 Let {2 be a special Lipschitz domain in R". For v € D(—K4) and f € D'(2) we define

v f@) = (f,ir(z =), zeq

Remark 5.14 By (5.10), Definition 5.13 makes sense. In what follows we need to guarantee that the convolu-
tion presented in Definition 5.13 is associative, namely

(yxm)* flz) =7 = f)x), v,neD(=Ka), zel
This is a consequence of the equality
v flx) =yxg(x), vE€D(-Ks), z€9,

which holds for all f € D’(2) such that there is g € S’'(R") with g|qo = f. Actually, this will be the case in what
follows.
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Theorem 5.15 Let §2 be a special Lipschitz domain in R", n > 2.
(i) There exist four functions 1y, 1, 0o and 0 in S(R") supported in —K 4 such that

/x”n(w) dr = /x”@(x) dr =0, forall oecNy",
and

f=00xmxf+Y Oy xm xf in D(Q) (5.12)
j=1
forall f € D'(Q).
(i) Let f belong to the restriction of S'(R") to Q and

Ef =00 (o * fa +Z92ﬂ * (na-i * fa. (5.13)

Jj=1

Then, for any admissible sequence o and 0 < p,q < 0o, & is a linear bounded extension operator from
By () into the corresponding space on R".

Remark 5.16 The result stated in (i) was proved by Rychkov in [32, pp. 253-255]. In this work Rychkov also
proved (ii) for classic Besov spaces, i.e., using admissible sequences o = (s), s € R. In the proof for general
Besov spaces one uses the construction obtained by Rychkov and applies characterisations of these function
spaces proved by Farkas and Leopold in [17]. For a detailed description of the proof we refer to [25]. Here we
just present the main ideas:

(1) By [17, Theorem 4.3.4 and Remark 4.3.5, p. 36, and Lemma 4.4.5, pp. 50-51] for all > n/p, there exist

two convenient functions ko, k& € S(R") such that

lo1Bg, R, ~ ||glBg, ®")|| ~ |lg1Bs,, R, g€S®).

(2) One can prove that for the functions 7, 79 in Theorem 5.15, for conveniently chosen ko, k& € S(R™) and
for sufficiently large r,

lolBg, &\ <ellglBs,®D\, . g€ SR,

no,1,7 =

(3) For f € D'(Q2), let

* £\ |TIO *f(y)| n

o f)y (x) ==sup —————, z€R",
(0 ) () y652(1+|x_y|)r
(-1 D) = sup L TWL g,

yeo (1+27 |z —y|)r”

for j € N, and

1/q
oo

= oo || (s AL Ly ()] + | D o[- HEIL ()]
j=1

17187, (]

10,1,7
It can be proved that, if f € By (©2) and g € By ,(R"), with glo = f, then

1185, @, .. < llglBg, @&

n0,1,7"

(4) Applying [9, p. 224. Lemma 2.1(ii)], [17, p. 36, Theorem 4.3.4 and Remark 4.3.5] and the properties of
special Lipschitz domains, one proves that the expression in (5.13) converges in S’ (R™) and, moreover,

o ny1(2) e
1€ 1B, @D, S 1F1BS, @, .
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(5) By Steps 14, one concludes that
1€ 1185, ®™)|| < [|£1B7,, (D]

By the conditions on the supports of the functions 6, and 6 one concludes that (& )| = f.

Theorem 5.17 Let Q2 be a bounded Lipschitz domain in R", n > 2. There is a universal extension operator,
i.e., there is an extension operator & such that, for all admissible sequences o and 0 < p,q < 0,

&:BS,(Q) — BY,(R").

Remark 5.18 A complete proof can be found in [25]. The extension operator is obtained as follows. Let J, B;
and (};,7 = 1,...,J be as in Definition 5.7 (ii). For simplicity assume that the §2;’s are special Lipschitz domains
(without the need to consider rotations). By Theorem 5.15, for every j = 1, ..., J, there is a universal extension
operator, which will be denoted by &;, acting from Besov spaces on €; into the corresponding Besov spaces
on R"™.

One considers a partition of the unity on € constituted by ¢ € D(Q2) and ¢; € D(B;),j=1,...,J.Letd >0
be such that the closure of the neighborhood (supp ¢)s , of radius J, of supp ¢ is a subset of 2. Analogously, for
every j = 1,...,.J let §; > 0 be such that the closure of the neighborhood (supp ¢;)s; of supp ¢; is a subset of

B;. Fix auxiliary smooth functions ¢ and 1);, j,= 1, ..., J, which satisfy
P(x)=1 if xzesuppp and ;(x) =0 if x ¢ (suppo)s (5.14)
and
Yi(z) =1 if x€suppg; and ;(x)=0 if = ¢ (suppo;)s,. (5.15)
Let f € By ,(€2). For j =1,...,.J, one considers the auxiliary distributions:
(f7.0) = (f.¢59), © D). (5.16)

Applying Theorem 5.4 one concludes that f/ € By, (€2;) and so one defines

J
Ef = (fP)a+ > _bi(&F), (5.17)

j=1
where (f¢)q is given by

By Definition 4.8(i) and applying Theorems 5.15 and 5.4, one finally shows that

&f e B, (R"), ||EfIB] (R < [|£1B] () and (Ef)la = f.

5.4 The Laplacian

In this subsection €2 denotes a bounded C'*° domain in R". For the definition of bounded C°° domain we refer
to [34, 3.2.1, p. 191], for example.
As usual

n
82

—A=— a5

— Oz

j=1 "
is the Laplacian in 2.

We use the notation Dirichlet Laplacian always with the understanding that the vanishing boundary data at
0N are incorporated in the definition of the domain of —A in the function spaces considered, as we shall see in
what follows.
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In this subsection the Dirichlet Laplacian acting in Besov spaces of generalised smoothness on bounded
smooth domains is studied. It is well-known that if 2 is a bounded C'*® domain in R" and

1
1<p<o0, 1<g<0 and s> —, (5.18)
b
then —A maps
{g € BZ(JSC;(Q) :troq g =0}  isomorphically onto BZ(,éq_Q)(Q) (5.19)

This result can be found in [39, p. 255] where the following references are given: [37, Remark 1, 5.7.1], [34, 4.3.3,
4.3.4] and [31, 3.5.2, p. 130]. In this subsection this result is extended to spaces of generalised smoothness
applying interpolation with function parameter. For this purpose it is convenient to prove that (5.3) holds if one
considers Besov spaces on some class of domains, instead of R". For that the extension operator referred in
Theorem 5.17 will be applied. In [41, p. 69, Theorem 1.110] this extension operator was used to get interpolation
results for function spaces on Lipschitz domains from corresponding results on R", for the real interpolation
method for quasi-Banach spaces and the classical complex interpolation method for Banach spaces, always in the
context of classic Besov spaces. For real interpolation with a function parameter the result can be obtained by the
same method.

Proposition 5.19 Let Q2 be a bounded Lipschitz domain in R". Let o be an admissible sequence, let 0 < p <
oo and let 0 < qo,q1,q < 00. Let sy, 81 € Rsatisfy s1 < s(0) <3(0) < 89 and let v be given by (5.2). Then

(B (), By ()., = By, ().
Proof. Let us temporarily use the following notation:
A;=By)(R") and B; =B{%)(Q), i=0,1.
Then
Ap C Ay CcS'(R") and By C By C D'(Q).

Let us denote by Z the restriction to D’()) and by & the extension operator referred in Theorem 5.17. As Z& is
the identity operator in B;, id, , then Z is a retraction in L(A;, B;) and & is a coretraction belonging to %Z. We
say that B; is a retract of A;.

Applying Definition 3.9 and Proposition 3.13, one can verify that, under the conditions considered,
0 < S(y) < S(vy) < 1. So one can apply Theorem 2.2.6 and Remark 2.2.7 in [2, pp. 20-21] to conclude
that (By, By )4 is a retract of (A, Ay ), , (with “the same mappings” Z# and &) and

1F1(Bos Bi)yqll ~ 1€ fI(Aos Ar)y gl f € (Bo, Bi)y g
Let f € (B, Bl)%q. Then, by the above mentioned results,
Ef € (Ay, A1)y = By ,(R") and |[Ef]B] ,(R")[| ~ [ f|(Bo, Br)s.ll-
Using the fact that (By, B1), 4 is a retract of (Ag, A1), 4 and Definition 4.8, we conclude that
f=26f€B],(Q) and |[|f1B],(Q)| < If1(Bo, B1)q.qll.
We prove now the reverse inclusion. Let f € By ,(€2). Then, by Theorem 5.17,
&feBy,(R") and |[|&f|By,R")| < | f1Bg, Q)] (5.20)
Again by [2, p. 20, Theorem 2.2.6] one concludes that f = Z& f € (By, B1)-,4 and
1£1(Bo, B1).qll S 1€ f1(Ao, A1)y 4l
and so, by (5.20), we conclude. O
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Proposition 5.20 Let Q) be a bounded C'*° domain in let R, let 0 < p < oo and let 0 < g < co. Let o be an
admissible sequence and let sy, s1 € R be such that

% + max (0, (n—1) C) - 1)) <51 <s(0) <5(0) < s

and let v be given by (5.2). Then
({f < Bpggo ) troq f = 0}’ {f € Bl(hst}l)(Q) Ptroq f = O})",,q
={feB],(Q):trpq f =0}. (5.21)

Proof. Let us temporarily use the following notation

A; = B)(Q), Bi={f€A trgo f=0}, i=0,1, and

Pyqi
B {fGA()-FAthI'an:O}.

To prove this result we will use the fact that B is the range of a projection in Ay + A;. We recall that we say
that @ is a projection in a subspace, A, of a quasi-Banach space if it is a linear operator acting in A such that
Q? = Qin A. As s; < s one can prove, applying Proposition 4.5, that Ay + A; = A; (equivalent quasi-norms).
Therefore

B={f¢c A :trpq = 0}.

S| — 17
By [34, p. 200, Theorem 3.3.3] the operator R f := trpq f is a retraction from B]()Sl ) () onto B, , " (9N). For
the definition of these spaces on 92 , which will not be applied dlrectly in this proof, we refer to [34, p. 192,

3.2.2]. Then R is a contlnuous linear map from Bp (Q) onto Bp ¢ " (09) and there ex1sts a continuous linear
map, say G, from B, o (09) into Bp7q (€2) such that RG = E is the identity in B, o (092). Let

P=GR and Q=1I1-P,

where T stands for the identity operator in BY’}) (€2). Both P and Q are projections in BY"}’ (), i.e., P = P and
Q? = Q. Moreover

QBUI(Q) = {f € B (Q) : trpq f =0} = B. (5.22)

So let us prove (5.21). The inclusion “C” is immediate since B; C A;, i = 0,1. Let us prove the
reverse inclusion. Let f € Bj (€2) be such that trpo f = 0. By Proposition 5.19, f € (A, A1), and
1£1(Ag, A1)y qll S || £1BS., ()] Using the equality Ag + A1 = A one concludes that f € By + B. Let
us prove that

[ £1(Bo, B1)y.qll S 11f1(Aos A1)y 4l
proving that there is ¢ > 0 such that, for all ¢t > 0,
K(tafaA()vAl)SCK(tmvamBl)a (523)

where K is asin (5.1). Let a; € A; be such that f = ag + a;. As f € B then it follows from (5.22) that Q f = f.
Let us consider b; = Qa;, i = 0, 1. Hence

bo+b =Qap+a1)=Qf = f and |b|Bi|| < ||laiAs], i=0,1,

which implies that (5.23) is satisfied, concluding the proof. O
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Theorem 5.21 Let Q) be a bounded C*>° domain in R", let
1<p<oo, 1<qg<0

and let o be an admissible sequence such that

Then —A maps
{g € By () :trag g = 0} isomorphically onto B;’(q*?)(Q),
where, according to the notation introduced in 3.1-3.3, 0(—2) = (0;,27%7) jen, -

Proof. Let ¢ € B,. Let sy, s1 € R be such that
1 _
— <51 <s(o) <35(0) < s
D

and let 7y be as in (5.2). Then, by Proposition 5.20, (5.21) holds. The function given by ¢ (t) = t~24(t) belongs
to B, (_2). Moreover,

51 —2< (o) —2=35(0(-2)) <35(c(-2)) =3(0) =2 < 59 — 2

and for all ¢ > 0

sg—2

Y T )
’Y(t) = ﬁ
¢t (so—2)—(s1—2)
So, by Proposition 5.19,
(B{ =2 (), Bl —2) ©),, = By~ (Q). (5.24)

By (5.18)—(5.19), for i = 0,1, —A maps
{9 € B (Q) :trgo g =0} isomorphically onto B{* =2 (Q), (5.25)

therefore, using the interpolation property, the result follows from (5.21), (5.24) and (5.25). ]

6 Fractal h-sets and traces
In this section h-sets are defined and some of their properties are presented. Besov spaces of generalised smooth-

ness on h-sets and some operators connected with them are given.

6.1 h-sets

In the designation h-set, the h denotes a function, which shall be in a convenient class of functions.

Definition 6.1 Let H denote the class of all continuous monotone increasing functions 4 : (0, 00) — (0, 00)
such that 2(0") = 0. We refer to H as the set of all gauge functions.

Notation 6.2 In what follows, for h € H, we denote by h the sequence

hi=(h(277))jen,- (6.1)
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Definition 6.3 Let 2 € H and I" be a nonempty compact set of R"”. We say that I" is an h-set if there exists a
finite Radon measure g such that

supppu =T’
and
w(B(y,7)) ~h(r), 0<r<1, ~el.

Then we say that h is a measure function (in R™) and that 4 is an h-measure (related to T).

Remark 6.4 The h-measures are also designated by isotropic measures (cf. [41, p. 95]).
If the function h is given by

h(r) =r%p(r), 0<r<1,
where 0 < d < nand ¢ : (0,1] — R* is a monotone function such that
P(277) ~p(27%), forall j €N,

then we say that I is a (d, ¢)-set. If, additionally, ¢ ~ 1 then we say that I is a d-set. Therefore the class of h-sets
is a generalisation of the class of (d, 1)-sets, which is itself a generalisation of d-sets. There are many authors
studying these classes of fractal sets, both in fractal geometry and in the theory of function spaces. In the case of
d-sets we refer to [21], [26] and [38] for example. For (d, 1)-sets we refer to [15], [29] and [30]. As far as h-sets
are concerned we refer to [7], [8], [20] and [23].

Some well-known self-similar fractals are examples of d-sets, namely the Cantor set in R! is a d-set for
d = log 2/ log 3 and the von Koch curve in R? is a d-set for d = log 4/ log 3.

Shifting from d-sets and (d, 1)-sets to h-sets it is often convenient to find appropriate numbers to play the role
of the number d. In our results we usually consider the lower and upper Boyd indices of the sequence £ given in
(6.1). Next we present some other indices, considered namely in [7].

Definition 6.5 Let h € H. We define the upper and the lower orders of h, respectively, by
logh log h
w(h) = limsup log h(r) and w(h) = liminf 28
r—o0  logr r—0  logr
The results in the next proposition were proved in [5].

Proposition 6.6 Let h € H and n € N. Consider an h-set I" and i an h-measure (related to T").
Then

(1) The measure p is equivalent to 'H#, where H? is the restriction of the Hausdorff measure H" in R" to T

(ii) The Hausdorff dimension of 1 coincides with the lower order of h, w(h).

Remark 6.7 The property in (i) was proved in [5, p. 22, Theorem 1.7.6] and the property (ii) in
[5, p. 29, Theorem 1.8.2].

We now present a definition about a geometric property of sets. It is useful when working with traces on Besov
spaces on R".

Definition 6.8 A nonempty Borel set I' satisfies the ball condition (or porosity condition) if there exists a
number 0 < 7 < 1 with the following property:
for any ball B(y,r) withy € T and 0 < r < 1 there is a ball B(x,nr) centred at z € R" such that

B(x,nr) C B(y,r) and B(x,nr)NT = 0.

The next proposition can be found in [10] and follows from [39, pp. 139-140, Proposition 9.18] and the
properties of Boyd indices, namely (3.3).

Proposition 6.9 Let I' C R” be an h-set and let h be the sequence given in (6.1). Then U satisfies the ball
condition if, and only if,

s(h) > —n. 6.2)

Remark 6.10 If h(r) = 7, r > 0, then (6.2) is equivalent to d < n.
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6.2 Traces and Besov spaces on h-sets

In this section we define the operator trace and we apply it to define Besov spaces of generalised smoothness on
h-sets.

Let 41 be an h-measure in R” according to Definition 6.3. For 0 < p < oo, L, (T, u) (or simply L, (")) denotes
the usual complex quasi-Banach space (Banach if p > 1) with respect to the related measure p, quasi-normed by

Il = | If(v)l”du(v)>l/p,

with the usual modification if p = oo.

Definition 6.11 Let I" be an h-set and let us fix an admissible sequence o. Let 0 < p,q < oo. Suppose that
there exists a positive constant ¢ such that

lele 1L, < el B ,RM)]|, ¢ € SR). (6.3)

Let us consider f € By (R"). As S(R") is dense in By  (R"), there is a sequence {¢; }jen, C S(R") such
that

w; — f, as j—o0, in Bg‘q(]R”).

By (6.3) the sequence {¢;|r };en, converges in L, (I') to an element which we call trace of f and we denote by
trr f

The results stated in the next proposition were proved in [8].

Proposition 6.12 Let h € H and let " be an h-set in R". Let 0 < p < oo. Recall that

Pl F — —j\l/ponj/p
h¥ (n) (R(277)1/P2 )j.
(i) Let 0 < ¢ < min(1,p). Then there exists
1 1
trp « BE M7 (R™) — L, ().
If, additionally, T satisfies the ball condition, then
trp B (W7 (R") = L, (T).
(ii) Let 0 < g < oo and let o be an admissible sequence with s(o) > 0. Then there exists
1 1
trp :BZZP (n)r (R") N LP(F),
where ohr (n)r = (o;h(279)1/P2ni/r),.

Remark 6.13 Assertion (i) was stated and proved in [8, pp. 47—49, Theorem 5.9] where it was proved that
(6.3) holds for the spaces in (i). Assertion (ii) follows from (i) and from the following inclusion

1 1 1 1
oh? (n)? n hv (n)? n
Bgh 0T (RY) < B (R,

p,min(

which follows from Proposition 4.5. Proposition 6.12 can be extended to p = oo, because if p = oo and s(c) > 0
then, by Proposition 4.5 and by [31, p. 32, Theorem 1],

BL,(R") = B, (R") — C(R"),
where C(R™) is the space of all bounded and uniformly continuous functions in R”, normed in the usual way, the
trace of f € BZ, ,(IR") being then defined as the pointwise restriction.

6.3 An identification operator

Next we present an operator which identifies an element of L, (I"), where I' is an h-set in R” and 1 < p < oo,
with a tempered distribution. We collect some results on this operator, proved by Bricchi, and we relate it with
the trace operator treated previously.
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Definition 6.14 Let 1 < p < oo and let I" be an h-set in R”. We define
id": L,(T) — S'(R") (6.4)
by

(id" f.¢ /f )elr)(Mdu(y), ¢ € SR™). (6.5)

Definition 6.15 Let I" be a compact set in R”, let o be an admissible sequence and let 0 < p,q < co. Then
we define

By (R") :={f € By ,(R") : {f,¢) = 0if p € SR"), |p = 0}.

The following result was proved in [8, p. 44, Theorem 5.4].
Proposition 6.16 Let I' be an h-set in R", let 1 < p < oo and let p’' denote the conjugate exponent of p.
Recall thath™ " (n) »" = (h(2_j)7172775)j. Then

. _ 1
7 o7

id" : L,(T) — B 2 7 T(Re). (6.6)

If, additionally, 1 < p < oo and I satisfies the ball condition, then
-5 =
id" L,(T) =B . " TR,
The next result follows immediately from Propositions 6.12 and 6.16.
Proposition 6.17 Let T be an h-set in R", let 1 < p < oo and let p’ denote the conjugate exponent of p. Let

trl :=id' o trp .

Then

1

_ 1
7

11
tr! B]]:’pl(”)p (R") — BI’)’ (n) 7 (R™),

p/
,00
where h is as in (6.1).

Letg € (L,(T"))" and let 1 < p < oo. There is a uniquely determined g* € L, (T") such that

9. f) = / f(g" () du(y), forall f € Ly(T), 6.7)
where

lg1(Lp @) = llg"[ Ly (D). (6.8)
This will be applied in the next proposition.
Proposition 6.18 Let ' be an h-set in R, let 1 < p < 0o, 0 < q < 0o and let o be an admissible sequence

such that

s(0) > %(n +3()). 69)
Then

trf, = id", (6.10)

where id" is considered acting in Ly, (T'), tr}. denotes the dual operator of

trr @ By ,(R") — L,(T) (6.11)
and where by (6.10) we mean

(trf g,v) = (d" g*,0), we By ,(R") (6.12)
forg e (L,(T)) and g* € L,/ (T) according to (6.7)—(6.8),
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Proof. It follows from (6.9), (4.2) and Proposition 6.12 that (6.11) makes sense. Therefore for the dual
operator, tr}., we have

trp (L, (1) — (B, (R"))".

By the definition of dual operator and (6.7), for all v € By  (R"),

(trr g, v) = (g, trr v) = / (trr v)(7)g™ () du()-

r

If ¢ € S(R™), then

(trT g, ) /F or)( v)du(vy) = (d" g%, p).
Letv € By ,(R") and (¢;)jen, C S(R") be such that
v —¢;|B] ,(R")[| =0 when j — oc.
Then
[{trr g,v — ;)] = [{g, trr v = @;[0)| < [lg/(Ly (T))']] - || trr v — 05[r ] Lp (D). (6.13)

As ||g|(L,(I"))’| is finite, it follows from the definition of trace that the expression in (6.13) converges to 0 when
j — oo. Hence

(trf g,v) = lim (615 g,0)) = lim (id" g, ;) = (id" ¢", ). (6.14)

We justify the last equality in (6.14): as g* € L, (I"), then, by Proposition 6.16 and Theorem 4.11,

_1

_1 1 1 4
p(n) P n hp (n)Pp n o ny)/
id" g e Bl [T (RY) = (B " (R )) c (B, (RM)".

p,1
Hence

(id" g%, v — ;)| < ||id" ¢

( (Rn)) H H ‘P/|  (R") H — 0 when j — oo,
concluding the proof. -

Remark 6.19 Let ' C R” be an h-set satisfying the ball condition. Let €2 be a bounded smooth domain in R”
such that I' C . Consider 0 < p, ¢ < oc and an admissible sequence o such that s(o) > 0. Let f € By  (£2) and
g,u € B (]R”) be such that g|qg = u|q = f. If for all such ¢ and w one has trr g = trr u, then one can consider
trr f = trp g, i.e., we can consider the operator trace acting in Besov spaces on €. Let (¢;);, (¢;); C S(R")
converge in By  (R") to g and u, respectively. Let x be a smooth function such that x (x) = 1 in a neighborhood
of I' and supp x C €. By Theorem 5.4, xg and xu are also elements of B, | (R™) and the sequences (x¢;); and
(xt;); converge in By (R") to xg and xu, respectively. By Definition 6.1'1,

trr(xg) =trrg and  trp(xu) = trr w.
So one just needs to prove that yg = xu. Let ¢ € S(R"). Then
(xg, ) = (9, x) = (f. x0) = (u, x9) = (xW, ¥).
So
trr By ,(Q2) = trr By (R")

and all the results stated for the trace operator acting in Besov spaces on R” remain valid if one replaces R" by
Q. Analogously for the results on the operators id" and '
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7 The operator B

Let ©2 be a bounded C°° domain in R™ and let I" be an h-set such that I" C ). We define
B:=(-A)"'otr, (7.1)

where (—A)~! denotes the inverse of the Dirichlet Laplacian presented in Section 5. In this section we study the
operator B acting on Besov spaces of generalised smoothness on ).
By Proposition 6.17, Remark 6.19 and Theorem 5.21, if

1<p<oo and n-—2< —3(h),
then

1 1 _ 1
7

L Iy -
BB (@)~ B T (@)

where h is as in (6.1).
The following proposition extends part of the results in [30, p. 123, Lemma 4.1.4].

Proposition 7.1 Let h € H be a strictly increasing function. Let € be a bounded C*° domain in R" and let T
be an h-set such that T" C Q and

(n—2); < —35(h) < —s(h) <n. (7.2)
Let
1<p<oo, 0<g<0

and let o be an admissible sequence such that

n+50) <s(o)<3(0)<2— L?(h) (7.3)
p p
Then, the operator
B:=(-A)"totrh
is compact in By , (Q2). Moreover, if u is an eigenfunction associated to an eigenvalue p of B, p # 0, then
we BT (@) (7.4)
Recall that (2)h™ /¥ (n)=1/?" = (220 p(2-7)=1/p"g=ni/v"),.
Remark 7.2 As we are assuming that —S(k) > n — 2, then
o n—i—%(h) — 9 (n+3(0) + n+3(h) - n+3(h)
b p p
and so condition (7.3) makes sense.
Proof. We prove that B is a compact operator acting in By , (). We factorize B as follows
B =id; o(—A)"! oid" otrp oids oidy oidy,
where, for sp, s1 € ((n+3(h))/p, s(0)), with sg > s,
id : BY,(Q) — B (9Q), (1.5)
idy : B9 (Q) — B (Q), (7.6)
idy : Bi)(Q) — BET(), (1.7)
trp = BETT(Q) - L (D), (7.8)
id” : L,(0) — B (@), (7.9)
(—A)t BT ) s @ gy (7.10)
id, « BEF 070y < B (), (7.11)
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The embeddings (7.5) and (7.7) can be justified by Proposition 4.5 and the property in (3.3). Applying
[41, p. 67, Theorem 1.107], as sy > s, one concludes that the embedding in (7.6) is compact. The continu-
ity of the mapping in (7.8) follows from Proposition 6.12. The expressions in (7.9) and (7.10) are justified by
Proposition 6.16 and Theorem 5.21, respectively.

Finally, (7.11) follows from Proposition 4.5 and Remark 4.10 making use of (7.3).

From the previous factorization of B, (7.4) follows immediately. ]

Remark 7.3 Let Q2 be a bounded C'*° domain in R" and let I" be an h-set such that I' C 2 and

(n—2); < —=3(h) < —s(h) <n.

Then taking p = ¢ = 2 and 0 = (1), the conditions of Proposition 7.1 are satisfied. Hence, B is a compact opera-
torin H' (Q2). Now let 1 < p < oo. Although the sequence o = (2)h /7" (n)~1/#" = (220 p(277)~1/»'2=ni/v"),
does not necessarily satisfy (7.3), one can conclude, from the proof of Proposition 7.1, that the operator B is com-

—1/p" (py—1/p’
pactin B2 () (92), considering the factorization

B = (—A)_1 oid' otrp oids oids 0id; oidy,

where the operators involved are as in (7.5)—(7.11).

8 The operator B in H' ()

In this section we consider the operator B acting in H* (€2). We refer to Definition 4.8(ii) and Remarks 4.4 and
4.9. We prove that B acting in this space is self-adjoint, nonnegative, compact and generated by a sesquilinear
form. We deal with the asymptotic distribution of the eigenvalues of B and present some results on the associated
eigenfunctions.

Definition 8.1 Let Q2 be a domain in R". We define, for f,g € H* (Q),
d 8.1
( Z / 8.73] a'Tj ) x? ( )

where 2 907 I and df denote, for j € {1,...,n}, the weak derivatives of first order of f and g, respectively.

The followmg result follows from Frledrlch s inequality (cf. [35, p. 357], for example) and it can be found
in [38, p. 195].

Proposition 8.2 Let Q) be a bounded domain in R". For all f € H* Q)

IAHY I~ (f ) o)

Remark 8.3 In what follows, for technical reasons, in the space H! (€2) we will not consider the norm inher-
ited from H' (), but the equivalent norm given by

IAE @I = /(D ) = . f e H'Y(Q), (8.2)

&CJ

which is justified by Proposition 8.2.

In the proof of the following theorem we will apply the notion of approximation numbers of an operator. We
recall the definition.
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Definition 8.4 Let X and Y be normed vector spaces. Given L € L(X,Y), rank L denotes the dimension of
the range of L. Let T € L(X,Y') and k € N. The kth approximation number, ay,(T), of T is defined by

ax(T) == inf{|T = L|| : L € L(X,Y) and rank L < k}.

In the following proof we will also apply the next result.

Proposition 8.5 Let ) be a bounded C*>° domain in R", n > 2. There is a function G,

G:QOxQ—R,

usually called Green’s function, such that

() forall z° € Qand e > 0,
G2, ) € (@ BT, )
(i) forall z,y € Q, withx #y, G(z,y) = Gy, z);
(i) ifn >3
0<Gz,y) Sle—yf™", zyeQ, z#y,
and, ifn = 2,
0<G(z,y) Smaxln|z—z| —In|z—y|, z,ye, z#uy;
2€00

(iv) G(z,y) =0, forall x € OQ and y € ;
(v) forall p € D(Q),

(—A)tp(x) = i G(z,y)p(y) dy, x €. (8.3)

Therefore, for all f € H=1(Q),

(—A)7f=lim [ G(,ye;(y)dy in H'(Q),

j—oo Jo
where

(pi)jen, CD(Q) with f= lim ¢; in H ' (Q). (8.4)
J—00

Remark 8.6 In (8.4) we used the fact that D(€2) is dense in H~'(£2), which can be justified as follows: the
restriction of S(R") to Q is dense in H~'(£2). Any function in the restriction of S(R") to {2 can be approximated
in Ly (£2) by functions belonging to D(£2). But this is also an approximation in H ~*(2).

For the results in the previous proposition we refer to [19, pp. 160-163, 273], [39, p. 299].

In connection with the Green’s function we also refer to [1, pp. 10-13], [35, pp. 145, 194-196],
[39, pp. 243-244] and [41, p. 301].

The next theorem extends the results in [39, Theorem 19.7] and [16, Theorem 2.28]. We also refer to
[30, Theorem 4.1.7].
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Theorem 8.7 Let h € H be a strictly increasing function. Let §2 be a bounded C'*° domain in R", n > 2, and
let T" be an h-set such that T' C ) and

n—2< —3(h) < —s(h) <n. (8.5)
Then B is a nonnegative compact self-adjoint operator in H! () with null-space
N(B) = {f € H'(Q) : trp f = 0}. (8.6)

Moreover, B is generated by the sesquilinear form
(BL9i ) = [ (60 DO ) dla). - fg € H'(), 8.7)
with (8.1) as the scalar product in H! (Q). Furthermore, B is given by

zw=£mwmmmwwmvfe#mx 8.8)

where G is the Green’s function referred in Proposition 8.5.
Let py, denote the positive eigenvalues of B repeated according to multiplicity and ordered by decreasing order
of their magnitude, and let uy, denote related eigenfunctions,

Buy = prug, keN.
(i) The largest eigenvalue is simple, i.e.,
pL>p2 2 P35
and, forall k € N,
pr~ kT H(ETN)?, (8.9)

where H denotes the inverse function of h.

(ii) The eigenfunctions uy, are (classical) harmonic functions in Q \ T,
Aug(x) =0 if ze€Q\T. (8.10)
(iii) Let1 < p < oo, € € R and let p’ be the conjugate exponent of p. Then
up € Blgfgég)hfl/pl(”)fl/p/ (Q) if,andonlyif, <0.
Recall that (£)(2)h™"/"" (n)=1/7" = (2¢722i p(2-3)~1/p'2=ni/v"y
(iv) The eigenfunctions ui(z) have no zeros in €
up(x) =cu(z) with c€C and wu(z)>0 if ze€.

Proof. Step I:
Let us prove that B is a compact operator acting in H* (£2). We factorize B as

B=(-A)"'oidsoid" otrr,

where
trp : H'(Q) — Ly(D), (8.11)
id" L) — BT @), (8.12)
idy BT ) o HN (@), (8.13)
(=A)"' s HH(Q) — HY(Q). (8.14)
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By [40, p. 13, Theorem 1], the operator trr in (8.11) is compact. Proposition 6.16 justifies (8.12) and the embed-
ding (8.13) follows from (4.2), because

s (B2 m)712) = —@ -3>— 2 5 =—1=3((-1).

By [39, p. 255]
H'(Q) ={f € H'(Q) : trypo f = 0}.

Therefore, applying Theorem 5.21, we obtain (8.14).
Step 2: Let us prove (8.8). Let f € H'(Q). Then, by (8.11)—(8.13), id" (trp f) belongs to H~'(Q).
Let (¢;)jen C D(Q) converge to id" (trr f) in H~'(£2). Let us consider x; € D(Q), k € N, such that

0<xr <1, xp(z)=1if xcT, and suppxr C Ty, (8.15)

where I'y /5, = {z € R" : dist(x, ") < 1/k}. Applying Corollary 5.6 one concludes that, for all k¥ € N,
i (xkt5) = X id" (trp f) in H'(Q).
By Definition 6.14 and (8.15)

Xk id" (trp f) =id" (trp ), k€N,

By Proposition 8.5, for each k£ € N,

J—00

Bf = (=A)7"id" (trp f) = lim | GExa@Ydy in H'(Q).

So, foreach k € N, there is A, C R" with |A;| = 0 and there is a subsequence of (xx%;);jen, say (X %o, (j))jeNs
such that

Bf(z) = lim [ G(z,y)xx(¥)Vs,(j)(y)dy, forall zecQ\A;. (8.16)

J—00 Q

Let A :=J;2, Ai. Then |A| = 0 and (8.16) is satisfied for all k € N and all z € Q \ A. But we remark that for
each k we may have a different subsequence (X1, (;));- As we want to obtain a representation for B f, which is
aregular distribution, we may exclude from consideration sets with Lebesgue measure equal to 0. So it is enough
to consider x € 2\ (AUT). Let us consider such z. We fix k& € N such that 2/k < min{dist(z,I"), dist(T", 9)}
and we consider 0, € D() satisfying

0<6, <1, O(y)=1 if yeTlyy, and suppbp C Ty,
Hence

Bf(z) = lim / G, )xe (W), () () dy

J—00 JQ

= lim [ G(z,9)0 (y)xr (¥) o, ;) (v) dy.

J—00 JQ

We remark that G(z,-)0, € D(f2) and that (xxv,, (j)); converges to id" (trr f) in H~'(Q) and, so, also in
D'(§2). Thus

Bf(x) = 3151010 (Xk¥o,(j), G(,)0k)
<idF (trF f)7 G(:L'a ’)01\?>
/F (trr £)(1)G (%) du()

proving (8.8).
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Step 3: Let us prove (8.7). Let f € H'(Q) and ¢ € D(2). Then

n 8Bf 8¢
(Bf,@)in ) = Z< du; ’81:,>

j=1
= (~ABf, )
= <trr f7 ¢>
= [t DO dut).

Let f,g € Hl(Q) and let (i )ien, C D(S2) converge to g in i (Q). Then

(BF.9)i o) - / (trr £)(7)(orr 9)(7) i)

< tim [ Jtw ) o= e ) du(r)
< flgglo [ trr L2 (T)|| - || trr (@ — g)| L2 (T)]]
< cltrr fIL2 (D)) fim lp — gl H' ()] = 0.

Hence, we proved (8.7) and we also conclude (8.6) and that B is a nonnegative self-adjoint operator in H! (Q).
Step 4: We prove (8.9). We can easily check that conditions n > 2 and (8.5) guarantee that [40, p. 14, Theorem
2] can be applied to conclude that the approximation numbers of the compact operator

trp : H'(Q) — Ly(T)

satisfy

n

ag(trr) ~ k" TH(ETDI"5 | keN.

By (6.10) and applying the known assertion about the relation between the approximation numbers of dual oper-
ators (cf. [14, p. 55, Proposition II, 2.5], for example),

ar(id") = ag(trp) ~ k"7 H(E™)'"%, keN.
Hence, again by the properties of the approximation numbers (cf. [14, p. 53, Proposition II, 2.2]),
asr(B) < cay(trr)ay, (id") ~ BT H(E™Y)?™, keN.

By the properties of h and as a (B) = py (cf. [14, p 91, Theorem II, 5.10]) we get to the “<” part of (8.9).
Let us prove the “2” part of (8.9). Let p;. be a positive eigenvalue of B. Then /p, is an eigenvalue for the

operator v/B. So again by [14, p. 91, Theorem II, 5.10] it is sufficient to prove that
ar(VB) 2 k" H(k™)'"%, keN. (8.17)

AsT C Q, dist(T',0Q) > 0. Let jo € N be such that 2770 < dist([, ). For all j € N, j > jy, there
is {y7m }f:f’zl C T such that the balls B(y7™,277), m = 1,...,M;, are pairwise disjoint subsets of 2 and
M; ~ (h(277))~!. The latter equivalence follows from [6, p. 26, Lemma 8.8].

Let 0 € (0,1/2) and let w be a C'*° nonnegative function such that

suppw C {z € R" : |z| <1/2} and w(z) >0, if |z|<é.
Let
W () == w2 (= A™), G >G50, m=1,...,M;,
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and
)= ¢mw (), c¢im €C, j = jo. (8.18)

Then, as supp w’™ C B(y7™,277), by (8.2) and by the properties of {~/ ’7”}

m=1>

1551 H QI = Zlcjm N (O]

By the conditions on the support of w and applying the homogeneity property (cf. [11]),

™ [ Q)] ~ [l ™ [H (R ~ 2705 |lw| H (R™)]].
Therefore
1/2
151 H ()] ~27¢ Z leiml” ] (8.19)
m=1

Forall j > jo, as {B(y?"™,277)},, are pairwise disjoint,

M,
3l / (@™ ()2 da()

Itrr £ | L2 (D))

> 3 eyl / (@™ ()2 du()
7; o TNB (7 ,62-9)
’\1
> nf wia)?- S Jegnl? - u(BG™, 6279))
- m=1

M;
h(277) Z |Cj,m *
m=1

Analogously one can obtain the reverse inequality. So
" 1/2
[tre f5|La ()| ~ 22 Y egmlP | (8.20)
m=1

Let T € L(H'(Q), H'(€2)) be such that rank 7' < M;. Then there is (¢, )1, C C such that

M;
Z cimTw™ =0, (8.21)

m=1

where there is at least one m = 1, ..., M; for which ¢; ,, # 0. Let f; be given by (8.18). By (8.19)—(8.21),

||\/E—T|| > ||\/>fJ|H1( )” h(2—1)1/22 J(l—l (8.22)
151 H (@)

Now (8.17) follows from the equivalence M; ~ (h(277))~!, j € N, and the properties of h.
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Step 5: We prove (ii). Let p; be a positive eingenvalue for the operator B and let u; be an associated eigen-
function. Hence

—1/2 (=172
pk_1 tr wy, = (=A)uy € Bg,oo (n) Q).

As supp(tr’ uy) C T then Auy = 0in D'(Q \ T). It is a well-known result of the theory of distributions that a
distributional solution of the Laplace equation is also a classic solution (cf. [37, Section 6.4.1, Lemma, p. 414]),
so (8.10) is proved.
Step 6: We prove (iii). Let us prove the “if” part. Let
n

n
1<py<p <00 and sy—— =8 — —
Po ygi

and assume that (7.3) is satisfied considering o = (s;) and p = p;, for i = 0, 1. Then

B{»)(Q) c BL ) (@) c B )(Q). (8.23)
For the first inclusion in (8.23) we refer to [34, 2.7.1, p. 129] and for the second one we refer to [30, p. 120,
Proposition 4.1.2]. Let us temporarily denote by B(p;,s;), 4,5 = 0,1, the operator B considered acting in

BI(,‘”(; (). By (8.23), the eigenvalues and the related eigenfunctions of B(py, so) are also eigenvalues and related
eigenfunctions for B(p;,s1) and B(pg, s1). Now let p # 0 be an eigenvalue for B(py, s;) and let u be an

—1/ph (n)=1/P0 . .
associated eigenfunction. Then, by Proposition 7.1, u € Bl(j)ﬁo o(n)T (). The embedding (7.11) with

o = (sp) and p = py holds and this can be justified as in the proof of Proposition 7.1, because (7.3) is satisfied.
Sou € B](;;(fg (Q) and thus p and u are an eigenvalue and an associated eigenfunction, respectively, for B(pg, so)
and B(pi, s1). Therefore the eigenvalues p # 0 and the associated eigenfunctions of B(py, so), B(p1,s1) and
B(po, s1) coincide.

Let 1 < p < oo. If p = 2 it is immediate by Proposition 7.1 that if « is an eigenfucntion for B then
u € Béil'_l/z(n)_]/z (). Otherwise, we consider a number s such that (7.3) is satisfied for ¢ = (s). Using pairs
as (po, 50) and (p1, s1) and repeating this construction a finite number of times one can “reach” the pair (p, s)
starting from (2, 1), which corresponds to the space B () = H' (). One can replace H'(Q) by H'(Q),
which does not influence the above arguments. Therefore one concludes that the eigenfunctions of B belong to

—1/p" (py—1/p’ . —1/p" (py—1/p’ .
B](fgz () (€2) and so, by Proposition 4.5, to all spaces Bﬁ?gé”" () (Q), withe <0.

Now let us prove the “only if” part. Assume that there are ¢ > 0, 1 < p < oo and an eigenfunction uy
associated to a positive eigenvalue p;, of the operator B such that

.
7

u € BRI T 0TV (@)

Let ¢ € D(Q2) with ¢|r = 0. Then

—pe(Bug, ) = (07w, ) = (id" otrpup, ) = /r (trr ug ) () () du(y) = 0

and so

Auy € BEE 00 (@)
and

(Auy,v)=0 for all ) € D(Q) suchthat ¢|r = 0. (8.24)
Let us consider two smooth positive functions 7; and 7, such that n; () + n2(2) = 1, for all z € R™,

suppn C  and  suppn C (R"\ Q),, (8.25)
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where (R™ \ ), denotes a neighborhood of R \ Q such that ' N (R™ \ Q) = 0. We define

(Aug, @) = (Aug, (me)la), ¢ € SR"). (8.26)

Let us prove that

1
2

Auy € BE! 770 TR and (Aug)|g = Ay, (8.27)

p,00

1
-4 —

where we are using the notation introduced in Definition 6.15. Let ¢ € D(£2) and 1,/; denote the extension of v to
R" by zero. Then

(D)o, ¥) = (Aug, D) = (Aug, (m)]o)-

By (8.24) and (8.25), one concludes that (Auy,, (7,%)]) = 0 and so

(Aup)la, ) = (Aug, (md + md)la) = (Aug, ¢),

1
Y2

() (R be such that glg =

1
-1 —

)

(e)h
,00

proving the second part of (8.27). Let us prove the first part. Let g € B)
1 1

e)h o’

Auy,. By Theorem 5.4, n1g € B;(,,OO (n) 7" (R™). By the definition of Auy, one can easily conclude that
1

_ 1
7

Auy = mg and so Auy, € BE 707 (R Now let ¢ € S(R™) be such that ¢|p = 0. By (8.24)~(8.26),
one can conclude that (Aug, ¢) =0 and so (8.27) is proved.
Let § € (0,ep’/2). Let us apply (4.1) to conclude that

w(h)+4)
7

_ _n—=(
B(e)h ' (n) P I(Rn) C Bp(oo » )’F(Rn,). (8.28)

By Definition 6.5 there is jy € N such that

log h(277) L
h)—0 < ———= 2 Jo-
w(h) = log2- ) =J0
Then, for all j > jo,
) 1 g n—(w(h)+s) . Lo Tilw()=0) nj n—(w(h)+d) —j(e—%
2_5-7h(2_])172172il’7lj < 927¢€i9 I 2579 o7 J < 2 jle p/). (829)

Now (8.28) follows from (4.1) and (8.29). As was mentioned in Proposition 6.6, the Hausdorff dimension of an
h-set I', dimy T, is equal to w(h). By [38, p. 130, Theorem 17.8],

—EFA -
dimy T = sup {t : BI(,,OO” ) (R™) is nontrivial for some compact A C F}7

where we are using the notation introduced in Definition 6.15. Therefore, as

—1ZL) A
w(h) +6 > sup {t : BI(,,OO” )

(R™) is nontrivial for some compact A C F},

both spaces in (8.28) are trivial. So &Zk = 0 and Auy = 0. By Theorem 5.21, —A is an isomorphism. Then
uy = 0, which is a contradiction.

Step 7: Let p = p; be the largest positive eigenvalue of B. Let us prove that a nontrivial function v € H! Q)
is an eigenfunction of B associated to p if, and only if,

/F (b7 0) (7)) = pz /
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The “only if” part is immediate (cf. (8.7)). We prove the “if”” one. First, we introduce some more notation: we de-
note by (f1.)ren C H' () an orthonormal system of eigenfunctions associated to the corresponding eigenvalues
Pi»i-e., Bfy = pi. fx, k € N, and by M the closed subspace generated by ( f; )y, so that

H'(Q) = M & N(B)

(cf. Theorem 4.4 in [33, p. 357], for example). Let v € H! (Q), v # 0, satisfy (8.30). So there exist 2 € M and
g € N(B) such that

v=2z+4g. (8.31)

As z € M, there exist (o, ) C C such that

=Y opfi and |2|H' Q) = 2]%?

k=1

Using the fact that Bg = 0 one can conclude that (z, g) ;. (@) = 0. Therefore

dx = [l H @Q)° + gl H" (@) = |17 ()] (8.32)

3;3]

One can easily obtain

VBv =Y \/prau fi. (8.33)

k=1

Therefore, by (8.7) and (8.33),
||tI’F 1)|L2 ||2 Zpk|ak|2 (834)

Now applying (8.30)—(8.34) we obtain

Z pr — p)lo]* > 0.
k=1

As p is the largest eigenvalue we conclude that, for all & € Ny such that p;, # p, a, = 0. So there is K € Ny
such that

K
2= afr,
k=1

where fj, k = 1,..., K, are eigenfunctions associated to p. Hence z is also an eigenfunction associated to p and,
consequently,

Bv = pz+ Bg = pz. (8.35)
Hence

(Bu,v) 1) = (02,2 + 9)in (o) = ol H ()

and, applying (8.7),

lorr 0| Lo (D) = pllz|H (). (8.36)
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It follows from (8.30), (8.32) and (8.36) that ¢ = 0 and so, by (8.31) and (8.35), we conclude that v is an
eigenfunction associated to p.
Step 8: We prove part of (iv), i.e., we prove that there is a function w such that

Bu=pu and wu(z)>0, ze€f. (8.37)

Let v be an eigenfunction associated to p. Then (8.30) is satisfied for v and, consequently, also for v (instead of
v). So, by what was proved in the previous step, v is also an eigenfunction associated to p. Thus Re v and Im v
are also eigenfunctions, if they are different from zero. So we may assume that v is real. Let us prove that |v| is
also an eigenfunction associated to p.

By Nikodym’s Theorem (cf. [27, p. 8, Theorem 1]), |v| € H! (Q). Let us prove that (8.30) is satisfied when
one replaces v by |v|. By the property referred in [14, p. 220, Proposition 2.6] or [18, p. 152, Lemma 7.6],

lv| € HY(2) and, for all « € Ny", |a| = 1,
D%v(x), wv(z) >0,
Do(z)] = { 0, (z) =0, (8.38)
—D%v(z), v(z)<0

It follows immediately from (8.38) that

5lv| /
/ ‘ ‘ Z 63:] (8.39)
Next we prove that
([ trp v Lo ()] = [ trr [o]| Lo (T)]- (8.40)

As v is an eigenfunction, it follows from Step 6, (3.3), (4.1) and (iv) in Remark 4.4 that, for § € (0,2 —n —3(h)),
veC:™m _g(h)_‘S(Q). Hence v is a continuous function in € and, consequently, trp v = ur. This follows from
Proposition 3.4.2 and Theorem 3.4.15 in [5, p. 107 and p. 114]. As v is continuous, |v| is continuous and so
trr [v| = |v||r and now (8.40) follows immediately.

Therefore, by (8.7), (8.39) and (8.40),
dlv
Ay e

and so, by the previous step, |v| is also an eigenfunction associated to p and the function w = |v| — v satisfies
Bw = pw. As w is continuous in €, trpr w = w|r > 0. By what was done in Step 2, there is a set A with Lebesgue
measure 0 such that

pota) = (=8) ot (o) = [ Glaan)lere w)) du(a), (8.41)

forall z € Q\ (AUT). Let us prove that the equality (8.41) holds for all x € . We present the proof for
n > 3. The case n = 2 can be studied similarly. First we prove that (8.41) holds for all x € I". We recall that,
as s(h) > —n, then, by Proposition 6.9, T" satisfies the ball condition. Thus, by Definition 6.8, there is a number
€ (0,1) such that for all 1° € T, for all j € N, there is a ball B(z;,7277) contained in B(v",277) which does
not intersect I'. As |A| = 0, there is, forall j € N, z; € B(z;,727/7') \ A. Let us fix 7* € I" and a sequence
(z;); as we have just described. As (z;); converges to 4, w is a continuous function and (z;); € '\ (AUT),

po(”) = lim pw(e;) = lim [ Gay,7)(tre w) () du(y). (8.42)

j—0o0 j—oo Jp

One can also prove that

Jim G, 7)(trr w)(v) = G(Y’ ) (trr w)(y), forall y e\ {y"}. (8.43)
www.mn-journal.com © 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Let us prove that the functions G(z;, -) trr w can be estimated from above by a p-integrable function. Suppose
that j and ~y are such that 27/*! < |y — 4°|. Thus

;= 2 [y =" = lz; =2 2 Iy =" =277 227 ]y = 0. (8.44)
Now we suppose that 27/ ! > | — 40|, Then

jzj =~ > 02777 > 0272y =47, (8.45)
So, by (8.44)—(8.45) and by Proposition 8.5, as trr w > 0,

G(zj,7)(trr w)(7) S =" (trrw)(7), jEN, ~yel. (8.46)

We prove that the function on the right of (8.46) is p-integrable: let 6 € (0,2 —n — 5(h)). Then

(oo}

A |,YO _ 7‘2*” (tI‘F w)('y) d,LL(’Y) < r/{lglz(w()\) Z / |’Y _ 70|27nd’u(,y)

j:Oc()?—(.H <]y =70 |<cp2~7

(o9}
< 9—i(2—n—5(h)=9)
S ) 2

< max w(A). (8.47)
By (8.42)—(8.43), (8.46)—(8.47) and the Dominated Convergence Theorem (cf. [24, p. 141, Theorem 5.8], for
example), we conclude that (8.41) holds for all z € T'.
Now let z € A\ T. As T is closed, a := dist(z,I") > 0. We consider the open ball B(x,a/2) and an
arbitrary sequence (z;); C B(z,a/2) convergent to z. The function w is continuous and, for each v € T fixed,
the function G (-, ) is continuous. So, as x and xj, j € N, are not elements of I,

lim G(z;,7)(trr w)(y) = G(z,y)(trr w)(y), for all y € T.

J—0o0

Asw >0,

G(aj,7)(trr w)(7) < laj — P~ (trr w)(y) < 2" 767" (trr w) (7)),

which is independent of j and u-integrable:

[22a o) 0)duty) £ 27 maxw(Vul) < o
r
Again by the Dominated Convergence Theorem and by the continuity of w one concludes that (8.41) holds.

Now we prove that either w > 0 or w = 0. We suppose that there is « € {2 such that w(z) > 0. So by (8.41),
there is A € I" such that (trp w)(A) > 0. As w is continuous and I is an h-set, there is a set of positive pi-measure
around A where trr w > 0. But in this case, as G(z,y) > 0 for all v € T'\ {2} and trrw > 0, by (8.41),
w(y) > Oforally € Q.

If w > 0 then v is strictly negative and u = —w is the eigenfunction we are looking for. If w = 0 then v > 0.
Applying to v the arguments we used for w we conclude that either v = 0 or v > 0. But as v is an eigenfunction,
we must have v > 0 and so u = v is a positive eigenfunction.

Step 9: Let us prove that the largest eigenvalue is simple. That, together with Step 8, will also prove (iv).
Assume that p is not simple. Let u and v be H! (©2)-orthogonal eigenfunctions associated to p. By the previous
step, the real functions Re u, Im u, Re v and Im v are also eigenfunctions associated to p, if they are different from
0. Assume that in this subset of functions there are two linearly independent functions. Then one can obtain two
H' (Q)-orthogonal real eigenfunctions associated to p.

Now assume that there are no two linearly independent functions in that set of 4 functions. So, in particular,
Re u and Im u are linearly dependent. Then, either Im v = 0, or there is a real number « such that Re v = alm .
Therefore, either u = Re u, or u = (a + ¢)Imw. In both cases there is a complex number z; # 0 such that z;u
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is a real function. Analogously one concludes that there is zo € C\ {0} such that z;v is a real function. So there
are two H' (Q)-orthogonal real eigenfunctions associated to p. In the previous step it was also proved that a real
eigenfunction associated to the largest eigenvalue is strictly positive or strictly negative. Thus there exist a pair of
H! (Q2)-orthogonal strictly positive eigenfunctions associated to p. To simplify the notation let us assume that u
and v are such functions. Then

0= (PU7U)H1(Q) = (Bvau)ff[l(m = /r(tfr v) () (trr ) (y) dp(7),

which is a contradiction. U
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