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ABSTRACT

This paper presents a new intra prediction method for efficient im-
age coding, based on linear prediction and sparse representation con-
cepts, denominated sparse least-squares prediction (SLSP). The pro-
posed method uses a low order linear approximation model which
may be built inside a predefined large causal region. The high flexi-
bility of the SLSP filter context allows the inclusion of more signifi-
cant image features into the model for better prediction results.

Experiments using an implementation of the proposed method in
the state-of-the-art H.265/HEVC algorithm have shown that SLSP is
able to improve the coding performance, specially in the presence of
complex textures, achieving higher coding gains than other existing
intra linear prediction methods.

Index Terms— Intra Prediction, Least-Squares Minimization,
Sparse Coding, Image Coding

1. INTRODUCTION

Intra and inter prediction constitute a fundamental part of modern
transform-based image and video coding standards, like H.264/AVC
[1] and H.265/HEVC [2]. Intra prediction is used to eliminate the
correlation between the target block and its neighboring samples,
and it is often derived by extrapolating the reconstructed pixels
surrounding the target block. In addition to DC and plane modes,
H.264/AVC standard may use up to 8 directional prediction modes,
while H.265/HEVC considers 33 possible directions.

Directional prediction provides a reasonable approximation for
the edges and contours aligned with directional modes. However,
it tends to fail in the presence of arbitrarily-oriented edges and
more complex textured regions. Least-Squares Prediction (LSP),
proposed in [3], is an alternative approach for intra prediction,
particularly proposed for the representation of arbitrarily-oriented
edges. LSP has been successfully applied in some state-of-the-art
encoders, like the transform-based H.264/AVC standard [4] and the
pattern-matching-based MMP algorithm [5], improving their coding
performance. Inter prediction approaches based on LSP have been
also presented for stereo image coding using MMP algorithm [6].
For more complex textured areas, alternative intra prediction meth-
ods have been investigated, extrapolating to the block being encoded
similarities in the causal reconstructed parts of the image. Methods
based on Template-Matching (TM) and Block-Matching (BM) were

This work was funded by FCT - “Fundac@o para a Ciéncia e Tec-
nologia”, Portugal, under the grant SFRH/BD/79553/2011 and project
UID/EEA/50008/2013. The third and fourth authors acknowledge the finan-
cial support of CNPq and CAPES/Pro-Defesa, Brazil, under research grant
23038.009094/2013-83.

used for this purpose [7]. Spatial image prediction has been also
carried out through the use of sparse approximation algorithms,
based on iterative greedy algorithms such as matching pursuit (MP)
[8]. In the context of sparse approximation, neighbor-embedding
(NE) methods have recently been proposed for image prediction in
H.264/AVC encoder, specifically using the local linear embedding
(LLE) and the nonnegative matrix factorization (NMF) frameworks
[9, 10].

In this paper, an improved linear prediction algorithm, denom-
inated sparse least squares prediction (SLSP) method, is proposed
to complement existing directional intra prediction modes, namely
in the presence of images with complex textured areas and high fre-
quencies. SLSP uses an adaptive linear model context that may use
more relevant information than traditional LSP algorithms by ex-
ploiting a larger causal region. A sparsity restriction on model con-
text forces a low model order in order to avoid overfitting issues and
better estimate underlying relationships of training area data. In-
spired on NE-methods [9], the k-nearest neighbors (k-NN) method
is used to ensure the low model order. SLSP method has been eval-
vated within the most recent state-of-the-art H.265/HEVC standard.

The paper is organized as follows. Sections 2 and 3 briefly re-
view the least-squares and the sparse approximation approaches for
image prediction, respectively. Section 4 describes the proposed
SLSP mode. Experimental results are presented and discussed in
Section 5, while Section 6 concludes the paper.

2. LEAST-SQUARES PREDICTION

Least-squares prediction has been successfully applied for image
compression [3, 4, 5]. The main idea of LSP is to estimate a set
of prediction coefficients from the causal reconstructed data, which
are then used in the linear prediction model. By using a local train-
ing window, LSP implicitly embeds the local texture characteristics
into the prediction coefficients. This is the basis of the edge directed
prediction method presented for lossless image coding in [3], which
is described as follows.

2.1. LSP algorithm for image compression

Let X (n) denote the image pixel to be linearly predicted, where n
is a two-dimensional vector with the spatial coordinates in an image.
By using the N nearest spatial causal neighbors, according to a Nth
order Markovian model, the predicted pixel is computed as:

X(n) = ZaiX(n—g(i)), (1)



T+1

X(n - gy
T+1 .
"0 00
OO0 OO
CO® +(,
T

Fig. 1. LSP filter support (pixels represented by white circles) and
associated training window.

where g() gives the relative position of each pixel in the filter con-
text (support), and a; are the filter coefficients. An example of the
filter support, as proposed in [5], is illustrated in Figure 1 for the case
of order N = 10.

In order to avoid the transmission of side information, LSP lo-
cally optimizes the prediction coefficients within a causal training
window, which is available in both the encoder and the decoder. In
[3], a rectangular window that contains M = 27'(T'+ 1) elements is
proposed, as show in Figure 1. Consider the training window sam-
ples arranged in a column vector § = [X(n — h[1])... X(n —
h(M))]*, with h(5) representing the relative position of each pixel
in the training window, and the matrix C whose element (j, 1) is
X(n — h(j) — g(4)), representing the ith filter support neighbor
associated to the training window pixel X (n — h(j)). The filter co-
efficients, d = [a1 ... a N]T, can be determined by least-squares op-
timization, finding the solution for min(||7 — Cal|3). A well-known
closed-form solution for LS problem is given by:

i=(CTc)~H(CTy). ©)

2.2. Block prediction using LSP

Despite the first LSP proposals being intended for lossless image
coding, efficient block-based implementations for lossy image cod-
ing have been also proposed. In [5], an LSP mode based on the
previously described algorithm was presented for block-based intra
prediction, in MMP algorithm. It proposes to recompute the lin-
ear coefficients for each pixel to be predicted, using previously pre-
dicted pixels during training procedure when reconstructed ones are
unavailable.

An alternative LSP method for block-based intra prediction in
the H.264/AVC standard was proposed in [4]. It uses an adaptive
training window and filter support, depending on the number of
available neighbor blocks. This approach differs from [5] by the
fact that LSP training is not performed in a pixel-by-pixel basis. By
using a fixed training window for all the block pixels, the same set of
common linear coefficients can be used for the whole block pixels,
resulting in high computational complexity savings. LSP prediction
has been also used for inter prediction between stereo pair views in

[6].

3. SPARSE REPRESENTATION METHODS

Sparse representation methods have been increasingly considered in
the literature for signal and image processing, including image cod-
ing applications [8]. The underlying assumption of these methods
is that natural images are composed by few structural primitives or
representative features. Sparse prediction tries to approximate the
input signal using a linear combination of a small number of these
primitives, selected from a large and redundant basis or dictionary.
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Fig. 2. Approximation support (or template) and search window
used in sparse coding and neighbor-embedded methods.

3.1. Sparse prediction algorithm

Consider the /N-pixel region S, the union of the /N,-pixel block P to
be predicted, and the N.-pixel approximation support (or template)
C, as illustrated in Figure 2. Note that the pixels from the block P
to be predicted are unknown, and the ones of the template C are the
previously reconstructed pixels. By using an appropriate dictionary,
the sparse prediction method estimates the best linear approximation
for the known template C and uses the same model to approximate
the corresponding unknown block P.

Let vector b be composed by the N pixel values of region S,
stacked in a column (assuming the zero value for unknown values
of block P). Also, let an N x M matrix A, represent the basis
dictionary. This basis is built by stacking all the texture patches with
the shape of region S, which exist in the causal search window W,
as shown in Figure 2. An overcomplete dictionary is used, that is,
the number of elements M is greater than the size IV of each patch.

The dictionary matrix A (and vector l_;), can be separated into
two vertically concatenated sub-matrices A and Ap (and two vec-
tors b, and l_;p), corresponding to the pixels in the spatial location of
template C and predicting block P, respectively. Sparse representa-
tion algorithms aim at approximating the template C (vector be), by
solving the following optimization problem:

min [[b — AcX[)3  subjectto [[F]jo < p 3)

where ||X||o denotes the Ly norm of X, i.e. the number of non-zero
components in X and p is a parameter that controls the sparsity level.

Since searching for the sparsest solution for this problem is
NP-hard, matching pursuit (MP) and orthogonal matching pursuit
(OMP) algorithms have been used as heuristic methods to find ap-
proximate solutions with tractable computational complexity [11].
When optimal coefficients are found, sparse prediction generates the
predicted signal through l;p = ApXopt, Where Xop; is the sparsest
found solution of (3).

3.2. Neighbor-embedding methods

In the context of sparse prediction, data dimensionality reduction
methods have been recently investigated for image prediction. In
[9, 10], LLE and NMF-based methods were proposed and evaluated
in H.264/AVC intra prediction framework. The principle of these
methods is similar to the one previously described for sparse pre-
diction methods. The linear representation for the template C (refer
to Figure 2) is estimated based on the k-NN template patches de-
fined in a matrix A, built from the causal search window W. Then,
the coefficients are used to predict the whole block P, by linearly
combining the co-located pixels in the k-NN block patches. In NE-
methods, k-NN algorithm is used to impose the sparsity constraint
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Fig. 3. Proposed training window and available region for filter sup-
port of SLSP method.

by choosing the k closest template patches (columns of A.), to the
template C (vector gc), in terms of Euclidean distance. In order to
compute the linear weights, LLE and NMF methods solve different
constrained least-squares problems. In the case of LLE, the predic-
tion problem is given by

min [|b. — AL%k||3 subjectto » %, =1 @)
Xk '

where A¥ denotes the submatrix of A, containing the selected k-
NN patches. In the case of NMF method, a constraint which imposes
nonnegative weights is used.

By adjusting the value of k, different sparsity constraints can be
tested. The value of & which produces the smallest prediction error
should be explicitly signaled to the decoder. Note that template-
matching (TM) algorithm can be viewed as a particular case of LLE
method, in which the sparsity constraint is & = 1. Experimental
results presented in [9] using H.264/AVC demonstrate that the de-
scribed neighbor embedding methods are consistently superior to
sparse prediction and TM methods.

4. PROPOSED SPARSE-LSP MODE

The proposed SLSP method combines the concept of sparse predic-
tion with the LSP technique. In practice, SLSP is a redesigned LSP
method which may exploit more meaningful data in a larger causal
area than traditional LSP algorithms. Only a few positions of this
causal area are selected through the k-NN technique to take part of
the actual filter support.

In order to estimate the set of coefficients used to predict the
block P, SLSP uses a training procedure based on previously de-
scribed LSP algorithm, in Section 2. The main differences are re-
lated to the shape of the training window and filter support. Since
the linear coefficients are derived once per block and used to predict
all the pixels of the block P, SLSP uses a fixed training window, T,
whose shape is illustrated in Figure 3. In regard to the sparse filter
support of SLSP, it can be defined in a large causal region which is
illustrated in Figure 3, namely when positioned for the first pixel of
the block (represented by thick black line) and for the last pixel of
the block (represented by dashed gray line). Note that, the asymmet-
ric shape of the filter context area is due to the fact that pixels in the
right side of the block P are unavailable for most cases, e.g. for the
last pixel of block, as illustrated by gray samples of Figure 3.

As discussed, not all samples of the referred context region are
used in proposed linear prediction model, due to the sparse restric-
tion. The use of a low order model not only reduces the algorithm’s
complexity, but also avoids the overfitting problem in which the

model memorizes training data instead of learning its underlying re-
lationships. The actual filter context positions used for linear filter-
ing (i.e. positions that may use non null coefficients) are selected
using the k-NN algorithm. SLSP uses the training window T for
k-NN search procedure, similar to template C in NE-methods. The
idea is to find the pixels in causal context area that exhibit the highest
correlation with the pixels of training window T. To better explain
this procedure it is important to understand the connection between
the LSP and NE methods, described in the following.

Let? = [X(no—h(1))... X (no—h(M))]* be the column vec-
tor containing the M pixels belonging to training window T, where
no denotes the first pixel of the predicting block and h(j) represents
the relative position of the pixels in the training window. Consider
the following matrix whose rows correspond to the N-pixel causal
context region (before being sparsified) associated with each training
window pixel, similar to matrix C defined in Section 2:

X(no —h(1) — g(1)) X(no —h(1) — g(N))
V= : : ,
X(no —h(M) —g(1)) ... X(no—h(M)—g(N))

where g(7) is the relative position of each pixel in the context region.

One may observe that each column ¢ of matrix V is equivalent
to a displaced version of the training window T, where g(i), for
i = 1,..., N, corresponds to the displacement vector. Consider-
ing this observation, vector ¢ and matrix V can be interpreted as
the template EC and dictionary A . of NE-methods (see Section 3.2).
Actually, matrix V may be constructed similarly to dictionary A.,
based on the patches existing in a predefined causal search window,
as illustrated in Figure 2. The main advantage of SLSP is that gener-
ated dictionary is more complete. While NE-methods only include
patches whose associated block exists in causal search area, the ma-
trix V formulated for SLSP method contains all templates (with
shape of training window) existing in a equivalent search window,
plus those templates whose associated block overlaps the unknown
block to predict. In practice, SLSP may be viewed as an extension to
NE-methods, able to use an improved context which does not depend
only on previous reconstructed pixels, but also on previous predicted
pixels in the unknown block. Furthermore, SLSP does not use the
linear filter restrictions of NE-methods (see equation (4)).

After estimation of the k matrix columns more correlated with
the training window, %, using k-NN method, the SLSP proceeds by
solving the problem min(||t — V@||2), where V, is a sub-matrix
of V which only contains the k chosen columns, and @ is the vector
of the k coefficients. The estimated coefficients are used to predict
each pixel of the block by linearly combining the k chosen pixels in
the corresponding positions of the filter support:

k
X(n) = _Z a;: X (n — g(i)) (5)

where g(7) gives the relative Euclidean coordinates of the chosen k
context pixels, which vary for each encoded block.

5. EXPERIMENTAL RESULTS

The proposed prediction mode was implemented in the state-of-the-
art HEVC standard (software HM-13.0). To accommodate the pro-
posed prediction mode in HEVC framework, the directional mode 3
has been replaced by SLSP. Similarly, we implemented some predic-
tion methods proposed in literature for comparison purposes. Three
different versions of HEVC, using the LSP mode based on [5], the



LSP ™ LLE SLSP

Image PSNR RATE PSNR RATE PSNR RATE PSNR RATE
Barbara 023 -337 0,12 -1,86 027 -399 043 -6,27
Roof 0,07 -0,92 0,12 -1,61 033 -434 044 -580
Houses 0,03 -041 024 -298 034 -421 039 -4,72
Snook 0,01 -0,10 0,28 -3,83 1,00 -13,64 1,05 -14,31
Wool 0,13 -225 033 -570 056 -949 0,62 -10,38
Spincalendar 0,02 -0,37 041 -745 056 -990 0,58 -10,18
Building 0,02 -0,23 0,53 -7,57 1,09 -1539 1,09 -15,01
Pan0_qcif 0,00 0,06 036 -525 092 -13,27 1,12 -15,73
Average 0,06 -095 030 -453 063 -928 0,72 -10,30

Table 1. BDPSNR (PSNR) and BDRATE (%) results of HEVC
using LSP, TM, LLE and SLSP methods relative to the reference
HEVC standard for the selected set of test images.

LLE prediction based on [9] and the template-matching (TM) algo-
rithm, have been developed.

For LLE and TM methods, the template thickness (see Figure
2) was set to T' = 4. The search window dimensions for these
methods was defined to (see Figure 2): Dy = Py + T + 64 and
Dy = 128 + T + Px. In the case of SLSP method, the size of
the training window has been chosen equal to the template of TM
and LLE methods. Furthermore, the available context region, where
matrix V is defined, was set to match the dimensions of the search
window used in TM and LLE methods. This ensures that the three
prediction methods can use the same causal information, differing
only by the procedure that is used to generate the prediction block.
The sparsity parameter k used in SLSP and LLE methods was set to
k = 10, which corresponds to the model order used by LSP in[5].

Experiments were performed for two sets of sequences. The first
one, represented in Figure 4, includes a selected set of images with
high frequency features and complex textures, which are not well
predicted by traditional directional modes. The second set includes
the first frame of HEVC test sequences from 3 classes (B, C and D)
as proposed in [12]. Only the luminance channel was encoded and
evaluated in these experiments.

Tables 1 and 2 present Bjontegaard Delta PSNR (BDPSNR) and
Bjontegaard Delta Rate (BDRATE) [13] results for the proposed
SLPS method in HEVC standard, and the three previously men-
tioned HEVC versions, comparing the performances of each method
relatively to the original HEVC standard, for the two proposed sets
of test images, respectively.

In Table 1, one may observe that all methods improve HEVC
performance, achieving coding gains superior to 1 dB for some im-

N/
()

Fig. 4. Selected set of test images: (a) Barbara (512 x 512), (b)
Snook (720 x 576), (c) Wool (720 x 576), (d) Spincalendar (1280 x
720), (e) Roof (512 x 512), (f) Houses (512 x 512), (g) Pan0_qgcif
(176 x 144) and (h) Building (1792 x 944).

LSP ™ LLE SLSP
Image PSNR RATE PSNR RATE PSNR RATE PSNR RATE

(D) BasketballPass 0,03 -041 0,08 -1,17 003 -0,52 008 -1,20
(D) BlowingBubbles 0,01 -0,05 0,01 -0,05 000 -003 0,01 -0,17

(D) BQSquare 0,00 0,05 0,03 -035 0,01 -0,09 0,04 -0,40
(D) RaceHorses -0,02 0,15 -0,02 021 -0,03 038 0,00 0,00
(C) BQMall 0,00 -0,05 0,04 -068 0,04 -0,72 0,05 -0,78
(C) BasketballDrill 0,02 -0,50 0,13 -2,61 0,12 -2,51 0,14 -2,96
(C) PartyScene 0,01 -0,10 0,04 -049 0,05 -0,57 0,05 -0,62
(C) RaceHorses 0,01 -0,15 0,01 -024 0,00 -0,05 0,01 -0,24
(B) BasketballDrive 0,01 -0,26 0,06 -2,39 0,07 -2,99 0,06 -2,16
(B) BQTerrace 0,01 -0,17 0,11 -1,73 0,17 -2,69 0,10 -1,55
(B) Cactus 0,00 -0,03 0,05 -1,43 0,06 -1,55 0,05 -1,35
(B) Kimonol 0,00 -0,01 0,00 -0,06 0,01 -0,18 0,01 -0,14
(B) ParkScene 0,00 -0,03 0,01 -0,18 0,01 -0,20 0,01 -0,27
Average 0,01 -0,12 0,04 -086 0,04 -090 0,05 -091

Table 2. BDPSNR (PSNR) and BDRATE (%) results of HEVC
using LSP, TM, LLE and SLSP methods relative to the reference
HEVC standard for the first frame of HEVC test sequences.

ages. These methods tend to perform very well in the presence of
high frequency areas with complex textures, due to limitations of
directional prediction with these features. SLSP presents the high-
est coding gains among all methods achieving average gains above
0.6 dB (9% of bitrate) over traditional LSP method, 0.4 dB (5%
of bitrate) over TM algorithm and almost 0.1 dB (1% of bitrate)
over the LLE method [9]. Experimental results using HEVC test
sequences in Table 2 present a smaller rate-distortion performance
gain, up to 0.2 dB (almost 1% of bitrate). As most of these se-
quences are smoother than the first set, containing less challenging
features, original HEVC framework is able to exploit existing re-
dundancy efficiently. Nevertheless, these results clearly demonstrate
that the use of SLSP in HEVC framework produces equal or superior
rate-distortion performance than the original standard.

In regard to computational complexity, coding times may in-
crease one order of magnitude, due to search procedures and LS-
optimization problems. All methods have comparable computational
complexity, except TM which is less complex. In this work, we did
not address computational complexity problem, however we believe
that it could be highly improved by using more efficient implemen-
tations, CPU multi-core or GPU processing.

Despite the presented method uses a fixed model order and
causal context region, similarly to the other evaluated methods,
SLSP presents additional flexibility which gives some ability to op-
erate similar to LSP, LLE or TM methods. This can be done through
the use of simple constrains on the shape of the filter context region
and filter order. This is an interesting property of the proposed SLSP
method, which motivates the research on a generalized prediction
approach able to exploit different image features using various linear
models, defined by explicit constraints on the filter context.

6. CONCLUSIONS

A new LS-based prediction mode with sparse constraints on model
context has been presented for intra image coding. SLSP predicts
unknown pixels by linearly combining previous reconstructed and
predicted pixels. Experimental results showed that when combined
with HEVC, SLSP is able to improve rate-distortion results, mainly
for contents presenting repeated and complex textures. Furthermore,
as the SLSP filter context can be explicitly constrained to operate
similarly to other linear prediction methods, it constitutes a worthy
solution for a future generalized prediction method with improved
adaptation to the image features.
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