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Abstract

In this paper we study eigenfunctions and fundamental solutions for the three parameter fractional
Laplace operator CAS_O"B’W) = DL DAL ODIHT "where (a, 8,7) €]0,1]% and the fractional derivatives
Zo Yo 20
CDliO‘, CDlj;ﬁ , Cley are in the Caputo sense. Applying integral transform methods we describe a complete
Zo Yo 20

family of eigenfunctions and fundamental solutions of the operator CASFO"B ") in classes of functions admitting

a summable fractional derivative. The solutions are expressed using the Mittag-Leffler function. From the
family of fundamental solutions obtained we deduce a family of fundamental solutions of the corresponding
fractional Dirac operator, which factorizes the fractional Laplace operator introduced in this paper.
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1 Introduction

In the last decades the interest in fractional calculus increased substantially. Among all the subjects there
is a considerable interest in the study of ordinary and partial fractional differential equations regarding the
mathematical aspects and methods of their solutions and their applications in diverse areas such as physics,
chemistry, engineering, optics or quantum mechanics (see, for example [IT], 12} 13| [15], [T6], 17, 24]).

The fractional Laplace appears e.g. in probabilistic framework as well as in mathematical finance as infinites-
imal generators of the stable Lévy processes [I]. One can find also problems involving the fractional Laplace
in mechanics and in elastostatics [3] or fluid dynamics [20]. Here we propose a fractional Laplace operator in
3-dimensional space using Caputo derivatives with different order for each direction. Previous approaches for
this type of operator using Riemann-Liouville derivatives in two and three dimensions can be found in [22] and
[7], respectively.

Clifford analysis is a generalization of classical complex analysis in the plane to the case of an arbitrary
dimension. At the heart of the theory lies the Dirac operator D, a conformally invariant first-order differential
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operator which plays the same role as the Cauchy-Riemann operator in complex analysis. In [I4] 21] the authors
studied the connections between Clifford analysis and fractional calculus, however, the fractional Dirac operator
considered in these works do not coincide with the one used here.

The aim of this paper is to present a closed formula for the family of eigenfunctions and fundamental solutions
of the three-parameter fractional Laplace operator using Caputo derivatives, as well as a family of fundamental
solutions of the associated fractional Dirac operator. For the sake of simplicity we restrict ourselves to the three
dimensional case, however the results can be generalized for an arbitrary dimension. The authors would like to
point out that the fractional Laplace operator considered in this paper is different from the fractional Laplace
operator defined via Fourier transform (see [13]).

The structure of the paper reads as follows: in the Preliminaries we recall some basic facts about fractional
calculus and special functions which are necessary for the development of this work. In Section 3 we use
operational techniques for the two dimensional Laplace transform and its extension to generalized functions to
describe a complete family of eigenfunctions and fundamental solutions of the fractional Laplace operator. In
Section 4 we compute a family of fundamental solutions for the fractional Dirac operator. For the particular
case of a = = =1 the obtained formulas coincide with the correspondent classical formulas.

2 Preliminaries

2.1 Fractional calculus and special functions

The left Riemann-Liouville fractional integral of order o > 0 is given by (see [15])

o 1 ¥ f(t
N6 = | oo dt ava 1)
Let (“D, f) (z) denote the left fractional Caputo derivative of order o > 0 on [a,b] C R (see [I5])
1 z (n)
(D51) (@) = (172 D") (@) = / E S t)l(”m i, n—la]+1, ©>a, @)

where [a] means the integer part of . For example, when 0 < o < 1 then takes the form

1 xT !
(CD:+ f) (@) = T(l-a) /a (xf@t))a dt. (3)

For the case of the left Riemann-Liouville fractional derivative (here denoted by (D2, f) (x)), the fractional

integral and the integer derivative are interchanged, i.e., (Dg+ f) (x) := (D"I:fo‘f) (2). For more details about

the differences between this two fractional derivatives see [15].

We denote by I (L) the class of functions f represented by the fractional integral of a summable function,

that is f = I% ¢, with ¢ € Ly(a,b). A description of this class of functions was given in [I§].

Theorem 2.1 A function f € I (L1),c > 0 if and only if I"7* f € AC™([a,b]), n = [o]+1 and (177 f)*)(a) =
0,k=0,....,n—1.

In Theorem [2.1] AC™([a, b]) denotes the class of functions f which are continuously differentiable on the segment
[a,b] up to order n — 1 and f(»~1 is absolutely continuous on [a,b]. We remark that (Igj(’f)(k)(a) = 0,
k=0,...,n— 1, implies that f*)(a) =0, k=0,...,n — 1 (see [I7]). Removing the last condition in Theorem
2.1 we obtain the class of functions that admits a summable fractional derivative.

Definition 2.2 ([18]) A function f € L1(a,b) has a summable fractional derivative (D2, f) (x) if (I'7“f) (z) €
AC™([a, b)), where n = [a] + 1.

If a function f admits a summable fractional derivative, then the composition of and can be written in
the form (see e.g. [I7])

n—1 (k) a
(15 g ) @) = 1) - S D0 =) (1
k=0



We remark that if f € 1%, (L;) then reduces to (I, “D?, f) (z) = f(z) due to Theorem Nevertheless
we note that (“D2, I% f) (z) = f(z) in both cases. It is important to point out that the semigroup property
for the composition of Caputo fractional derivatives does not hold in general. We present three sufficient
conditions under which the law of exponents hold. They can be applied in different situations accordingly with
the conditions assumed to the function f.

Theorem 2.3 ([5, p.56]) Let f € C*[a,b],a > 0 and k € N. Moreover, let o, 3 > 0 be such that there exists
leNwithl <k and a,a+ g € [l — 1,1]. Then

°Dg. D, f(x) = “D% f(a). (5)

This theorem highlights a constraint on the applicability of the semigroup property both with respect to the
request of smoothness of the function and with respect to the ranges of the real orders of differentiation « and j.
This means, for example, if a € (0, 1] then the law of exponents is applicable if 3 € (0,1 — ) and f € C'|a, b],
i.e., f and its first derivative are continuous in [a,b] (in © = @ and x = b we consider the right and left
derivatives, respectively). In most cases the law of exponents is not applicable for fractional Caputo derivatives,
but anyhow there are different techniques to handle sequential fractional derivatives (see for example [I7]).
Since for f € Cl*1*+1[a,b] the Caputo derivative is a special case of the Griinwald-Letnikov fractional derivative
(see [I7, §2.2.3]) then we have the following theorem:

Theorem 2.4 ([17, §2.2.6]) Let a, 5 > 0 and f € C"([a,b]),a > 0,n = [a] + 1. Then
D2 DY, f(x) = DI f () (6)
holds for arbitrary B if the function f satisfies the conditions
f®a)y=0, for k=01,....,n—2. (7)
For functions f that have a locally integrable singularity at = a we have the following result.

Theorem 2.5 ([9]) Suppose that f(z) = (x—a)*g(z), where a, A > 0 and g(x) has the generalized power series
+oo

expansion g(x) = Z an(z — a)™ with radius of convergence R > 0,0 <~y < 1. Then

n=0
D2 DY, f(x) = DI f () (®)

for all (x — a) € (0, R), the coefficients a, = 0 for n given by ny+ A — 8 =0 and either

(@) A> p, p=max (8 + [a],[5 +a])

O) A<, a,=0, for k=0,1,..., [“%‘} , here [x] denotes the greatest integer less than or equal to x.
One important function used in this paper is the two-parameter Mittag-Leffler function E,, ,(z) [10], which is
defined in terms of the power series by
00 on
E = _ 0 R C. 9
#,D(z) ;F(Mn-i-l/) p>0, vek, z¢€ ()

In particular, the function E,, , () is entire of order p = i and type o0 = 1. The exponential, trigonometric and
hyperbolic functions are expressed through (9] as follows (see [10]):

By (2) =7, B, (—2%) = cos(2), Es1(2%) = cosh(z),
20.% (_ZZ) = sin(z), z2E3 2 (2’2) = sinh(z2).

From the power series @[) and the operator and , we can obtain via straightforward calculations the two
following fractional integral and differential formulae involving the two-parametric Mittag-Leffler function:

o (2= a)" " By (k(x — a)")) = (2 = a)* " By psa (k(z — a)*) (10)



De. (2~ ) By (k(x — a))) = (&~ )" " By (k(x — a)") (1)

foralla >0, u>0,veR keC,a>0,z>a.
In this paper we make use of the right-sided Laplace transform

+oo
F(s) = / f(t) e " dt, Ty >0, Re(s)>ap>0
Ty

of absolutely integrable functions f € Ly ((Tf,+00), e~ *!dt) and its distributional analog F(s) = (f(t),e %)
in Zemanian’s space (see [23]). The formal approach presented in Section 3 leads to the solution of a linear
Abel integral equation of the second kind.

Theorem 2.6 ([I0, Thm. 4.2]) Let f € Li[a,b]l,a > 0 and A € C. Then the integral equation

u(w) = f(@) + s [ =0 ule) e fad]
has a unique solution given by

@) = )42 [ =0 Eaa O = )%) ) (12)

3 Eigenfunctions and fundamental solution of the fractional Laplace

operator

The aim of this section is to describe a complete family of eigenfunctions and fundamental solutions of the
three-parameter fractional Laplace operator. The construction of those functions can be summarized in four
steps:

Step 1: Transform the differential equation into an integral equation;

Step 2: Apply the two-dimensional Laplace transform in ¢ and z, and obtain a second kind homogeneous
integral Volterra equation;

Step 3: Solve the integral equation in z;
Step 4: Invert the Laplace transform in y and z.

Let us start with the Step 1. Consider the eigenfunction problem for the three-parameter fractional Laplace
operator

CALPT u(,y, 2) = Aul,y, 2)
ie.,
(Do) (@,9,2) + (D1 Pu) (2,9, 2) + (DL u) (2,9, 2) = A u(w, . 2), (13)
0 0 0

where \ € C, (o, 3,7) €]0,1]3, (x,y,2) € Q = [z0, Xo] X [yo, Yo] X [20, Z0], 0, Y0, 20 > 0, X, Yo, Zo < +00, and
u(zx,y, z) admits summable fractional derivatives CDiio‘, CD;iﬁ and CD;I 7. Taking the integral operator I;I «

0 0 0
from both sides of and taking into account we get

U(J}, Y, Z) - u(an Y, Z) - (I - .170) U;(.’EO, Y, Z) + (I;ia CD;_:BU/) (.’II, Y, Z) + (I;ia CDii—’YU’) (l‘, Y, Z)
0 0 0 0
= (o) (2., 2). (14)
To
Now, applying the operator I;i 5 %o both sides of the previous expression and using Fubini’s Theorem we get
0
(157) @y 2) = (15°50) (4,2) = (@ = a0) (117711) (0:2)
Yo Yo Yo
+(1ou) @y2) = (10) (@30,2) = (= 90) (1570} ) (2.90,2)

+ (LI 9D ) (0, 2) = A (112170 (2,9, 2), (15)
To Yo 29 To Yo



where we denote the Cauchy conditions by

fO(y’Z) =u(xo,y,z), fl(yaz) ZU;(Z‘Q,Z/,Z). (16)

Finally, applying the operator Ii; 7 to both sides of equation and using Fubini’s Theorem we get

(171 57) (@) = (15717 fo) (9:2) = (0 = o) (157127 1) (9:2)
0 0 0 0
+(1er) @) - (11 o) (@,2) = (y = wo) (1121 (2,2)
(0P (0,9,2) = (D1 00) (@, 20) = (2= 20) (D21 70L) (2, 20)
=\ (IH“IHﬁIHV > (z,y,2),
which is equivalent to
(171 0) @y ) + (1170) (0,y2) + (1170 (20, 2) = A (LT T 00) (2,,2)
z0 20
= (11 10) (1 2) + (@ — o) (117 11) (9,2)
+ (I;i”‘]lfvho) (z,2) + (y — vo) (I;i”‘[lfvhl) (w,2)
+ (11 q0) (,9) + (= 20) (141741 (), (17)
where we denote the Cauchy conditions by
ho(l”z) :u<x7y05'z)a h]_(l',Z) :u;(l‘7y0az)7 (18)
g0(z,y) = u(z,y, 20), g1(x,y) = u(z,y, 20)- (19)

We observe that the fractional integrals in are Laplace-transformable functions. Therefore, we may apply
the two-dimensional Laplace transform to y and z:

—+o0 —+o0
F(s1,82) = L{f}(51,82) = / / e~SWTRE f(y, 2) dz dy, Re(s1) > a1 >0, Re(s2) > az > 0.
Yo 2

Taking into account its convolution and operational properties [6] [I5] we obtain the following relations:

L {Iljﬁllfﬂyu} (x,81,82) = 81_1_'8 52_1_7 U(z, 51, 82),

Yo %0

—1-8 T
r {11+a11+5 } (z,51,82) = % /mo (x — )" U(x, s1,52) dt,

(5700 o = e 51551 (1570 )

L {(y o) (Iioio‘li;”*hl)} (w,51,80) = €7 572 5517 (I;;O‘M) (@, Yo, s2)-

Proceeding in a similar way we obtain the Laplace transform of the remaining terms of . Combining all

148 1+7

the resulting terms and multiplying by s; we obtain the following second kind homogeneous integral

equation of Volterra type:

(17" +55"7 =) /
U(x,s1,82) + x—t)* U(t, s1,82) dt
( 1 2) F(1+Oé) xo( ) ( 1 2)
= F(z,581,52) +e ¥ (Iiia(sfho + sfﬁlhl)) (z,s1,82) + e %02 (Iiio‘(sggo + 3;7191)> (z, 81, 82),
0 0
(20)
where
F(z,s1,82) = Fo(s1,82) + (¥ — o) F1(s1,52),
Yo Zo
Flovs) = [ [ o et e azay im0 (21)
Yo Z0



In Theorem considering A = —(s%ﬂa + s;“’ — A), f the right hand side of , and replacing a by 1 + «a,
we conclude by that the unique solution of is

U(z, s1,82)
= F(z,51,82) 7% (I;fa(sfho + Sf_lhl)) (z,51,52) + e 7% (I;fa(sggo + 83_191)) (2,51, 82)
0 0
- (S}Jrﬁ +5,77 - )\) / (x —t)* Eita,i+a (— (S}Jrﬂ +,77 - /\) (x— t)Ha)
x

0
X (F(t, 51,82) +e Y0 (Iiﬂia(sfho + Sfﬂ}h)) (t,s1,82) +e 0% (Ii;a(sggo + 3;7191)> (t,s1, Sz)) dt,
(22)

which involves as the kernel the two-parameter Mittag-Leffler function. In order to interchange the integral
with the series that comes from the Mittag-Leffler function we are going to study the absolute convergence.

Thus, we have:

($}+ﬁ + 5517 — )\) / (=) Eita,14a (— (s%ﬂg + 5517 — )\> (x — t)”“)

0

x (Fltsis0) + e (25(sTho + 57 ) ) (ts1,s2) 0 (19 (s3g0 + 53 "g0)) (8 su,52) )

51+B+81+7+)\n+1 -
< |Fo(s1,52)] Z (Js1] |s2] ) / (2 — pyn(Fa)+a gy

(n+1) (14 a)) -
n+1
Z |S1|1+ﬁ+\32|1+7+|A|) !
F ¢ n(l4+o)+o t— dt
+| 181352| n+1) (1+a)) /wo(x ) ( ZL'())

+oo{(81|1+B+|s2|1+7+|)\|)n+1

T Nmr D)

xT 1 t
(xit)n(lJra)Jra 7/ (tiw)a

/zo F(1+a) /s,
+o0 { (‘81|1+5 + |82|1+’y_|_ |A|)n+1

Sf ho(w, Yo, s2) JFSffl hl(wfyo,sz)’ dw dt}

T T N D Gra)

n=0

x 1 t B
/ (z — t)r+a)te m/ (t —w)” ‘s; go(w, s1,20) + 59" gl(w,sl,zo)‘ dw dt}. (23)

Y]

Taking into account the definition of the functions , and the fact that u admits summable fractional
derivatives, we can guarantee the existence of constants Mi, Mo, M3, M, € R such that

‘Sf ho(x,yo, 52) + Sffl hl(xayo,sz)’ < 81 My 4 |51]P 7 My, V x € [ro,Xo], V Re(s2) > as

‘s;’ go(z, 51, 20) + sg_l gl(m,sl,zo)‘ < |sa|" M3 + | 82|71 My, V x € [z0, Xo], V Re(s1) > ay.

Therefore, becomes less or equal than
1 1 Yo 2o
A (Xo—20)"" Fiiazta (A (Xo — o) Jm) / / |fo(y, 2)| e”¥ e7%% dz dy
Zo

Yo Zo
+A (X0 — 20)"™ Errasia (A (Xo — Jﬂo)pﬂl) / / |f1(y,z)] e e7 %% dz dy
Yo Z

A )
tira Ko w0) 21 [e7v0%1 (|51 My + [51]77 Ma) + €770% (|27 My + |7~ My)]
(1, 1); (1, 1)
X 2\112 A(X() — 1’0)1+a s (24)

(2, 1); 3+2a, 1+a)

where A = |51 + [so|**7 + || and ¥, is the Fox-Wright function (see [19]). From the properties of the
Mittag-Leffler and Fox-Wright functions we conclude that is finite and, therefore, we can interchange the
integral with the series. After straightforward calculations we obtain the following auxiliar result.



Lemma 3.1 The unique solution of the homogeneous integral Volterra equation (@ in the class of summable
functions is given by

U(zx,s1,52)
= FE1ian (— (si’w + sé’w — )\) (x — m0)1+a) Fy(s1, 82)

+(z — 20) F1taz2 (— (sﬁﬁ L )\) (z — wo)Ha) Fi(s1,82)
400

+ e Yos1 Z(_l)n (S%J’_B + S;"F'Y _ )\) (Ii};ra)(’ﬂr‘rl) (tho + 5?_1}141)) (.T/', s1, 82)
n=0
400 n

+ 6—2052 Z(_l)n (S%+B + sé“l"}’ _ )\) (Ii§,+a)(n+1) (8;90 + 8’2}/7191)) (QC7 51, SQ),I
n=0

where Fy, F1, ho, h1, go, g1 are given by , (@, and (@)

In order to cancel the Laplace transform we need to take into account its distributional form in Zemanian’s

space (for more details about generalized integral transforms see [23]). Since n(1+8) = [n(1+8)]+{n(1+5)}

where {-} denotes the fractional part of the number and using the relations £L=1{s"F(s)} = (Iyﬁ:’f) (y) for
0

Re(v) < 0 and L7Hs*F;(s)} = fi(k)(y) for k € N in distributional sense (see [23]), we obtain the following

relation in the one-dimensional case:

o+ir
L7Hs"HB) Ps)}y) = EI-P "B F(s) eVds
;—H’r
= lim s (1+8) =1 gn(1+8)]+1 F(s) e®¥ds
r—+oo o—ir

_ (I;g:{”(1+5)}f([n(1+5)]+1)) (y)

= (Dp75) ). (25)

with L7H{F(s)} = f(y). The previous relation can be generalized, via straightforward calculations, to the two
dimensional case, yielding the following auxiliar lemma.

Lemma 3.2 The following relation holds

o1+iry o2+ir2 1 1 1 1
lim / / s?( +A) sg( ) F(s1,582) €Y% ds; dsy = (CD% +A) CDZi +'Y)f> (y, 2),
o o 0 0

71,72 —>+00 1 —iry o —iTo Y

with L{f(y,2)} = F(s1,s2). Moreover, since L™ {ske 5%} = 51(,];)@), for k € N, where 0 is Dirac’s delta
function and the convergence is in D', we obtain in each coordinate

o1+iry

. n(1+8) _s1(y—yo) = (C n(1+8) )
T11~1>r£00 o1 —1ir] S1 € d81 Dyg 5y0 (y)7
oo+irg 1 1
lim Sg( +7) 652(z7z0) d52 _ (CDnJ(r +"/)5Zo) (Z)
ro—>+00 oo—irs h

Therefore, applying the multinomial theorem and Lemma to cancel the Laplace transform we get after
straightforward calculations the following family of eigenfunctions of

+oo

u,\(sc,y7z) = Z(_l)nrmw

nlte) o 18 | oplt "
(°D3" + DL = 2) foly2)
n=0

+oo
(@ — w)He)+L /o .

—1)" D DTy
+nz::o( " T +am+2) ( i TP ) fily, 2)

x +00 _ \n(l+a)ta n
(x — )™ Cl+8 | Clt
1y ( D D /\)
+/Z( P Naranriza\ w TP

((°D2480) () holt2) + (D8, ) () I, 2)

+ (D2 820) () golty) + (DI 82y) (2) gu(tiy) ) (26)



where the convergence of the series is in D’. Due to uniform convergence it is possible to interchange the integral
with the series and rewrite the last term of as a series of fractional integrals. From the previous calculations
we obtain the following theorem describing the eigenfunctions in an operational form using the Mittag-Leffler
function @

CAS:LQKY)

Theorem 3.3 The eigenfunctions of the fractional Laplace operator are given in the operational form

using the Mittag-Leffler function by:

ux(®,y,2) = FEiian (—(3? — o)t (CD;iﬁ + CD;? - )\)) fo(y, 2)

0

+ (2 — 20) Erta,2 (—(»’U — o)t (CD;FB + CDZIW - )\)) fi(y, 2)

[¢]

+/ (@ —1)° Briaiia (—(:c )Lt (CD;iﬁ + D — )\))
x

((9D2,8) @) o(t.2) + (D6, ) ) (e, 2)
+ (CDZ§5ZO) (2) go(t,y) + (CDZ; 5Z0) (2) g1(t, y)) dt, (27)

where A € C and fy, f1, ho, h1, 9o, g1 are Cauchy’s conditions given by @ @ and (@)
Proof: We give a direct proof of the theorem. It is based on the fact that CDHO‘I =0 and CDHO‘ (x—m¢) = 0.

We also use the fractional analogous formula for differentiation of integrals dependlng on a parameter where

the upper limit also depends on the same parameter (see [I7], Section 2.7.4]). Applying the operator CA 6.7
to we get
T — o) (r—1D(1+a) n
CA (@.B,7) _ n (@ — o) (C 148 | Cpl+y )
A = -1 D D -
+ ’U/)\(.’L',y7Z) ngl ( ) F((l +o¢)n7 Oé) yar + Zar fO(y7Z)
(x — @) (1) (c 148 |, opl+ "
D DU )
+Z N Tamii—a DI =) Aily:2)
+oo _
* (w— )"t s et n
o (op DREEPY
/ (1 + a)n) (‘D + Dl
((CDjjgayo) (v) ho(t.2) + (D26, ) () Mt 2)
+ (D16 ) () golty) + (D1 82y ) (2) a(t)) it
+ (CDiIIB + CDler’y) ’U,)\(IE, Y, Z)
Yo 20
Rearranging the terms of the series we obtain
APy (ey,) = = (DI 4D =N un(a ) + (DI + DI ) un(a.y, 2)
= A U (.’,E, Y, Z)
|

A family of eigenfunctions for the fractional Laplace operator can be obtained considering A = 0 as the next
theorem states.

Theorem 3.4 A family of fundamental solutions of the fractional Laplace operator Af’ﬁ’ﬂ’) is given by:
u(z,y,2) = FEiyan (—(x — o)t (CD;iB + CD?W)) foly, 2)
0 0
+ (¢ =20) Brraz (—(@—20)' ™ (DI + D7) fily. 2)
0 0

+/ (.’E N t)a E1+a,1+a (—(.’E _ t)l-l-a (CD;irﬁ + CDijrr’Y>)

((Cngayo) (y) ho(t, 2) + (CDZ)II%) (y) ha(t,2)
+ (szxézo) () go(t,y) + (CDZ[j:l 5Z0) (2) gl(t,y)) dt, (28)



where fo, f1, b1, ho, go, g1 are given by @, (@, and (@

In a similar way, applying in the two-dimensional Laplace transform with respect to x and y we obtain the
following fundamental solutions

vo(z,y,2) = FEippa (—(y — yo)' 7P (CDiUia + CD:ﬂ)) ho(z, 2)
+ (y— o) Ei48,2 (—(y — o) TP (CD;OIO‘ + CD:{”)) hi(z, 2)

e [0 B (<=0 (Dl D))
((D2ydi) @) folte )+ (D25 02,) (@) fr(2:2)
+ (CDZ;‘SZO) (2) go(m,t) + (CDZ; 520> (2) gl(x,t)> dt. (29)

Furthermore, a similar result can be obtained when we apply the two-dimensional Laplace transform with
respect to x and z.

Remark 3.5 [t is possible to obtain from @ the fundamental solution of the Fuclidean Laplace operator when
a = f=~=1. Since the fundamental solution of the Euclidean Laplace operator in R3 is given (up a constant)

_1
by ((z —x0)? + (y — yo)? + (2 — 20)%) 2, which corresponds to the following power series

= n—1 (v — )"
—_1)" 2 . 30
2 (Y < n ) ((y —y0)? + (2 — 20)2)" "2 o

(z—m0)®

defined for T T =)
functions, and fy such that

< 1, we have to consider in a=0=v=1, f1, h1, g1, ho, and gy the null

(D2 + D)" foly, 2) = ( "3 ) (@n)t - (31)

" ((y = y0)? + (2 — 20)2)" "2

The function fo(y,z) = ((y —90)? + (2 — z0)2)_% satisfies . To see this we recall that the n-th powers of
the p-dimensional Euclidean Laplace satisfies (see [2, (1.5)])

2T (3 +1) T(*2)

At F(%—n—kl) F(k—;p—n)

rP = 7ﬁkun

with r = ||z||,x € RP, n € N. Therefore, for p=2 and k = —1 we obtain

ATt = 7@ (? iﬂn))ﬂ_l_zn _Lints) @0l (n :!\2/)%(2”)!7“_1_2" = ( "2 > (2n)! rmt2n (32)

2

which leads immediately to for fo(y,z) = ((y — y0)* + (2 — 20)?)

4 Fundamental solution of the fractional Dirac operator

Let {e1,---,eq} be the standard basis of the Euclidean vector space in R?. The associated Clifford algebra
Ry g is the free algebra generated by R? modulo 22 = —||z||? eg, where z € R? and e is the neutral element
with respect to the multiplication operation in the Clifford algebra Ry 4. The defining relation induces the
multiplication rules

€;€j + €;€; = 7251'3'7 (33)
where §;; denotes the Kronecker’s delta. In particular, e? = —1 for all i = 1,...,d. The standard basis vectors
thus operate as imaginary units. A vector space basis for Ry 4 is given by the set {e4 : A C {1,...,d}} with

ea =epep,...e,, where 1 <y <... <[, <d,0<7r<d, ep:=ep:=1 Eacha & Ryq can be written in the



form a =) 4, aa ea, with as € R. The conjugation in the Clifford algebra Ro 4 is defined by @ =) , a4 €4,
where €4 =€, €,_,...€,, and ¢; = —e; for j = 1,...,d, € = eg = 1. An important subspace of the real
Clifford algebra R 4 is the so-called space of paravectors R¢ = RP R, being the sum of scalars and vectors.
Each non-zero vector a € R{ has a multiplicative inverse given by ﬁ

A Rg g—valued function f over Q C RY has the representation f = > aeafa, with components fa : Q@ —
Ro,q. Properties such as continuity or differentiability have to be understood componentwise. Next, we recall
the Euclidean Dirac operator D = 2?21 e;0;, and the correspondent conjugate operator D = 2?21 €0y,
These operators verify DD = A, where A is the d-dimensional Euclidean Laplace. An Ry 4-valued function f
is called left-monogenic if it satisfies Du = 0 on Q (resp. right-monogenic if it satisfies uD = 0 on Q).

For more details about Clifford algebras and basic concepts of its associated function theory we refer the
interested reader for example to [4].

In this section we compute the fundamental solution for the three dimensional fractional left Dirac operator
defined via Caputo derivatives

148

lfa 148 iy
DLV = e DT + e DT e DE L (a,8,7) €]0, 1% (34)
0 0 0

CAT’ﬂ ") for Clifford valued functions f given by

This operator factorizes the fractional Laplace operator
flz,y,2) = > seafa(z,y, z), where eq € {1,e1,e2,e3,e1€2,e1€3,e2e3,€1€2e3}, and each real valued function
fa satisfies one of the sufficient conditions presented in Theorems or In fact, for such functions we
can apply the semigroup property to obtain

Ly

lta 1ta 148 148 14y
DF () =wpn BF (WFn)- B 0 (0F 1) =0

Y, 0

1o 1+8
Moreover, for the mixed fractional derivatives “D_? CDyf f A), due to the Leibniz’s rule for the differenti-
0 0

ation under integral sign, Fubini’s Theorem and Schwarz’s Theorem, we have

1ta 148 148 1o

p (CDf fA) =D & (D, fa) (36)
To Yo Yo To
1ta 14y 1ty 1t+a

D (D fa) =D (9D, ) (37)
0 0 [0} 0
148 14y 1ty 148

chOf (C‘DZO+2 fA) :Csz <0Dyf fA). (38)

From , , , and the multiplication rules of the Clifford algebra, we finally get
CDS»OCﬁ”Y) (CDSFOC’BKY)]L’) — CASLB”Y) f) (39)

i.e., the fractional Dirac operator factorizes the fractional Laplace operator. In order to get the fundamental
solution of CDSra’ﬁ 7 we apply this operator to the fundamental solution . In the following theorem, to
compute CD;;TQU we make use of the derivation rule 1| and the fractional analogous formula for differentiation
of integrals depending on a parameter where the upper limit also depends on the same parameter (see [I7, Section

2.7.4)).

CDSLQ’BW)

Theorem 4.1 A family of fundamental solutions for the fractional Dirac operator s given by

UO(x7yaZ) =€ Ul(x7yaz) +e2 UQ(J?,Z/,Z) +e3 U3($,y72’)7 (40)

10



where

Ui,y ) = (D,F w) (5,0,2)
(x — o)~ %EHa,% (—(x — zo)tte (CD;}_[R + CDZ{”)) foly, 2)
+ (2= 20) T By g se (—(@ —20)* (DI + D)) iy, 2)

+/ (z — t)“T_l By, ita (_(x _pyite (CDliB n Clev»
. » g Yo zg

0

(D20 ) ) holt,2) + (D270,0) (9) alt, 2)

+ (D6 ) () golty) + (DL 6, ) (2) gu(tw)) dt (41)
0 0
c 1+ﬂ
UQ(I',y,Z) = ( D ; + uO) (CL’,y,Z)
148
= (E1+a,1 (f(:z: — z) 1 (CDEﬁ + CDZ{”)) CDy;f > fo(y, 2)
+ (JZ _ 1‘0) <E1+a,2 (—(33 . )1+o¢ (C’Dl-‘rﬁ + CDl-‘r’Y ) )
+/ (‘T - t)a (E1+a,1+o¢ (_(‘T t)1+a (CD1+B + CD1+’Y)) D JE )
T Yo Yo

o]

((CD5§§y0> (y) ho(t, 2) + (CDZgléyo) (y) ha(t, 2)

+ (D16, ) () qolty) + (DL 6, ) (2) an(ty) ) (42)
Us(z,y,2) = (CDyl;zﬁuO> (z,9,2)
= (Brran (~ =20 (D17 +°DI) ) D) foly, ?
+ (z — z0) (El+a72 (—(x — x0)' T (CD1:’8 + CD1+7>) )
+ / C@= 1 (Brianra (<@ -t (“DLt” + cD“”)) DE: )

((D28,0) W) holt.2) + (D7 6y ) () at,2)
+(“D20.0) (2) go(ty) + (DL 6, ) () a(t)) . (43)

The functions fo, f1, 90,91, ho, h1 are given by @), @, and (@)

Remark 4.2 It is possible to obtain from (@) the fundamental solution for the Euclidean Dirac operator when
a =B =v=1. Indeed, since the fundamental solution of the Euclidean Dirac operator in R3 is given (up to a

constant) by
(z — o) e1+ (y —yo) e2+ (2 — 20) e3
B 2 2 25 (44)
(= 20)® + (y — y0)* + (2 — 20)?)?
which corresponds to the following vector power series

+o0
n+ i (x — 20)P L
(S (1 )
(Z n ) (-t ()2 E)
!

= L T —20)""(y — Yo
—(ZH)” (n;) (z — m0)>(y y2;n+
) >63,
)

e

((y = y0)* + (2 — 20)

_ (io(l)n < n+ 3 ) (z —20)*"(z — 20

(v —%0)? + (2 = 20)°

n+

e
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we have to consider in @ f1, h1, g1, ho, and go the null functions, and fy such that

(2n +1)! (";5 )

((y — y0)2 + (= — 20)2)"+2

1
(2n)! <”;2><y—m>
Dy (D2+ D2)" foly,z) = — .
( S ) = e

1
n+3 >(Z_ZO)

(Df, + Di)nﬂ Jo(y, z) =

n

(2n)! (
D, (D2+D2)" foly,2) = — -
( N ) = Tt G

The function fy that satisfies the three conditions in is the same function as in case of the Laplace. In
1
fact, from it is not difficult to see that the function fo(y,z) = ((y —yo)? + (z — 20)?) ? satisfies the tree

conditions .

Remark 4.3 As final remarks we would like to point out that if in the beginning of this section we consider

(45)

u(z,y, z) admitting a summable fractional derivative ( D1+O‘ ) (x,y,2) by x and belonging to I +B(L1) and

IHW(Ll) by y and z, then in the expressions , (.) (l) and the last term will not appear due

to Theorem [2.1} Moreover, it is possible to apply the method of separations of variables to obtain other families
of eigenfunctions and fundamental solutions (see [§]).
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