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For the spatial stochastic susceptible—infected—susceptible model, we consider the
perturbative series expansion of the gap between the dominant and subdominant
eigenvalues of the evolution operator. We compute explicitly the first terms of the
series expansion of the gap with difference equations for the calculation of states.

Keywords: SIS model; contact process; evolution operator; series expansion; critical
threshold

AMS Subject Classification: 92D30; 30B10

1. Introduction

The characterization of the critical thresholds in epidemic models is probably the most
important feature of the mathematical epidemiology research due to the drastic change of
the disease spread on the critical threshold. The simple spatial stochastic susceptible—
infected—susceptible (SIS) epidemic model, also known as the contact process, has a
continuous phase transition from the absorbing state devoid of infected individuals to a
non-equilibrium state of infectivity. The phase transition point of the SIS model was
recently characterized in pair approximation as particular case of the reinfection SIRI
model [8,10], and improves the rough qualitative behaviour in mean field approximation.
In the phase transition, the dominant eigenvalue of the evolution operator for the SIS
model becomes degenerate that occurs when the gap between the dominant and the
subdominant eigenvalues vanishes. To study the gap value, series expansions in terms of
the creation rate have been used [1,2,7]. This requires the formulation of the epidemic
models in terms of creation and annihilation operators [3—-5,9,11] starting from the master
equation [6,12]. The critical values follow from the series expansion, based on a
perturbation ansatz and using a Padé analysis [1,7].

Here, we consider the spatial stochastic SIS epidemic model formulated via creation
and annihilation operators. For the SIS model in 1D lattices, we deduce the perturbative
series expansion of the gap between the dominant and subdominant eigenvalues of the
evolution operator. The first terms of the series expansion of the gap are computed
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explicitly. Here, we do not assume the translation invariance of the lattice in contrast to the
study made in [1].

2. The spatial stochastic SIS model

The stochastic SIS model is one of the best-known epidemic models and one of the
simplest. It describes the evolution of an infectious disease through a population of N
individuals, which can be either infected or susceptible. This epidemic model is also
known as the contact process because it describes an interacting-particle system on a
regular lattice, where the particles are annihilated spontaneously and created catalytically.
We consider that a particle is annihilated with a rate «, usually « = 1, and created with a
rate 3 times the fraction of the nearest neighbours occupied sites. We use the state

variables
0 1
o= () w-(:)

to represent the site i whenever it is empty or occupied or, in an epidemic context, when
the individual i is susceptible or infected. The configuration of the lattice can be
represented by

[ =1mm...on) = ) @) @--- & |ny), ()

where ® represents the usual tensor product, [;) = |0) or |;) = |1) represents the state of
each site i and N denotes the total number of the sites.

2.1 The creation and annihilation operators

To describe the SIS epidemic model using the creation and annihilation operators, we
define the following operators to act on each site of the lattice.

DEFINITION 2.1. The creation operator ¢ and the annihilation operator c, for a single site

are given by
0 1 0 0
¢t = and ¢ = . 3)
0 0 1 0

It is obvious that these local operators applied to the state variables give
c¢T|0) = [1) and ¢|1) = |0). 4)

Let J;; € {0,1} be the elements of the N X N adjacency matrix J that describes the
neighbouring structure of the N individuals. We consider that the individuals live on a
regular lattice, where each corner has the same number Q of edges. The time evolution of
the probability p(n,t) = p(n, ..., mn, 1) is given by the master equation

d N N
&p(nat) = an,‘,lfmp(nl? 71 - Ni, "'anN;t) - Zwlfn,-‘n,l?(”’h, <oy Miy "'777Nat)7
i=1 i=1
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for n; € {0, 1} and with the transition rates
N N
Wat—m = B D _Jymj | mi+a(l = m) and wi—pq = B{ > _Jym; | (1 = m) + ami.
=1 =1
Now, we will use the vector representation given by

1 1 1
|l1[/(t)> — Z Z Zp(’nh ...7’)’]N7l‘)(CT>m (C;)nN|O>

m=0m=0  ny=0

&)
N
=> pm.0]] (¢)™0y =" p(n.t)ln),
n i=1 m

where |O) represents the vacuum state and |n) represents the configuration of the lattice.
Hence, the time evolution of the state vector |¢(?)) is given by

d
@ ly(1)) = LIy1)), (6)

where the evolution operator L can be written in terms of the creation and annihilation
operators, after some calculations from the master equation, as

N N N
1
L=« g (1; = ¢ei + BO E (1; — ¢ <§ E ]ijc;rcj> cf =aWy+ AV, 7
i=1 i=1 j=1

with A = BQ, 1; being the identity matrix at site i and zero elsewhere, and W, and V
abbreviating the single-site and multi-site operator expressions, respectively. Changing
the time scale to 7 = #/«, the new rates become a = 1 and A = BQ/a, and the evolution
operator L is given by

L=Wy+AV. ®)

From now on, we will consider only 1D lattices. Hence, each individual has Q = 2
neighbours.

DEFINITION 2.2. Let 1 be the 2D identity matrix and let B, O and i be the local operators
given by

B=1—c"Yye, 9)

| N

Q=§(‘ﬂ —ox™, (10)
n=c'e. an

The operator 7 is called the number operator. In the following lemma, we observe the
result of applying these operators to the state variables.
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LemMA 2.3. The local operators presented in Definition 2.2 applied to the state variables
|0) and |1) give

Bl0)=0 and B|1)=0) — |1), (12)
~ 1 ~

0l0) = 5(|1> —10) and Q|1) =0, (13)

A0y =0 and A1) =|1). (14)

The proof of this lemma is trivial and it will not be presented here.

2.2 The o representation

We start to observe that the operator B has eigenvalues 0 and — 1, associated with the right
eigenvectors |0) and |1) — |0). So, it is convenient to change the coordinated system to
these right eigenvectors that we define by

- 0 3 1
|0>=|0>=<1> and |1>=|1>—|0>=<_1>- as)

The left eigenvectors of B are (0] = (0| + (1| and (I| = (1], associated with the
eigenvalues 0 and — 1, respectively.

LEMMA 2.4. The local operators presented in Definition 2.2 applied to the state variables
|0) and |1) give

Bl0)=0 and B|T)= —|1), (16)
DIOy = 21Ty and OITy = — 1 [T) 17
(0] —5 and Q = E y (17)
Al0) =0 and Al1) = |1) + |0). (18)

Once again, the proof of this lemma is trivial. Let the state of two sites of the lattice be
denoted by e.g.

19)

I}
(=}
~
Il
=
~
®
=
~
Il
VR
- O
~
®
7N
- O
~
|
o O O

Similarly, we define the two sites states |01), |10) and |11). The operators that act on
these two sites are given by, e.g. By + B,, where B; = B®1 acts on the first site and
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B, = 1®B acts on the second site. Therefore, B 4+ B, acts, e.g. on the pair [01) giving
(B1 + B)I0T) = (BRN(I0)SIT) + (1©B)(0)I1))
= BIHRAIT) + AONRBIT) = 0@ 1) + [0)R(~|T)) = —[0T). (20)

In the same way, we obtain that

(B1 + B,)|00) = 0, (21)
(B + By)|10) = —|10y, (22)
(B1 + By)|11) = —2|11). (23)

This representation can be generalized for all the sites in the lattice by
lo) = loy0y...0n), o7 € {0,1}, (24)

which we call the o representation. To act on the |o) vector, we define the operator

W = ZBi, (25)

where B; = 12D RBRICN D with B being the operator defined in equation (9),
Definition 2.2. Hence, generalizing the calculations presented in equation (20), we have
that

N N
Wola')ZZBilalaz...a'N)z —Za‘ila'lcrg...ow). (26)
i=1 p

Therefore, the operator Wy = Z?]:]Bi has eigenvalues given by

N
Alo) = — E ;. 27
i=1

To operate on the two sites states, we define the operators
0, =091, =180, n =i®1 and n, =147, (28)
where Q and 71 are the operators defined in equations (10) and (11), Definition 2.2.

THEOREM 2.5. With the operators defined in equation (28), the following rules are satisfied:

(Qiny 4+ n10,)|00) = 0, (29)

(Qiny + n1 0|01y = =10y + = |11), (30)

1
2

N —
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(Qin2 +n10,)|10) = I11), 31

(Qiny + i O)|11) = — |10) — |T1). (32)

Proof. Due to the similarity of the calculations, here, we prove only the second rule of the
theorem. We start to observe that

Qiny = (O@N)(1®h) = (Q1)B(17) = O, (33)
and, in the same way, we have n;Q, = A®Q. Hence, applying Lemma 2.4, we find that
| RO

1)+ =110
1)+ 5170)
(34

o R . - SR IO
011n2|01) = (A1) 1)) = (QION® (@I 1)) = §|1>®(|1> +10) =

|

and
e~ A~ ~ - ~ o~ 1 .
n1Q|01) = (AQO)(|0)®|1)) = (|OHX(Q|1)) = 0®<— §|1>> = 0. (35)

Therefore, when summing equations (34) and (35), it follows immediately that we obtain
(Q1n2 + 1 0»)|0T) = §|10) +3|11). U

3. Series expansion

We observe that the annihilation and creation operators that appear in the evolution
operator L presented in equation (8) are given (see [4,11]) by the expressions

N N
Wo = ZB,- and V = Z Oi(ni—1 + nit1), (36)

i=1 i=1

where the V operator can be reorganized and written in the form

N
V=3 (Qmi1 +nQi). 37)

i=1

From equation (26), we observe that
~ ~ N ~ ~
> Bloy=> Bil0...0y=~=> 0[0...0)=0, (38)
and from equation (29), we also observe that
N
> Qi1 + Qi )|0) = 0. (39)
i—1

Therefore, we conclude that |0) = |0...0) is an eigenvector of L for the zero eigenvalue
L|0) = a0 + A0 = 0. From equation (26), we also observe that the subdominant
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eigenvalue of Wi is — 1 and the correspondent elgenvector is [p) = |.1.), where the two
dots mean that all sites at the right and the left of T are 0,

N
Wolgo) = > Bil.T) = —|.1.) = ~lyw). (40)
i=1

Now, we are interested in determining the subdominant eigenvalue of the evolution
operator L. Let |¢) denote the subdominant eigenvector and A the correspondent
eigenvalue

L) = Aly). (41)
Hence, the gap between the dominant and the subdominant eigenvalues of L is given by
'=0—-4A=-A (42)

We assume that |¢) and A can be expanded in powers of the creation rate A

) = ltho) + Algn) + X21g) + -+ = > A"lgh), 43)
A=Ag+ M+ A %A+ =D A", (44)
where i) = |.1.) and Ay = —1. Therefore, the expansion of the gap between the

dominant and the subdominant eigenvalues I' is given by
F=1-2M; — A4, —---. (45)
We choose the vectors |is,) to be orthogonal to the vector i)

(olgp) =0, Vn=1. (46)

We show how to obtain A, and [i,) in the following computations. Inserting the
expanded expressions of ) and A in equation (41), we obtain

(Wo+AV)D A"lih) = (ZAm/\’”> (Z A"|¢n>>
n=0 m=0 n=0
S Wolg\" + > VIgat! = Z ZAM% pATE
n=0 n=0

n=0 m=
= Z W()llpn))\n + Z V|¢n71>/\” = Z iAmlwnfm>An
n=0 n=1 n=0 m=0

‘:’W0|$0>+Z(Wo|llfn>+‘/|¢/n A" = Ao|¢o>+ZZA [-mA". (a7)

n=1 m=
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Comparing coefficients of the same powers of A in both sides of equation (47), we verify
that

Wolo) = Aoli), (48)

for the term independent of A and for the other terms

W0|¢H> + V|¢n71> = ZAmllptl*m)‘ (49)
m=0

Multiplying by (| and using the orthogonality {¢|i,), ¥ n # 0, we obtain

(Wl Woltn) + ol VIts-1) = > Aol )
m=0 (50)

A A0<dj0|l1bn> + <¢0|V|¢’n71> = ZAmSO,n*m And AOO + <lll0|v|d/n*1> =A
m=0

Hence, the coefficients A, of the expansion of the subdominant eigenvalue of L can be
computed recursively by the formula

Ay = WolVIgp-1),¥Y n=1, and Ap= —1L. (5D

Now, we have to determine the vectors |i,). Since W, has eigenvalues given by
Ao) = —Zﬁila'i (see equations (26) and (27)), this operator can be written by the
expression

1 i
Z Z loy...on)A(oq...onXoy...on| = Z |oYA(o){o]. (52)

=0 on=0 A(0)#0
H—/
o1+ +oy#0

Let R be the operator given by

Zi: 21:

o1=0 on=0

—_———
Bt (53)
1

A(o) — Ao

A(Ul .on) — A

= > o (al.

A()&(0,—1}

From equation (49), we observe that

Wolth) + VIgn—1) = Aoltn) + > Aulth—m)
m=1 (54)
A4 (WO - A0)|¢n> = _Vlll/n71> + ZAmw/nfm%
m=1
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and applying R, we obtain

R(Wo = Ap)lgh) = =RVIYn-1) + > AuRlh-p). (55)
m=1
But
1
R(Wo — Ag) = |0} ————(al(Wo — Ag)
0 0 A(U);{Oﬁl} A(O’) — AO 0 0
1
= l0) —————(A(0) (o] — Ao(al) (56)
A(a)g(o:,—l} A@) = A (
= > o),
Ao)&{0,—1}

and joining to this sum the terms for the cases o;+---+oy =0 and
o1+ ---+ oy = —1, we complete the eigenbasis Y |o) (o] = 1. Hence,

R(Wo = Ag) = _lo) (ol = 10)(0l = o) (ol (57)

and therefore,

R(Wo = Ao)lth) = 1) — 10) 01} — o) (ol i) = (). (58)

Hence, from equation (55), we obtain for the calculation of the state |¢s,) the difference
equation

n—1

) = =RVIgh—1) + > AuRItp—), ¥n = 2. (59)

m=1

3.1 Explicit calculation of the series expansion

We will now compute explicitly some coefficients of the expansion of the gap between the
dominant and the subdominant eigenvectors of the evolution operator for the SIS model.
Here, we do not consider the translation invariance of the lattice, in contrast to de Oliveira
[1]. For the initial state

lipo) = 1010) (60)
and unperturbed eigenvalue Ay = —1, we obtain
A= (lVIgo) = 0. (61)

This value results from

Vo) = (Q1n2 + n1Q2) + (Q2n3 + 1203) + (Q3n1 + n301))|010)

_ %(liﬁ(» + [T10) + [001) + [0T1)) ©2)
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and therefore,

= (0101VI4) = (63)

first order in the series expans10n is given by

1
[1) = —RV|) = — lo)—————(al - V). (64)
1 ’ A<a>ez{osl} Ao) = Ao ’

Since

1 e~ . e e
o) (o] = |110) (110] + |101) (107]
A@ED-1) A(o) — Ay —2+1 —2+1
+I0TTY (@11 + [TTT) (i1
-2+1 -3 +1 ’
we find from equation (64)
) = =+ (1 |710) + — L1011 ) = L (|T10) + [01Ty) ©65)
Vo \ =2 —2+1 ) '

For the next terms in the expansion, we have to start with system size N = 5, hence
starting with the state

[¢h) = 100100) (66)
then, because of (Qifiiy1 + 71;0;41)|00) = 0, we obtain as before

A =0, |y)= —(|01100> +100110)), 67)

and computing V/|i) as in equation (62), we obtain now

1
Ay = (ol V) = 3 (68)
The second state [i») of the series expansion

[2) = —RVIi1) + AiRly), (69)
gives, with A; = 0, explicitly

|0010l)+ |00111), (70)
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and the third coefficient gives

1
Az =<!J/0|V|dfz>=§- (71)
With the previous coefficients A; and the vectors |is;), we obtain for

[3) = —RVIi2) + AsRln), (72)
the explicit expression given by

Then, for the A4 coefficient, we obtain

15
Ag = (YolVIgn) = — 16 (73)

which can serve as a test value for numeric programs.
In Table 1, we present a few more coefficients A,, computed in an elementary computer.
We observe that the computation of the coefficient ¢, involves a square matrix of size 2"*+!.

Table 1. The coefficients A, of the expansion of the gap I' = >~ | — A, A" are given here for the
first nine terms numerically. Of special interest is the fourth term, for which —15/16 could be
obtained analytically.

n A,

0 -1

1 0

2 -0.5

3 0.5

4 —0.9375

5 1.8125

6 —3.94010416666667
7 8.79687500000000

8 —20.45668764467593
9 48.49340518904322




Downloaded by [University of West Florida] at 08:37 02 January 2015

1118 J. Martins et al.

Hence, the next coefficients can be computed only on more sophisticated computers, with a
higher memory capacity. Using many more coefficients, we could apply a Padé analysis and
obtain probably better critical threshold and critical exponent values of the SIS model than
previously achieved. There have been still systematical numerical discrepancies reported
between series expansions and direct stochastic simulations [1]. In summary, we have
demonstrated an interesting application of difference equations to an epidemiological
problem on the front line of research. Future extensions to more complicated
epidemiological models are possible [11], but with even more computational effort.
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