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Abstract. Using renormalization, we
compute a scale factor such that the distance
of the endpoints of a Pacheco d’Amorim
random polygonal line in the plane is a
non-degenerate random variable. We also
analyze more general random polygonal lines
and the corresponding limit curves, folded
at random points of the segments at each
iterative step of its construction, instead of
the middle point.
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1. Introduction

At the dawn of modern Probability Theory,
J. Bertrand, J. M. Keynes and many others
looked at continuous probability with suspi-
cion, and presented intriguing paradoxes, ei-
ther connected to conditioning on events of
zero probability, or due to the lack of im-
portant tools such as the concept of random
variable and the manipulation of functions of
random variables.

The early steps of Borel construction of
continuous probability originated some mis-
conceptions, and some results published at the
time seem nowadays foolish. The results we
present give a modern and correct solution
of an ill-solved problem we came across in
Pacheco d’Amorim’s Probability Calculus [3].

According to Pacheco d’Amorim, the dis-
tance between the endpoints of a fixed length
random curve in the plane is almost surely
zero, a result that doesn’t stand empiri-
cal confrontation. The mistake in Pacheco
d’Amorim’s conclusion is that, starting from
a straight line Ly of length ¢y, he considers

an iterative procedure of breaking each side
at the middle point and randomly folding the
two resulting segments in the plane, consid-
ering that the limit is a random curve still of
length ¢y. In fact, the limit would be a point,
as reasoning clearly shows and the simulation
we present corroborates.

Observe also that from self-similarity ar-
guments [2], it is clear that the above proce-
dure generates a fractal of Hausdorff dimen-
sion 1 in R2, and that the problem arises from
the need of renormalizing so that the limit
length will be neither zero nor infinity, an idea
that we shall formally present in Section 3.

Renormalization has been used in Proba-
bility to define stable random variables (ei-
ther in the additive or in the extreme value
scheme), in Differential Geometry, via the
Ricci-Hamilton flow [1] to tackle Poincaré’s
conjecture, in Physics to work out problems
of phase transition [7]; in Time Series it is re-
lated to the Hurst exponent and long range
dependence — in fact, re-scaling with eventu-
ally fractional exponents is a tool that perme-
ates nowadays every branch of Mathematics
and Physics.

2. Random polygonals and their
renormalized limits

Starting from a straight segment Lo of
length ¢y, we define a random polygonal line
as the result of an iterative procedure where
in each iteration each polygonal segment is
randomly (in what concerns the angle they
form) folded up at its middle point, and re-
scaled by a factor 27, where 0 < H < 1.
Note that H = 0 corresponds to the Pacheco
d’Amorim’s definition and H = 1 to the case
where we double the number of segments but
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the length of each segment is the original Table 1. Simulated values of D
length 4. n =5 & 2" = 32 segments
After n iterations, the polygonal line L, 25 19 |H=5 Bl 5

has 2" sides each one with length £o2n(H-1) 0189 1 0901 | 0967 | 1.083 | 5582
(and the polygonal line has total length (185) | (.902) | (.946) | (1.045) | (5.495)
£52"H). The angle formed by each side with
the abscissas axis will be characterized by
some random variable 8;,i = 1,...,2" with
support in [0,27). Fig. 1 illustrates some
examples of a random polygonal line after n

n = 10 & 2" =1 024 segments

.25 49 |H=.5 .51 .75
0.033 | 0.876 | 1.022 1.151 30.99
(.033) | (.868) | (.984) | (1.147) | (30.29)

iterations (for n € {1,2,3,5,7,9,11,13,15}). n =15 < 2" = 32 768 segments
25 49 [H=5] .51 75
n=1 n=2 n=3 0.006 | 0.820 | 0.995 | 1.228 | 1785

(.006) | (.828) | (1.014) | (1.225) | (177.8)
n =20« 2" =1 048 576 segments
.25 49 |H=.5 .51 .75
0.001 | 0.766 | 0.998 1.288 1024
(.001) | (.806) | (1.026) | (1.357) | (1007)

H > 0.5 the expected value of D2 diverges
to infinity. For H = 0.5 the random vari-
able D2 has expected value and standard de-
viation which seems to be near unity (the
situation where £y = 1). Simulations, for
H € {0,0.5,1}, are illustrated in Fig. 2. Ob-
serve that this is what should be expected
from self-similarity considerations, i.e. the
need of renormalization so that the limit will
be neither zero nor infinity.

Figure 1. Random polygonal lines

We will also analyze the case where the
folding is chosen at random in each former

segment. Our main goal is to investigate the H=0

limiting behavior of L,, for various exponents ¥

H € [0,1], searching for a value of H such e
that the square of the distance between the

two endpoints of the polygonal line (D2) con- H =0.50

D?. with finite mean.

verges to a non-degenerate random variable _ f&
ISV ¢ ;fz,fgt $

3. Simulation of D2 with indepen- H=1
dent angles

s ey
In this section our purpose is to ana-

lyze the expected value of D2 when n — oo.

Figure 2. Iterative procedure without scale

Table 1 exhibits the results of the simula- adjustments
tions of D2 performed with Mathematica
7.0, using 4o = 1, n € {5,10,15,20}, 4. D? distribution with indepen-

H € {.25, .49, .5,.51,.75} and 10000 replicas. = dent angles

We can infer that, for H < 0.5, D2 con-
verges to a degenerate random variable at Assume now that one of the endpoints of
zero (as in Pacheco d’Amorim’s case) and for ~ the polygonal line is fixed in Ag = (g, yo)-
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As the first side makes an angle 6; with the
abscissas axis, the other endpoint of the first
side [; will have coordinates A; = (x1,¥1)
given by (xo+ #41cos(01),yo+ £1sin(67)).
The second side I, will have one of its end-
point in A; (shared with [;) and the other
endpoint will depend of the angle 6, that [y
formed with the abscissas axis. Therefore,
the other endpoint of I will be Ay = (x9,y2)
given by (x; +€2cos(02),y1 + L2sin (62)).
Hence, the point Ay = (zk,yx) will have
coordinates zp = zo + E?=1£j cos (0;)
and yp = yo + Z?Zl ¢;sin (6;).  Thus,
the square of the distance between
the two endpoints, after n iterations, is
D2 = X2 +Y;2 where X, = Y_7_, {; cos (65)
and Y, = 232-7;163- sin (fj). Let Xo and
Y, represent the limit, as n — oo, of those
random variables.

4.1. Fold up at middle point

Assuming that in each iteration all
segments are fold up at middle point, then
all the sides /; will have the same length
¢; = £o2"H"1 Vi With independent
uniform random variables 6;, the Central
Limit Theorem implies that in the limit
n — oo the random variables 2327;1 cos (65)
and Z?; sin (6;) will be Gaussian with zero
mean and variance 2"!. Thus, X, and
Y, have Gaussian distribution with zero
mean and variance 0.5/22"H-1  which
diverges to infinity when H > 0.5 and
goes to zero when H < 0.5. For H = 0.5,
a_%(oo = 0)2,00 = 0.5¢2. In fact, the limit ran-
dom variables X, and Y., are independent
because they are uncorrelated (as a conse-
quence of E [cos (6;)sin (;)] = 0, Vi, j) and
they are both Gaussian. So, D2 = 0.5 £2 W
where W ~ x2 (chi-square distribution with
two degrees of freedom) for H = 0.5, thus
E[D%] = ¢} and 0%, = ¢;. In Fig. 3
we exhibit the theoretical limit distribution
function (in orange) and the empirical
distribution function (in gray) obtained by
simulation with 1000 observations. We can
observe that, even with few iterations, the
approximation is strikingly good.

In 1905, Lord Rayleigh [4] deduced the
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Figure 3. Theoretical versus simulated
distribution function

probability density
P(r<Dny<r+4dr)=

r2
e Nz rér (1)

2
N ¢2
of the distance between the two endpoints of a
polygonal line with N sides, with length £ and
random angles. If we fold up in middle point,
after n iterations we have N = 2" sides with
length ¢ = 602’:(}[‘1) that, for H = 0.5, we
find £ = 502—0-5%%):%, If we use £ = 2%
in the random flight of Lord Rayleigh, when
N — o0, then E(Dy) = 4ol (%) = e—°2ﬁ and
E (D2%) = €2I'(1) = ¢2. This way, in the
random flight of Lord Rayleigh, with H=0.5,
we get finite variance (02 = £3 (1 — §)) when
the number of sides goes to infinity.

4.2. Fold up at random point

If we do not use the middle point,
choosing instead a point at random (uni-
formly) in each side in the former iteration
step to fold up, we start with one segment
of length ¢y, and in the first iteration we
get two segments with lengths U;£o2H and
(1 —Uy) £o2F; after two iterations we have
four segments with lengths UjUslo22H,
Uy (1 - U2)£022H, (1 - Ul) U3£022H and
Q1-Uy)(1- U3) 6022H; ac0g after n
iterations we have 2" segments with
lengths ¢; = £o2"7 [[p_, UE], where U,EJ],
k=1,...,nand j = 1,...,2", are inde-
pendent random variables with uniform
distribution over (0,1) (except in some cases
where U =yl or pll = 1 -yl
j1 # Jjo, as the previous exemplification of
the second iteration illustrates). However,
E [¢j cos (0;) £y cos (6;)) = O for j # k as a
consequence of E [cos (0;) cos (0;)] = 0,Vi # j

Authorized licensed use limited to: b-on: Instituto Politecnico de Leiria. Downloaded on October 27,2025 at 18:23:30 UTC from IEEE Xplore. Restrictions apply.



(and the independence of ¢; and 6;, Vi,j)
and the variables ¢;cos(6;) and £ cos (6)
are uncorrelated. So, E[X,] = 0 and
E [X2] = 0%, is given by

2omH in: ﬁ E {(UE])Q] E [cos? (8;)] =

j=1k=1
22H n2n 22H+1 n
_ 2 4 g2
A (E) T 0 (P

And, analogous, we can conclude that

E[Y,] = 0 and of, = 0.5(3 (221;“)”. For

H > hlllng)’) ~~ 0.29248 the variances ag(n and

032/” diverge to infinity; for H < 1?&;3)

verge to zero and for H = hfétg) we get
a%oo = 0'%;00 = 0.5¢2 and, therefore, D2
has finite mean. However, in this case, we
cannot use the classical Central Limit The-
orem because ¢;cos(0;) and ¢y cos(6y) are
not independent (although uncorrelated). In
Fig. 4 we compare the empirical distribution
function of D2 (by simulation with £y = 1,
H = 111175152 and 1000 observations) with the
distribution function in the situation that we
fold up in middle point (D% = 0.52W
where W ~ x3). We can easily deduce their
dissimilitude and infer that, in this situation,
the mean value will be lesser than unity.

con-

n=29 _

\
\
\

Figure 4. Theoretical versus simulated
distribution function

5. D? simulation with dependent
angles

For simplicity, let 6, denote the an-
gle of the side I; with the side [;_; (not with
the abscissas axis as in the previous sections).
This way we can limit the variation of 6,
in order to smoothen the polygonal line
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obtained in the limit (this can be done by di-
minishing the support or using a distribution
where we have high probability of getting
values in the neighborhood of zero).

“~s,

k=100

k=1

k=10

Figure 5. Random polygonal with angle
dependence

First, we assume that the 6] are indepen-
dent random variables with uniform distribu-
tion with support [—%, Z] (but, for k # 1, 6;
are dependent — 6; depends of previous an-
gle 0;_1). In Fig. 5 we can see the results
of simulation without using re-scaling factor
(H=0,n=15,4 =1). In Table 4 we reg-
ister the simulation results (10000 replicas).

Table 2. D? simulation — dependent angles

n = 15 iterations
k=1 k=2 k=4 k=10
0.00010 | 0.00045 | 0.00194 | 0.01213
(.00010) | (.00045) | (.00198) | (.01197)
k=50 | k=100 | k=180 | k=360
0.25411 | 0.62003 | 0.84931 | 0.95930
(.18807) | (.21925) | (.11543) | (.03489)
n = 20 iterations
k=14 k=10 [ k=180 | k=360
0.00019 | 0.00121 | 0.31797 | 0.68480
(.00019) | (.00122) | (.21279) | (.19795)

As expected, dependence decreases the
speed of convergence of D2 to a degener-
ate random variable (nonetheless, it still con-
verges to zero). In Table 2 we register the
results of simulation, k € {4,10, 180,360},
using n = 20 iterations to stress this point.
We can notice that D2 decreases when we in-
crease the number of iterations.

We can apply another continuous and
symmetric distribution with mode at 0 for the
angles 0}, and therefore produces a smoother
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Figure 6. Random polygonal, Beta angles

limiting curve. In Fig. 6 and Table 3 we show
the simulation results, 6, = (6 —0.5) 2,
where 6] are independent Beta(2,2) random
variables. Even with k& = 360, when we in-
crease the number of iterations the values of
D2 decrease.

Table 3. D? simulation — Beta(2,2)

k 2 4 360 360 360
n 15 15 15 17 20
T || .0032 | .0130 | .9937 | .9392 | .5838
s || .0032 | .0129 | .0057 | .0515 | .2299

6. D? distribution with dependent
angles

In this case the point A}, = (z},¥;), as
we denote the endpoint of side [, will have

coordinates zj, = g + Z, 1 4i cos <23 1 g)

and y), = yh + S.F  4;sin (Z] 1 J) The
square of the distance between the two

endpoints (D?) is

n_1 2n
Z€2+2 Z Z 0; £jcos(Sj—i), (3)
i=1 j=i+1

where Sj—i=2k=i+1 6}.- Assuming that the 6]
are symmetric, the corresponding character-
istic function is ¢, (t)=E [eitog] =E [cos (¢6})].

Hence, E [cos (Sm)z], m € N, is given by

s, (1) = (¢, (1))™ = (E [cos (6")])™, (4)
so using p = E (cos (8})) € [0,1) (we did not

consider the random va.rlable 6 equal to zero
with probability one), then

2n—1 2
Z£2+2Z Z b 400
i=1 j=i+1
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If the two sides have the same length (i.e.
folding up at the middle point), then E (D2)
can be simplified to:

2n—1 n_;
Plrpa Y T
1_

i=1

= £2€ (n) p) ) (6)

where £ = £52"H~1) and £ (n, p) is given by

2p(2" —1)  20°(1-p"7")
(1-p) 1-p2?
We further observe that for the limit of

E (D2) being finite and not null we need to
use H=0.5 and E (D2,)= 312 =5 S0, in order
to get E (D%) =1, we must use H=0.5 and

start with a £ = 4/l i;p

Table 4. D? simulation, H = 0.5

on 4 (7)

l | n=5|n=10 [ n=15|

1.048 1.028 975
Uniform || (.996) | (1.033) | (.983)
k=1 The limit is 1
31.73 790.0 2271
Uniform || (.227) | (162.7) | (2172)
k=45 The limit is 2461.7
32.00 1019 28705
Uniform || (.004) | (3.705) | (3180)
k =360 The limit is 157574
1.809 1.840 1.850
Beta (1.736) | (1.784) | (1.902)
k=1 The limit is 1.873
31.83 867.4 3856
Beta (.147) | (118.9) | (3529)
k=45 The limit is 4103.2
31.99 1021. | 30216.
Beta (.002) | (2.254) | (2086)
k =360 The limit is 262624

For a finite number of iterations, if we use
the scaling factor H = 0.5 (as in the pre-
vious section) we shall not be able to avoid
the alteration of D2 when we use different
numbers of iterations, converging to the limit
eg}—fg (as the simulations presented in Table
4 illustrates).

In Table 5 we show the simulation results

when the initial segment is £y = ﬁ%’ SO

that the expected value of D2 converges to 1.
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Table 5. D2 simulation, ¢, =

1-p
1+p

[ n=5 [ n=10 [n=15]

Uniform .988 1.002 971
k=1 | (913) | (1.008) | (.933)
Uniform .013 0.322 .945
k=45 | (.0001) (.065) (.890)
Uniform .0002 .006 181
k=360 | (.0000) |(.00002) | (.021)
Beta 963 0.965 999
k=1 | (913) | (.920) | (1.025)
Beta .008 0.212 913
k=45 | (.00003) | (.030) (.824)
Beta 00012. 0.0039 116
k=360 | (.0000) | (.0000) | (.007)
For those results we used p = ¢, (1),

and hence for the uniform distribution over

[-Z, %] we get p = %%k); on the other
hand, for the Beta distribution case we have

- 3 [sin(w/k) _ cos(w/k)]
P RO

R, = ]lg((ﬂg’l% can be used to grasp the con-
vergence rate as shown in Table 6.

The quotient

Table 6. Convergence rates

Uniform
n||k=1|k=45| k=360
5 1 .0129 .0002
10 1 3211 .0065
15 1 .9624 .1819
20 1 .9988 .9249
25 1 1 9977
30 1 1 9999

Beta
n || k= k=45 | k=360
5 1 .9791 | .0078 .0001
10 || .9993 | .2127 .0039
15 | .9999 | .9374 1150
20 1 .9980 .8748
25 1 9999 9961
30 1 1 .9999

7. Conclusion

Our results show that the choice of an
appropriate exponent for re-scaling achieves
the convenient result: the contraction of
D due to folding is counteracted by the
stretching using an appropriate factor 2,

so that at the end we have non-degenerate
random variable, and an almost surely open
curve, as empirical facts imply.
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