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Abstract

This study applies a simulation methodology, Monte Carlo, to the field of corporate default
prediction, where its presence is only superficial. It attempts to augment a famous model
from a methodology already highly supported in traditional literature — the Z”-score of
Altman (1983), created through multiple discriminant analysis — and transform it
stochastically without the use of the highly complex intelligent models already available in
literature. A sample of 20 000 Portuguese companies from the Agriculture, Forestry,
Fishing, Mining and Construction sectors is analyzed, yielding results that support the Monte
Carlo method as a strong competitor for simple approaches like the logit transformation.
This helps to build the foundation for what may possibly be a path towards models easier to
apply in practice for the average Micro, Small and Medium enterprise (MSME) and beyond.
The evaluation to the model on this study also takes inspiration off the innovative points of
view of Mitton (2021) and Zhang (2022) to scrutinize results through empirical tests of the
model under a high number of parameter conditions, instead of relying heavily on statistical
significance, which is often overrepresented and overvalued in literature, and easily

manipulatable.
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1. Introduction

Default prediction modeling is a field of financial literature that has been contested for
almost 60 years now (Hillegeist et al., 2004; Balcaen & Ooghe, 2006; Bakshi et al., 2022;
Kim et al., 2020; Sun et al., 2014). It encompasses various perspectives and approaches
(Alaka et al., 2018; Aziz & Dar, 2006; Jackson & Wood, 2013; Kumar & Ravi, 2007), and
has followed up with some of the best developments in computer science (Aziz & Dar, 2006;
Kim et al., 2020), with models more and more complex as we approach the modern day

(Kim et al., 2020; Sun et al., 2014).

The Monte Carlo simulation is a powerful tool that can aid in the calculations of the more
traditional approaches that still strive due to their simplicity (Andrieu et al., 2003; Jackson
& Wood, 2013; James, 1980; Kumar & Ravi, 2007; Sun et al., 2014). It was from the
academic, personal, and professional contact with this tool that stemmed the intent to test its
applications on the more traditional statistical techniques that are widespread in finance
corporate default studies (Aziz & Dar, 2006; Balcaen & Ooghe, 2006; Dimitras et al., 1996;
Jackson & Wood, 2013). Interestingly enough, this tool has not had much application in the
default prediction field, which lifted the opportunity to test out its usefulness.

Until now, no direct applications of the Monte Carlo simulation have been executed to
directly model default, only to assist either by bootstrapping samples for results (Abinzano
et al., 2020; Bottazzi et al., 2011; Chava & Jarrow, 2004; Costa et al., 2022; Innocenti et al.,
2022; Korteweg, 2011; Pelaez et al., 2022; Reisz & Perlich, 2007; Xu et al., 2021) or assess
the effects of parameter variation on said models (Hosseini & Hajiannejad, 2022). This study
aims to take advantage of this opportunity to augment the pre-existing traditional literature
on default prediction models using Monte Carlo simulation, in an attempt to bridge the
practical and the powerful in order to present a new set of tools for the bettering of the micro,
small and medium enterprise (MSME) company risk management as a whole, through
something as simple as an excel sheet. More specifically, the objective is to test the
usefulness of the Monte Carlo Simulation when assessing the default risk of MSME
Portuguese companies, using more traditional and easy-to-apply models like the Z’-score of

Altman (1983), by recreating those same conditions in a large data algorithm.
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Much like in most countries of the world (Altman et al., 2016), most Portuguese companies
are privately held: 91.94%, as of August 2022, to be exact (CEIC, 2022). Furthermore,
99.9% of Portuguese companies fall under the classification of micro, small or medium
enterprises (INE & Pordata, 2021), with 96.1% solely falling under the micro category. The
combination of these factors creates a need for statistically-based models of default
prediction literature, in order to avoid the heavy dependency theoretical models have on
market variables (Bakshi et al., 2022; Ramesh & Kumar, 2017), along with an avoidance for
more complex models like the intelligent ones, as smaller companies would likely not have
the sufficient resource structure to execute them. This study attempts to respond to these two

needs, through the introduction of this new methodology.

Furthermore, this study aims to escape the common practices of the statistical significance
overuse as a methodology validator, instead choosing to scrutinize the model through various

modifications of parameters and conditions (Mitton, 2021; Zhang, 2022).

In terms of structure, this study will be organized as follows: Section 2 will develop on the
current state of the art and attempt to justify any main choices required to proceed to Section
3; Section 3 will include information on data collection, the methodology and its
development and base of assumptions, as well as the expected methodology for assessing
the model’s predictive power and limitations; Section 4 will go over the application of the
model and its results, peculiar findings, as well as the application of any tests and evaluation
methods required; Section 5 will conclude and express any limitations found in the study,

ideas for further developments, as well as some final regards.



Castelo, R.J. Simulation Applications in Company Default Prediction

2. State of the Art

Many have been the authors over the last 60 years to develop on the subject of corporate
default, allowing it to become one of the major research domains within corporate finance
(Hillegeist et al., 2004; Balcaen & Ooghe, 2006; Bakshi et al., 2022; Kim et al., 2020; Sun
et al., 2014). In this section, the various developments from the reviewed literature will be

explored, to attempt to develop the structural and methodological pillars of this study.

There are three fundamental literature ‘supports’ this study will develop on: (1) default
prediction, (2) simulation application and (3) model evaluation. Each of these develops into

their own sub-sections and decision criteria, which shall be explained below.

2.1. Default Prediction Models

Under the subject of default prediction modeling in literature, this study goes into detail
specifically on model categorization, so one can better understand the framework and
placement of the method developed ahead. Each of the following subsections will depict a

different dimension through which default prediction modeling can be categorized.

2.1.1. Importance of Corporate Default Prediction

Before diving into the broad literature that encompasses corporate default, this study presents
a brief explanation as to why this area is so important and why, given the grand amount of

research already available, it still makes sense to try to innovate and add to its length.

Quoting Bottazzi et al. (2011, p. 374), “the 'death' of a firm represents the ultimate market
response to the inability of an economic activity to survive the competitive pressure”. It is,
hence, a sign of fragility of either specific firm strategies or of the underlying pressure of
sectors, the market, and economy in general. Overall, default prediction is of interest not
only to the company, but all stakeholders or decision-makers involved, namely, investors,
creditors, banks, regulatory authorities, auditors, consultants, management, employees, and
the government, among many others (Alaka et al., 2018; Dimitras et al., 1996; Du et al.,

2020; Ketz, 1978; Kumar & Ravi, 2007; O'Leary, 1998; Shen et al., 2020; Sun et al., 2014,
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2017). In fact, Bakshi et al. (2022) go as far as to name it the single “most significant credit
event for a firm” (p. 397).

With that, it becomes clear that the area of default prediction has high economic significance,
given the number of entities it affects (Jackson & Wood, 2013). A question remains,
however: why is it so important for the stakeholders above? Well, the clearest of answers is
that bankruptcy (the ultimate most extreme consequence of default) is costly, not just for the
company, but to those stakeholders too (Bottazzi et al., 2011; Dimitras et al., 1996). Some
examples of these costs are: (1) loans to companies have a heavy weight on banks’ assets
(Bonfim, 2009), so if the company enters bankruptcy, that cost will never have any return,
and will in turn have an effect on the bank (Sun et al., 2017); (2) the failure of a business
represents a high cost of tangible and intangible assets wasted (Bottazzi et al., 2011); (3)
bankruptcy filings are associated with both legal and professional costs (Abinzano et al.,
2020); (4) the failure of a business can produce substantial losses to creditors and
stockholders that do not retrieve any of the invested value (Deakin, 1972; Jackson & Wood,
2013). Some researchers even mention how it is much less costly for a company to apply
preventive regulation measures to detect default and to take corrective strategies if necessary

than it is to go bankrupt (Altman, 1973; Aziz & Dar, 2006).

Company defaults may also be seen as having a ‘domino’ effect on their environment.
Jackson and Wood (2013), for instance, compare the corporate default with a pebble being
thrown into a lake, the shockwaves portraying its effects on partnered companies, industry,
wider economy, and society itself (also reenforced by Kim et al., 2020). More generally,
default causes an overall disruption of the supply chain and its productivity, when it happens

(Abinzano et al., 2020). Hence why this field of research is deemed so important.

With the corporate default importance established, how can researchers and studies like this
one aid in the protection of stakeholders from the consequences of the event? That much is
achieved by the development of models that can accurately predict (forecast) default or
classify defaulted companies in an ex ante setting. As Kim et al. (2020, p. 1) state, “default
prediction models help in designing and improving the financial system”. This is achieved
by aiding the various agents in economy: (1) corporate default prediction models (DPMs)
work as an extra tool for investors and institutions to evaluate their risk working with or

investing in specific companies (Dimitras et al., 1996; Kim et al., 2020; Shen et al., 2020);
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(2) DPMs can assist financial institutions (such as banks) in determining whether a client is
liable for a loan or not (Du et al., 2020; O'Leary, 1998; Shen et al., 2020; Sun et al., 2017);
(3) executives can use DPMs as tools to more stably manage their businesses by determining
key indicators that affect it negatively (Kim et al., 2020; Sun et al., 2017); (4) bank regulators
can use DPMs to help evaluate a bank’s performance and take preventive or resolving
measures (O’Leary, 1998); and (5) governments can use the timely knowledge offered by
DPMs to better maintain market order and stability (Du et al., 2020). Overall, DPMs reveal
the potential risk and financial defects of corporations, functioning as early warning systems
that allow those responsible to take action and prevent or reduce considerable losses (Deakin,
1972; Dimitras et al., 1996; Du et al., 2020; Shen et al., 2020). For this reason, DPMs today
are used in various fields across the economy, and it is stressed that more companies,
especially the smaller sized ones, make use of these tools to allow the development of better

management practices (Kim et al., 2020).

2.1.2. Default Definition

The first categorization dimension this study will grapple is the traditional dilemma of the
default definition: what is considered default under the circumstances of DPMs. The truth
about this long-lasting dilemma is that literature is inconsistent and fails still to this day to
find consensus on how to define default properly (Balcaen & Ooghe, 2006; Costa et al.,
2022; Dimitras et al., 1996; Du et al., 2020; Ohlson, 1980; Sun et al., 2014). There is little
theoretical development on the subject and most studies choose arbitrarily based on their
application of DPM or the data available (Balcaen & Ooghe, 2006; Chava & Jarrow, 2004;
Sun et al., 2014). Facing this lack of basis, each researcher commonly applies their own

criteria for default definition (Du et al., 2020).

First and foremost, it is important to address that, often in literature, the terms ‘bankruptcy’,
‘insolvency’, ‘financial distress’, ‘failure’ and ‘default’ (among others that may be missing
in this section) are treated as similar, or even equal (Alaka et al., 2018; Altman et al., 2016;
Costa et al., 2022; Dichev, 1998). In this study, the term ‘default’ will be addressed as the
broader definition, which includes the many other terms mentioned above, hereinafter seen,

instead, as different levels of default.
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Through the reviewed literature, a good number of criteria were found, with little repetition,

leaving out some exceptions. These are different conditions that for different studies must

be met in order for a company to be declared as ‘defaulted’. Although a large majority of the

criteria found was utilized in modeling practice, some of them were simply mentioned as

possible inclusions (i.e., in Chava and Jarrow, 2004, all criteria except for Bankruptcy

Filing). A list of these criteria and associated sources follows:

(1)

)

©)

4

)
(6)
(7
®)
©)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

Bankruptcy Filing (Abinzano et al., 2020; Agarwal & Taffler, 2008; Altman, 1968,
1973, 1983; Altman et al., 2016; Beaver, 1966; Beaver et al., 2010; Blum, 1974;
Chava & Jarrow, 2004; Correia et al., 2017; Deakin, 1972; Dichev, 1998; Duffie et
al., 2007; Hillegeist et al., 2004; Jackson & Wood, 2013; Mensah, 1984; Nguyen,
2023; Ohlson, 1980; Ramesh & Kumar, 2017; Reisz & Perlich, 2007; Shumway,
2001; Sun et al., 2014; Wilcox, 1973; Zmijewski, 1984)

Bond default (Beaver, 1966; Beaver, 1968; Beaver et al., 2010; Ramesh & Kumar,
2017; Sun et al., 2014)

Credit overdue (Bonfim, 2009; Chava & Jarrow, 2004; Bottazzi et al., 2011; Nguyen,
2023; Sun et al., 2014)

Overdrawn bank account (Beaver, 1966; Beaver, 1968; Ramesh & Kumar, 2017; Sun
etal., 2014)

Loan default (Edmister, 1972; Nguyen, 2023; Sun et al., 2014)

Liabilities > Assets / Accounting Bankruptcy! (Beaver et al., 2010; Sun et al., 2014)
Preferred stock dividend arrearage (Beaver, 1966; Beaver, 1968)

Company de-listing (Dichev, 1998; Chava & Jarrow, 2004)

Negative net profit for 2 successive years (Shen et al., 2020; Sun et al., 2017)

Net assets per share lower than stock book value (Shen et al., 2020; Sun et al., 2017)
Liquidation for the benefit of creditors (Deakin, 1972)

Capital reconstructions (Balcaen & Ooghe, 2006)

Forced disposals of parts of the firm (Balcaen & Ooghe, 2006)

Informal government support (Balcaen & Ooghe, 2006)

Loan covenant negotiations (Balcaen & Ooghe, 2006)

Bank consideration that repayment of debt in full is unlikely (Bottazzi et al., 2011)
Agreements with creditors to reduce debt (Sun et al., 2014)

Audited operating income under a given threshold (Du et al., 2020)

! Nomenclature used by Sun et al. (2014).
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(19) Audited net assets negative (Du et al., 2020)
(20) Mortgage foreclosure (Ramesh & Kumar, 2017)

As can be seen, the list of criteria is vast and, much like Balcaen and Oogue (2006) and
Costa et al. (2022) pointed out, the top choice in literature seems to fall under bankruptcy
filing, followed by a combination of that criteria with one other criteria or more?. From this
broad list, the problem becomes one of classification and further analysis. On that matter,
Duffie et al. (2007) explained a set of self-inclusive groups for general default criteria, in
which each group fit into the next one, larger than the previous one. Their smallest group
was composed of only legally bankrupt companies, which, in terms of classification, left out
an option that, although not very common (Costa et al., 2022), has become a reality in
literature — models that did not include the legal bankruptcy as a criteria for default. As such,
this study’s classification of criteria follows the perspective found in Costa et al. (2022),

which divides the criteria into ex post, ex ante, and mixed>.

Default Definition

Defined by the inability Defined by corporate law.
to fulfill company or by the ceasing of
obligations in time company activities

(analysis prior to any (analysis of empirical
evidence of bankruptcy) evidence of bankruptcy)
Ex ante Ex post
Insolvency (or Bankruptcy (or

financial distress) Failure)
» Mixed <

Figure 1 - Default Definition Types

Figure 1 summarizes this study’s Costa et al. (2022) inspired logic for separating DPMs

based on criteria utilized to define default. Beginning in the more subjective side of the

2 The criteria may have specific advantages and disadvantages that have been pointed out by the authors
mentioned. However, in an attempt not to lose focus on the analysis, this study will not introduce them, hence
the reader is incentivized to delve into the original works if they are of interest.

3 The terms ‘ex ante’ and ‘ex post’ in this study refer to default definition only and should not be confused with
other applications of them, such as in Dichev (1998), which defines ex ante default risk as the risk a researcher
aims to predict, and ex post default risk as the risk returned by a model.
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classification, the ex ante models define default as the existence of financial distress signs
(Costa et al., 2022). They define default under what was originally denominated as
‘insolvency’ — the inability of a company to fulfill its financial obligations as they mature
(Beaver, 1966; Beaver et al., 2010; Bottazzi et al., 2011; Campbell et al., 2008; Edmister,
1972). In other words, insolvency is the situation in that a company has any certain kind of
financial difficulties (Sun et al., 2014). This type of model, in other words, refers to models
who use any of the criteria mentioned above except for that of Bankruptcy Filing. It poses
some advantages over the bankruptcy filing criteria: (1) by utilizing ex ante criteria, the DPM
works similarly to a set of warning signs and is more generalizable, since criteria can be
chosen with that intent in mind (Costa et al., 2022); (2) seeing as insolvency comes first to
bankruptcy (Du et al., 2020), ex ante models permit more timely decisions in DPMs (Costa
et al., 2022); (3) given their broader sense of default, it is only logical that ex ante models
can more easily find larger samples to train their models with; (4) bankruptcy is not an
automatic consequence of insolvency (Wilcox, 1973), although insolvency can still cause
deteriorating damage to companies, something that can very well be ignored by bankruptcy-
only models and that ex ante models take into account. Regardless of these advantages, ex
ante models are still clearly more subjective than ex post, which makes it difficult to find
definitive criteria, which results in more inconsistency between models. Additionally, a few
researchers believe there are still other warnings signs that can be discovered through ex post
analysis (Beaver, 1968: what is apparent ex post may not be so apparent ex ante).
Furthermore: (1) not assuming default as a definitive event like bankruptcy begs the question
of whether a company can or cannot overcome insolvency and if previous insolvency events
may be correlated also with default (Beaver, 1966); (2) the data argument can also work
against this approach, seeing as certain criteria choices might make data collection more
difficult or samples more limited (reason why Chava and Jarrow, 2004, chose to proceed
considering only bankruptcy in their model)*; (3) using ex ante criteria eventually
contaminates the model with defining default as the given criteria, even if empirically those
criteria do not always mean default or insolvency (Balaen & Ooghe, 2006); that is, if the
criteria used is somehow wrong (not actually portraying default, or portraying also other
circumstances other than default), the model becomes a predictor of those wrong

circumstances, and not just default.

4 This is perhaps a disadvantage easily outdated by the ever-growing data availability of the modern world.
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The direct alternative of Figure 1 to these issues is ex post models, i.e., models which take
into consideration empirical observations of bankruptcy to declare a company defaulted (i.e.,
considering exclusively as default the criteria of Bankruptcy Filing). This definition is
popular in literature because it offers an objective and straightforward definition (Balcaen &
Ooghe, 2006). Additionally, DPMs modelled after ex post criteria will most of the times be
able to predict insolvency as much as bankruptcy (Costa et al., 2022), while ex ante may not
be as effective in predicting bankruptcy specifically without the right criteria. However, law
does not escape from defining default vaguely either (Blum, 1974), which leads to some
error space in which companies may have filed for bankruptcy not due to unavoidable
financial issues, but for some sort of secondary interest (Balaen & Ooghe, 2006; Bottazzi et
al., 2011; Costa et al., 2022). On the other hand, generalization is difficult with ex post
models because different countries have different laws, different meanings for bankruptcy
(Altman et al., 2016; Costa et al., 2022). There is also a common struggle when dealing with
ex post models. Although such is considered in most ex post models, default does not
necessarily lead to bankruptcy (Shen et al., 2020; Sun et al., 2014; Wilcox, 1973), some even
hinting at the existence of default stages (e.g., Shen et al., 2020). In fact, Wilcox (1971)
states that any company can recover from default, given enough capital or equity is granted

to it.

It is clear, then, that both ex post and ex ante models have their benefits and downsides. A
possible way to overcome the uncertainty and bias of both types of criteria is by attaining
the best of both methods and considering default based on both ex post empirical and ex ante
theoretical criteria. This is achieved through mixed criteria models, which is likely why most
traditional literature on the insolvency side of DPMs chose mixed over ex ante. Table 1
summarizes the findings in default definition found in the corresponding bibliography,

categorized according to Figure 1.
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Table 1 - Summary of Default Criteria Review

Type of Criteria | Research Found to Apply it

Abinzano et al. (2020), Agarwal and Taffler (2008), Altman (1968,
1973, 1983), Altman et al. (2016), Blum (1974), Chava and Jarrow
(2004), Correia et al. (2017), Duffie et al. (2007), Hillegeist et al.
(2004), Jackson and Wood (2013), Mensah (1984), Ohlson (1980),
Reisz and Perlich (2007), Shumway (2001), Wilcox (1973),
Zmijewski (1984)

Balcaen and Ooghe (2006), Beaver (1968), Bonfim (2009), Bottazzi
Ex ante etal. (2011), Du et al. (2020), Edmister (1972), Shen et al. (2020),
Costa et al. (2022)

Beaver (1966), Beaver et al. (2010), Deakin (1972), Dichev (1998),
Ramesh and Kumar (2017), Sun et al. (2014)

Ex post

Mixed

2.1.3. Default Prediction Methodologies

Balcaen and Ooghe (2006) describe the classical paradigm of failure prediction as being
“about supervised classification” (p. 71). They follow the idea that this classification is done
by analyzing a set of companies and constructing a rule (or a set of rules) based on them that
can accurately classify a company outside the dataset as either defaulted or non-defaulted.
Here rises the criticism pointed towards more traditional DPMs: the dichotomous, discrete,
non-overlapping and identifiable nature of traditional DPMs doesn’t reflect the true reality
of company default (Jackson & Wood, 2013). Regardless of this, traditional models are still
utilized and empirically tested, given their offer of simplicity to researchers and practitioners

(Costa et al., 2022).

A ‘traditional’ approach is discussed because the subject of corporate default prediction has
abundant literature and has suffered an extensive study especially ever since the pioneering
work of Beaver (1966) — that is, for more than half a century (Jackson & Wood, 2013; Kim
et al, 2020; Sun et al., 2014, 2017). In fact, literature offers a vast array of modeling
techniques (Alaka et al., 2018; Aziz & Dar, 2006; Balcaen & Ooghe, 2006; Dimitras et al.,
1996; Jackson & Wood, 2013; Shen et al., 2020), oftentimes new models emerging at a

relatively fast rate (Alaka et al., 2018). This section will go into a concise overview of the
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various modeling techniques found to be used in the reviewed literature and their

classification/categorization.

Main Categorizations

This study will initially divide the models into three categories: theoretical, statistical, and
intelligent. This first separation is directly on par with that of Aziz and Dar (2006) and
Jackson and Wood (2013), which both study the various methodology types found in DPMs.
Alaka et al. (2018) and Kumar and Ravi (2007) also divide their mentioned methodologies
into statistical and intelligent, though not including any of the below-mentioned theoretical
models. In addition to the main separation, a few more subdivisions were executed. Inside
theoretical models, similarly to Jackson and Wood (2013), we congregate the most common
structural models of this review into the contingent claims models category, although still
addressing each separately. Likewise, linear probability, Logit, and probit models were all
inserted into the category of conditional probability models inside statistical methodologies,

as in Balcaen and Ooghe (2006).

Table 2 presents a summary of the findings in terms of model general methodology types,
for which will be given a short explanation further on this sub-section. Any extra models
mentioned in literature outside of the scope of what was found will be shortly mentioned as

extra models for each of the three main categories.

Theoretical Models

Theoretical models focus on the qualitative causes of failure, usually satisfying a theoretical
argument proposed by the default prediction theory (Aziz & Dar, 2006). They are
multivariate in nature, and usually employ appropriate statistical techniques to estimate the
model with some quantitative support (Aziz & Dar, 2006). Since they are based on a
theoretical foundation, these models tend to escape the problem of statistical over-fitting on
the data they are trained in (Balcaen & Ooghe, 2006). In the other hand, that same theoretical
basis usually means they run on crude simplifying assumptions (Wilcox, 1971). Table 3

provides a summary of the theoretical model findings in this study’s review.
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Table 2 — Default Prediction Methodologies
Gambler’s Ruin Model

Theoretical . Black-Scholes-Merton
Models Contingent . .
Claims Models Barrier Option Model
KMV Model

Univariate Analysis

Multiple Discriminant Analysis

Linear Probability
Conditional Logistic Regression
Probability (Logit)
. Models
Statistical Probit

Models - -
Survival Analysis

Hybrid | Ensemble

Intensity-based Models
Models | Models

Cumulative Sums

Partial Adjustment Processes
Risk Index Models
Fuzzy Logic

Decision Trees

Support Vector Machines

Intelligent Neural Network Models
Models Data Envelopment Analysis
Rough Sets

Case-based Reasoning

Evolutionary Algorithms

Contingent Claims Models

Contingent claims models (also known as Structural Models, or Firm Value Models, as in
Ramesh and Kumar, 2017) base themselves on the specification of company value and the
determination of default boundaries (or barriers) (Bakshi et al., 2022; Ramesh & Kumar,
2017). More specifically, contingent claims models assume the company enters a state of
default when its asset value drops to a given level relative to its liabilities (Bakshi et al.,
2022; Duffie et al., 2007; Ramesh and Kumar, 2017). As such, it models default under a
large influence of the capital structure (Bakshi et al., 2022). With the setting of a barrier,
these models allow their consideration of default to occur prior to debt maturity, and, for
their modeling, they require a set of parameters to be estimated (Bakshi et al., 2022).
Contingent claims models have their foundation and transparency at their favor, given they
anchor data on debt and equity and rely on already established methods to determine the

asset value and other variables for the model (Bakshi et al., 2022). Nevertheless, their
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commonly assumed flat term structure of default-free interest rates and tendency to predict
either too high or too low spreads when compared to statistical methods may put that
advantage to question (Bakshi et al., 2022). The application of contingent claims models is
more common in the prediction of credit risk (Aziz & Dar, 2006), but a few models were
consistently employed in the reviewed theoretical literature, especially in the debate between
accounting-based and market-based models (Abinzano et al., 2020; Agarwal & Taffler,
2008; Hillegeist et al., 2004; Jackson & Wood, 2013; Reisz & Perlich, 2007). These models
include: (1) the Black-Scholes-Merton (BSM) models, originally based on the work of Black
and Scholes (1973) and Merton (1974), as mentioned by Jackson and Wood (2013), and the
foundation for the structural models that would follow (Bakshi et al., 2022), by applying
option pricing theory to the valuation of risky bonds and loans (Bonfim, 2009); (2) Barrier
Option models, where the barrier is often shifted from the value of the debt liabilities in
question to prior values (Jackson and Wood, 2013); (3) the KMV framework, developed
originally by the proprietors of the KMV Corporation, eventually acquired by Moody’s Corp
(Bharath & Shumway, 2008; Bottazzi et al., 2011; Jackson and Wood, 2013).

Other Theoretical Models

The only other theoretical model type found explained in this review was the Balance Sheet
Decomposition (Aziz & Dar, 2006; Jackson & Wood, 2013). These models work under the
assumption that a company will try to maintain financial structure equilibrium and that, if a
company’s statements reflect significant changes in the asset and liability composition, it

likely cannot maintain that equilibrium and is prone to failure (Aziz & Dar, 2006).
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Table 3 - Theoretical Methodologies

Model Description Advantages Disadvantages Sources®
e Result Type: Duration / Stochastic
o Sees default as a discrete process.
o Assumes default as a one-dimensional ]
Gambler’s random walk Wlt.h an abs.orbmg state at * Sl}inple. ¢ Based on simplistic unproven o Aziz and Dar (2006)
Ruin Theory | 1€ énd — the ultimate failure. * Theory-based. theory. e Wileox (1971, 1973)
e Each company has an initial amount of e Easy to estimate.
capital that decreases or increases
depending on cash-flows, zero being the
absorbing state.
Black- e Result Type: Duration / Stochastic
o The equity of a company is viewed as a
Sl\sl}:r)tlsz Europci:anycall optiorf wiilh.strike price o Simple. : E??;;ﬁgg‘::ﬁ;?'ﬁons e Bakshi et al. (2022)
(BSM) eqpal to the facg \./al.ue of its debt, default o Result transparenc p o e Barath and Shumway (2008)
being assumed if it is left to expire. ) p. Y ° Perfomance may stem from its ) e Bonfim (2009)
; ; e Applies classic finance theory. non-linear function and not from its . .
Barrier . Res.ult. Type: Duration / Stochastic « Little estimation required. theory basis. o Hillegeist et al. (2004)
Option . Vapatmp of the BSM models thare the o Requires market-based variables e Jackson and Wood (2013)
Models strike price is shifted to values prior to the
face value of debt.
e Simple. )
e Result transparency. o Easy to outperform. * Bakshi et al. (2022)
e Applies classic finance theory. | ® Unrealistic Assumptions. e Barath and Shumway (2008)
e Result Type: Duration / Stochastic o Little estimation required. e Performance may stem from its * Bonfim (2009)
KMV e Particular application of the BSM model e Estimates empirical asset non-linear.function and not from its | ® Hillegeist et al. (2004)
Models developed by the proprietors of the KMV distributions from historical theory basis. e Jackson and Wood (2013)
Corporation. databases instead of assuming | ® Requires market-based variables e Bharath and Shumway (2008)
a normal distribution. e Difficult to replicate due to its e Bottazzi et al. (2011)
. dAl%’owls for various maturity mostly proprietary nature. e Jackson and Wood (2013)
ebt classes.

3 The sources column on the table reverts to the references from the bibliography from which the information about each model was obtained, and not necessarily to the studies
that applied the given methodology.
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Statistical Models

Statistical Models are, as suggested by the name, based on statistical theory (Sun et al.,
2014). They focus, unlike theoretical models, on the symptoms of default and on how to
identify them, with data drawn mainly from company accounts (Aziz & Dar, 2006).
Additionally, they are the main category to house a considerable number of univariate
models along with the more common multivariate (Aziz & Dar, 2006). In fact, for the
reviews both of Aziz and Dar (2006) and Jackson and Wood (2013), statistical methods are
the prevailing choice of study in literature, Aziz and Dar (2006) go further by explaining
how all other emerging DPMs have some form of a statistical heritage. The most common
methods in this category are the classic cross-sectional statistical methods that resulted in
numerous models focusing on company default classification (Balcaen & Ooghe, 2006),
among which Multiple Discriminant Analysis (MDA) and Logistic Regression (Logit) stand
out by a considerable margin (Aziz and Dar, 2006; Jackson & Wood, 2013).

The appreciation in literature for the statistical models stems from their simple, easy-to-use,
and time-saving characteristics, along with a considerably more theoretical basis than the
intelligent models that will be presented below (Kumar & Ravi, 2007; Sun et al., 2014).
These, however, are still not free of restrictive assumptions much like their theoretical
counterpart, from ratio distributions to the relationships between the independent and
dependent variables, the inability to meeting which can lead to performance and efficiency
losses (Alaka et al., 2018; Aziz & Dar, 2006; Dimitras et al., 1996; Mensah, 1984). Another
issue pertaining to this type of models is their classic dichotomizing approach to default,
which does not reflect its reality, along with their retrospective pattern recognition nature
rather than solely predictive (Balcaen & Ooghe, 2006). Furthermore, these models: (1) are
commonly static and inconsistent along the span of years they may be estimated for (Balcaen
& Ooghe, 2006; Shumway, 2001); (2) are sensitive to multicollinearity (Alaka et al., 2018);
(3) are prone to statistical over-fitting of the data and consequently to sample bias (Altman,
1973; Balcaen & Ooghe, 2006); (4) still fail to theoretically fundament most of their variable

selection choices (Wilcox, 1971).

Table 4 presents a summary of the main findings on statistical models from the literature

review of this study.
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Conditional Probability Models

The Conditional Probability category includes the linear probability, logistic regression, and
probit models, all of which make use of the non-linear maximum likelihood method to
estimate the probability of failure conditional on a range of company characteristics (Alaka
et al., 2018; Balcaen & Ooghe, 2006; Dimitras et al., 1996). All of these models offer a
binary response to default, to which Kim et al. (2020) points out two main advantages over
MDA: (1) they do not require any assumptions on the probability of default or the predictor
distributions; (2) they can test the significance of individual independent variables. In fact,
Jackson and Wood (2013) state that it was the common violations of the statistic assumptions
of MDA that lead researchers to concentrate efforts on developing the conditional
probability models further. This type of model is still viewed as part of the classification
approach, rather than prediction: companies are assigned to the group they most closely

resemble (Balcaen & Ooghe, 20006).

Other Statistical Models

Other statistical model types with less of a presence yet still found explained in the review

include:

(1) Intensity-based Models (Bakshi et al., 2022; Ramesh & Kumar, 2017) — mostly the
term-structure models borrowed from interest-rate modeling literature (Ramesh &
Kumar, 2017), but also used in areas such as portfolio risk, credit risk, and correlated
risk modeling (Giesecke et al., 2011).

(2) Cumulative Sums (Aziz & Dar, 2006; Jackson & Wood, 2013) - a cumulative time-
series performance score that detects shifts in the distribution from a company's
statement to another; when the accumulated score goes below zero, it signals that there
was a change in the firm's condition (Aziz & Dar, 2006)

(3) Partial Adjustment Processes (statistical model) — based on a theoretic rationale of the
famous Koyck approach to estimate distributed-lag models, connected to the insolvency
definition of failure through cash-flows (Aziz & Dar, 2006; Jackson & Wood, 2013)

(4) Risk Index Models (Balcaen & Ooghe, 2006; Jackson & Wood, 2013) — described as a
simple point system, including various ratios; the more important a ratio, the more points
it can allocate to a firm, though the weights of each ratio are subjective. (Balcaen &

Ooghe, 2006)
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Table 4 - Statistical Methodologies

Model Description Advantages Disadvantages Sources®
e Aziz and Dar (2006)
. e Balcaen and Ooghe (2006)
b I;es(l;lt Tyll:)le'fscored ; ol e Inconsistencies between ratios. e Beaver (1966 1%68)
Univariate ) rarteilo latllrcl)z;llilsi};. peipEa on AR e Simple to understand. * Ignores poss.ible multil-varia.te predictors. | ¢ Costa ct al. (2’022)
(Linear) ¢ Pioneered by Beaver (1966), his one e Extremely easy to * giis(l)lsrr;;s da dlengjalrt relationship between ¢ Dambolena and Khoury (1980)
Analysis of the first DPMs to be developed. estimate. o uit. . . e Dimitras et al. (1996)
. Decision-makers avoid decisions based on .
o Predicts default based on the results lel i e Edmister (1972)
f one ratio only. solely one ratio
o y e Jackson and Wood (2013)
e Sun et al. (2014)
¢ Easy to estimate.
* Can pro du(ﬁ: d Assumes equal variance-covariance o Alaka et al. (2018)
, exceptionally goo , matrices for all groups. '
Linear .results for how simple it e Altman (1968)
'Mu.ltll')le « Result Type: Score 1S. . Algnan etal. (1977,2016)
Diseriminant |,y eates a linear Classifies, does not predict. e Aziz and Dar (2006)
Analysis (quadratic) combination of variables Assumes normally distributed variables. e Balcaen and Ooghe (2006)
(MDA) that best differentiates between two Requires numerical predictor variables. ¢ Blum (1974)
groups (defaulted and non-defaulted), Assumes discrete, non-overlapping and e Campbell et al. (2008)
that 115, ﬂtl)att\gfferiﬁhet minimum Thic | o Simple to apply identifiable groups. e Deakin (1972)
overlap between the two groups. This . A id ict iables. .
line is found through a differential ¢ Can produce ssume.s i-.d. predictor variables * D%ch.ev (1998)
calculus procedure. exceptionally good Coefficients do not represent the e Dimitras et al. (1996)
o Through one of more cut-off points, it results for how simple it ;?;;zrs‘tse;g;e of each predictor like in linear | o Edmister (1972)
determines whether an observation 18. & . L . e Jackson and Wood (2013)
Quadratic belongs to one group or another Presents high deterioration of coefficients | | Ketz (1978)
ltipl when applied out-of-sample. )
Multiple (default or non-default). . .. e Kim et al. (2020)
Discriminant | ¢ Widespread by the traditional Z-score Iliequ%res Erg; tlram%ng sa;r?pl.es.. ¢ Kim et al. (2020)
: equires the balancing of trainin
Analysis | of Altman (1968). sarggles. £ & o Mensah (1984)
(QMDA) e Ohlson (1980)
* Reduces i i e Sunetal. (2014
misclassifications of * High complexity. ( )
linear MDA.. e Large number of parameters.

® The sources column on the table reverts to the references from the bibliography from which the information about each model was obtained, and not necessarily to the studies
that applied the given methodology.

17



Castelo, R.J. Simulation Applications in Company Default Prediction
Model Description Advantages Disadvantages Sources®
. e Requires linear relationship between
¢ R.esult Type: iSf:ore default and its predictors.
Linear * nga{) E?Oba})gl? l\;lodfe Is express the | Extremely easy to e Assumes normally distributed and ¢ Aziz and Dar (2006)
Probabilit I; rc(i)ickllloltcl)%(())us (ebiar?at (; ;ecggzggiy as estimate (simple homoscedastic regression residuals with e Balcaen and Ooghe (2006)
! variable that results 1£r}2)m aplinear regression) expe'ct'ed value a.t zero.. . * Dimitras et al. (1996)
function of a vector of predictors Sensitive to outliers, missing values, and
’ multicollinearity.
o Alaka et al. (2018)
e Altman et al. (2016)
« Result Type: Stochastic (probability) * Aziz and Dar (2006)
o Expresses the probability of default as | ® Results can be Requires a relatively large training * Balcaen and Ooghe (2006)
Logistic a binary variable through the interpreted as a sample. e Campbell et al. (2008)
Reeression logarithm of the odds that the default probability of default. Assumes discrete, non-overlapping and e Costa et al. (2022)
i i event Wi'll occur, quk.ing'uHQer 'Fhe ° Appropriate for ]ogistic identifiable groups. e Dichev (]998)
(Logit) assumption of a logistic distribution. and other non-linear Extremely sensitive to outliers, missing e Dimitras et al. (1996)
e Pioneered by the O-score of Ohlson problems. values, and multicollinearity. o Hillegeist et al. (2004)
(1980) e Jackson and Wood (2013)
e Ohlson (1980)
e Sun et al. (2014)
¢ Result Type: Stochastic (probability) | e Results can be Requires a relatively large training e Aziz and Dar (2006)
. o Similar to the applications of logit interpre;tg:d asa sample. Bal d Ooghe (2006
RePrers);;on models, though assuming a probability of default. Requires considerably more : Ba c;en (azr;) 09)0g e )
& cumulative normal distribution e Appropriate for non- computational effort than logit. onim
instead of a logistic distribution. linear problems. Assumes normally distributed error rates. ¢ Dimitras et al. (1996)
¢ Result Type: Dura.t1or% / Stocha§t1c « Tncorporate volatility
o Corporate defau}t risk is a function of measures. e Beaver et al. (2005)
the latest financial data of a company | Maintain consistenc
Sl and its age, exploiting its time-series alone different erio}éis * Bonfim (2009)
: for a better prediction of volatility and & p Have non-linear likelihood functions and ¢ Cox (1972)
Analysis S of the same company. . . . .
deterioration. ; . time-varying covariates that make them e Dimitras et al. (1996)
(Hazard | 0 e ed co mpanies are * Solves static modeling difficult to estimate. e Kim et al. (2020)
Models) issues by having the

considered censored observations,
defaulted companies are analyzed for
their survival time, and the default is
treated as an unexpected event.

dependent variable be
the time spent on the
healthy state.

e Ramesh and Kumar (2017)
e Shumway (2001)
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Intelligent Models

Intelligent Models’ are computer-based techniques (Alaka et al., 2018; Aziz & Dar, 2006)
that focus on the symptoms of default (Aziz & Dar, 2006). They are drawn mainly from
company accounts, usually multivariate in nature and were bred from technological
advancement and information development (Aziz & Dar, 2006). This type of model may be
very well seen as an automated offspring of the classic statistical approach (Aziz & Dar,
2006), albeit taking advantage of machine learning capabilities to attain sophistication at the
cutting edge of advanced financial engineering (Aziz & Dar, 2006; Kim et al., 2020).
Intelligent models have been used since the late 1980s for the prediction of corporate default
for their non-parametric capabilities (Du et al., 2020), though only gaining more traction
roughly two decades ago (Sun et al., 2014). They have evolved to serve essentially the same
function as human intelligence and reasoning, learning with previous experience to
overcome problem-solving tasks, in this case, the prediction of default (Aziz & Dar, 2006).
According to the reviewed literature, the more commonly found intelligent methodologies
were Neural Networks (Alaka et al., 2018; Du et al., 2020; Kim et al., 2020), Support Vector
Machines (Du et al., 2020; Kim et al., 2020), Decisions Trees (Du et al., 2020; Kim et al.,
2020) and Case-based Reasoning approaches (Du et al., 2020).

The most common intelligent models seem to carry in prior literature two main negative
characteristics that are positively related to their performance — training timespans and lack
of transparency. In theory, for intelligent iteration-based methods (such as Neural
Networks), model accuracy tends to 100% when the iteration number tends to infinity, along
with computational time (Sun et al., 2017). In other words, the more time the model takes to
train, the better its accuracy performance. As for transparency, prior literature models seem
to either be excellent classifiers or excellent scrutineers of the causes of default, which
displays a clear trade-off between accuracy and interpretability (Alaka et al., 2018; Costa et
al., 2022).

" Term used by Du et al. (2020) and Sun et al. (2014). They are also known in literature as Expert (Aziz & Dar,
2006), Data-driven (Costa et al., 2022; Kumar & Ravi, 2007), Artificial Intelligence (Al) (Aziz & Dar, 2006;
Kim et al., 2020) and/or Machine Learning (Costa et al., 2022; Du et al., 2020; Kim et al., 2020; Kumar &
Ravi, 2007) models.
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In the last decades, intelligent methods have attracted more and more attention, with clear
general advantages over most traditional statistical methods (Du et al., 2020; Sun et al.,
2014). Intelligent models: (1) make no assumptions on data distributions (Du et al., 2020;
Kumar & Ravi, 2007); (2) are generally non-parametric (Costa et al., 2022); (3) are not
subject to the stringent assumptions of statistical methods (Sun et al., 2014); (4) can work
with large amounts of data with considerably less effort (Du et al., 2020); (5) appear to
perform generally better compared to other methods (Kim et al., 2020; Kumar & Ravi, 2007;
Shen et al., 2020); (6) can constantly and iteratively improve on their own (Sun et al., 2014);
(7) are very resistant to multicollinearity, apart from the example of case-based reasoning
(Alaka et al., 2018); and (8) are more flexible and allow integration with other tools more
easily than statistical tools (Alaka et al., 2018). All of these advantages, however, do not
come without consequences. For instance, this type of models: (1) may suffer the issue of
low interpretability, as stated above, which may cause the usefulness of the model to
diminish, if it is unable to identify causes of default to the user; (2) are prone to eventual
data protection limitations, as law progresses with Al (Kim et al., 2020); (3) still take the
classification instead of the prediction/process approach in most cases (Kim et al., 2020); (4)
have high complexity (Sun et al., 2014); (5) have high training spans (Alaka et al., 2018).
This last limitation is likely to come cheaper than the cost of a loan going bad or a bank
failing, as O’Leary (1998) has stated in traditional literature. Table 5 summarizes the

findings on intelligent models, with the respective sources.

Other Intelligent Models

Beyond those expressed in Table 5, two models for which were not found specific

advantages/disadvantages are mentioned in the reviewed literature:

(1) Fuzzy Logic — model imprecision and ambiguity in the data using fuzzy sets, also
incorporating human experience knowledge into the model; they generate useful ‘if-
then’ rules (Kumar & Ravi, 2007).

(2) Data Envelopment Analysis — uses linear programming to rank various companies
according to some input and output variables; the model is known for its invariance to

the scaling of variables (Kumar & Ravi, 2007).
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Table 5 - Intelligent Methodologies

Model Description Advantages Disadvantages Sources®
o e No specific functional form. e Results are difficult to interpret. e Alaka etal. (2018)
* gfriﬁzegut;;?giznh&‘grihse neural system | | Flexible parameters and e Weak under high levels of data noise. | ® Aziz and Dar (2006)
Neural ¢ Formed by layers of sim ie interconnected algorithms. * Require large training samples. ® Costa ctal. (2022)
Networks nodes thaty ma};(e a compll;x decision tree. ¢ Strong netw.o.r k structure * Prone to over-fitting the data. * Jackson and Wood (2013)
¢ Go through an iterative process on a mapping ability. * Prqdpce different models on each * Kim ctal. (2020)
training algorithm. e Not affegted by statistical training span. e Kumar and Ravi (2007)
assumptions. e Strong computational power required. | e Sun et al. (2014)
¢ Find the optimal separating hyperplane ¢ Results are difficult to interpret.
Support using a highly non-linear mapping of o Handle smaller sample sizes e Less predictive capability when faced | ® Alaka et al. (2018)
PP vectors into a high-dimensional feature . . ) with noise or a lot of different e Costa et al. (2022)
Vector e High flexibility. h C .
Machines space. o o Avoid over-fittin characteristics. e Kim et al. (2020)
¢ Define a binary outcome utilizing the & o Allows some misclassification to e Sun et al. (2014)
closest support vectors to that hyperplane. avoid overfitting.
e Solves classifications problems by . . s
; . . . The generated ‘if-then’ rules . .. e Alaka et al. (2018)
N charting decision rules in a binary tree work as default warning signs. . Re.:qulre large training samples. « Dimitras et al. (1996)
Decision structure. . . e Difficult to compare evaluated .
. . e Intuitive and easy to interpret. . e Kim et al. (2020)
Trees ¢ Has a set of pre-determined heuristics. ) ) companies. )
. ¢ Do not require the setting of . e Kumar and Ravi (2007)
e Complex sequence of dichotomous parameters before training ¢ Prone to over-fitting the data. Sun et al, (2014)
decisions or models. : ¢ sSunctal
¢ Cl_assiﬁes a company based on similarities | Handles smaller sample sizes. e Alaka et al. (2018)
Case-based | with other companies from a sample. . .. . .
. . . . e Does not require training. e Cannot handle non-linear problems. e Aziz and Dar (2006)
Reasoning | e Justifies its decision based on cases from .
the sample e Easy to interpret. e Sun et al. (2014)
; “h <imi ; i e Alaka et al. (2018
. iligaéigxe?l‘ttgect:e\::th similar attributes ] Eandles srr(;aller Szmpiie SZ6S- | o Difficult to implement. e Aziz and Da(r (203 6)
Rough Set Ty Sets. .. * tasy to understand an o Different for different samples and .
Theory e Creates a table of conditions and interpret. decision-maker knowledges e Dimitras et al. (1996)
attributes, and classifies companies based | ¢ Made to encompass non- Difficul i ' e Kumar and Ravi (2007)
on upper or lower approximation to them. quantitative features. * Difficult to generalize. e Sun et al. (2014)
e Generic population-based meta-heuristic * Can extract decision rules from Produce different model h
Evolution | algorithms inspired by biological evolution |  data and define cut-offs for * ¢ r;(i)nﬁlcge s pl a neren fmodels on cac e Alaka et al. (2018)
Algorithms | theory able to solve highly non-linear non- each variable. e YVield the b t Its when hvbridized. | ® Sun et al. (2014)
convex optimization problems. e Easy to interpret. teld the bestresults when hybridized.

8 The sources column on the table reverts to the references from the bibliography from which the information about each model was obtained, and not necessarily to the studies

that applied the given methodology.
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Hybrid Models

Hybrid models are models that result from the combination of two or more methodologies
(Jackson & Wood, 2013; Alaka et al., 2018; Shen et al., 2020), intelligent algorithms, or
even other hybrid models (Sun et al., 2014). These became more popular in the late 2000s
to 2010s, seemingly maintaining a good appeal in literature (Sun et al., 2014). Various
authors incentivize this practice in the modeling of default prediction (Alaka et al., 2018;
Jackson & Wood, 2013; Kumar & Ravi, 2007; Shen et al., 2020). Kumar and Ravi (2007),
for instance, state how the clear ability for intelligent methodologies to perform better than
the traditional models is in itself an incentive for the testing of augmentation on the
traditional DPMs with the emerging Al methods. Jackson and Wood (2013) test this, finding
that one can in fact augment the performance of both the Z-score (Altman, 1968) and the O-
score (Ohlson, 1980) with the use of neural network algorithms. The benefits of creating
hybrid models include both better performance than the standalone methods (Alaka et al.,
2018; Kumar & Ravi, 2007) and the transcendence of method specific limitations and
disadvantages (Kumar & Ravi, 2007; Sun et al., 2014). The big downside of developing
hybrid models is the longer training timespans, given the added complexity (Alaka et al.,

2018).

Ensemble Models

In this section, we introduce ensemble models, also known as only ‘ensembles’ (Du et al.,
2020; Sun et al., 2014), as part of the hybrid models. As Du et al. (2020) mention, the idea
of ensemble is meant to improve machine learning models by combining multiple
methodologies, which in its core means hybridizing, but in a specific way. A technique is
called an ensemble if the outputs of several predictors are combined to obtain a single one
(Sun et al., 2014). This means the ensemble divides the initial problem into smaller sub-
problems solved by separate algorithms, from which each output is combined to form a final
decision or value (Du et al., 2020). This type of model has been widely used and usually
shows better performance than the constituents of it (Du et al., 2020). Ensembles can be
executed at various levels, some even utilizing specific sampling algorithms in order to feed
newly generated samples into the model in training (Sun et al., 2014). Another example of
this is the application of random forests, a specific ensemble algorithm that generates

multiple decision trees and returns average results from the combination (Du et al., 2020;
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Kim et al., 2020). Some of the benefits specific to ensembles and not common in all hybrids
are, as in Du et al. (2020), the fact that multiple runs of an algorithm can help perfect it and
escape local minima, and that it may give rise to new hypothesis spaces researchers were not

aware existed.

2.1.4. Sampling of Default

Almost all of the methods of corporate default prediction are capable of providing consistent
accuracy rates using any data set, provided that data was drawn reliably (Aziz & Dar, 2006).
Hence, it is important for DPMs to be trained with samples representative of the population

(Balcaen & Ooghe, 2006).

Data Balancing

In the overall corporate population, default is a rare event (Bakshi et al., 2022; Beaver, 1968;
Du et al., 2020; Duffie et al., 2007; Hillegeist et al., 2004; Shumway, 2001), which makes
estimating it still a challenge (Bakshi et al., 2022). In other words, default samples are highly
imbalanced (Kim et al., 2020; Sun et al., 2014). Imbalanced samples occur when the data
inside a data set differs greatly in terms of distribution and/or sub-sample size (Shen et al.,
2020). Shen et al. (2020) denominate this default phenomenon as holistic imbalance,
distinguishing it from another type of imbalance — internal sample category imbalance —
which portrays the possibility of different company categories (such as industries) presenting
different default rates’ inside the sample. Analyzing samples by industry separately avoids
this last type of imbalance (Costa et al., 2022). As for the first type of imbalanced data, there
are a few issues relating to its use: (1) some modeling methodologies, such as discriminant
analysis, are sensitive to unequal data dispersion (Alaka et al., 2018); (2) non-default data
may overwhelm default data, making it difficult for the model to learn how to distinguish
between the two (O'Leary, 1998; Shen et al., 2020); (3) if default data has too few
observations, it may not allow the model to fully learn the right characteristics of default,

especially if that data is prone to noise (Shen et al., 2020).

° The default rate is the proportion of defaulted companies in the total number of companies in the sample.
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There are two main ways to treat imbalanced samples: one can either do it at the data level,
or the algorithm level (Du et al., 2020). On the data level, a researcher focuses on
manipulating the original sample to obtain a better distribution of characteristics (Du et al.,
2020; Shen et al., 2020). This can be achieved through over-sampling (increasing the number
of minor class sub-samples in the data), under-sampling (decreasing the number of major
class sub-samples in the data), or hybrid/mixed sampling (a combination of both) (Shen et
al., 2020). The algorithm level of treating data imbalance focuses on improving the existing
classification algorithm by setting different weights for different kinds of sub-samples (Du
et al., 2020; Shen et al., 2020). Data level treatment of imbalanced data was commonly
performed in literature in the form of matched paired sampling, which consists in creating a
sample with the same amount of defaulted and non-defaulted observations by matching each
non-defaulted(defaulted) observation with a defaulted(non-defaulted) one with other similar
characteristics (Altman, 1968; Altman et al., 1977; Beaver, 1966, 1968; Dambolena &
Khoury, 1980; Du et al., 2020; Jackson & Wood, 2013; Sun et al., 2017; Wilcox, 1973;
Zmijewski, 1984). This matching was commonly made by characteristics such as age, size,
and/or industry (Altman et al., 1977; Balcaen & Ooghe, 2006; Mensah, 1984; Sun et al.,
2017; Wilcox, 1973).

Data balancing does not come free of issues, however. Training models in samples with
higher default rates than the population may lead to choice-based sample bias and default
upward estimation (Balcaen & Ooghe, 2006; Hillegeist et al., 2004; Stein, 2007; Zmijewski,
1984). If said models are tested in the unrealistically balanced sample, the evaluation may
overstate the ex post accuracy of the model and invalidate its application (Balcaen & Ooghe,
2006; Du et al., 2020). Even if researchers evaluate the balanced trained model with an
imbalanced sample, a loss in performance is still expected (Shen et al., 2020). Regardless, it
is important to note that when Zmijewski (1984) tested and found bias in the balancing of
samples, he did not find significant effects of this bias in model default estimations.
Zmijewski (1984) presents some methods to avoid this bias, but, given the results, it remains

unclear whether they are worth the extra effort.

Data Completion

The complete data criterion is a common criterion for sampling decisions in literature which

limits the entry of observations into the data sample according to the availability of
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information the researcher deems necessary for the estimation of the DPM — it is directly
related to the existence and treatment of missing values (Blum, 1974; Ketz, 1978; Kwon &
Lee, 2018; Ohlson, 1980; Shen et al., 2020; Zmijewski, 1984). The usage of this criterion is
prone to the sample selection bias, by reducing the original sample to one which can be
applied in the specific DPM, therefore making the DPM only applicable to that type of
sample; this may occur in terms of years of data available, company types, variables
available, etc. (Balcaen & Ooghe, 2006; Beaver, 1966; Bottazzi et al., 2011; Zmijewski,
1984). To avoid this bias, there are a few methods for dealing with missing values used in
literature besides the more common exclusion of observations: (1) replacing missing values
with random values, which additionally helps train the model against noise (Balcaen &
Ooghe, 2006); (2) replacing missing values with mean values for the corresponding
variable/indicator (Bonfim, 2009; Du et al., 2020); (3) replacing missing values with the
nearest value (e.g. previous month, previous year, etc.) (Kwon & Lee, 2018; Nguyen, 2023);
(4) keeping the missing values as simply missing values (Kwon & Lee, 2018; Nguyen,

2023).

Outlier Treatment

When dealing with outliers in DPM independent variables, it is very uncommon for
researchers to mention their outlier treatment at all (Adams et al., 2019; Mitton, 2021). When
outlier treatment is mentioned, a few methods are found, methods which this study orders
(by descending presence in literature) below:

(1) Winsorization — the most common type of outlier treatment in corporate default,
which consists of replacing the values considered outliers for the value of given
percentiles closest to them (Adams et al., 2019; Mitton, 2021). Winsorization is
commonly applied as the substitution of all values under the 1% percentile for that
percentile and all values over the 99" percentile for that percentile as well (Altman et
al., 2016; Beaver et al., 2005; Bharath & Shumway, 2008; Bonfim, 2009; Chava &
Jarrow, 2004; Correia et al., 2017; Dichev, 1998; Mitton, 2021; Shumway, 2001).
Other applications include the replacement of those percentiles for the 5™ and the 95
instead (Campbell et al., 2008).

(2) Retaining — the most common method after winsorization (Mitton, 2021), which

consists in maintaining the outliers for estimation, in some cases being applied as a
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sort of robustness test on the treatment of outliers (Abinzano et al., 2020; Chava &
Jarrow, 2004; Shumway, 2001).
(3) Trimming (or dropping) — consists in removing observations which present outliers
in any of their variables, ignoring the other useful information they may harbor (Adams
etal., 2019; Sun et al., 2017).
There are some additional methods that can help reduce outliers, such as the transformation
of variables through normalization, or industry averaging (Alaka et al., 2018), or even into
binary variables that inform the DPMs of when certain variables breach pre-determined
thresholds (Adams et al., 2019; Edmister, 1972). Variable normalization can be achieved
through logarithmic, square root or lognormal transformations (Balcaen & Ooghe, 2006).
Whether outliers should be treated or not is not commonly discussed (Mitton, 2021). Outliers
can be the most important data in a sample, since they reflect unusual facts or events that
may raise suspicion in terms of default (Adams et al., 2019). However, when theory does
suggest a certain effect, the presence of outliers should not be able to shake hypothesis down
(Adams et al., 2019). One must keep in mind, however, that certain treatments, such as
winsorization, can have a disruptive effect on variables as if an entirely new independent

variable was generated (Mitton, 2021).

2.1.5. Model Evaluation

Corporate default model evaluation literature can be divided into two main aspects of the
predictive ability of a model: power and calibration (Agarwal & Taffler, 2008; Reisz &
Perlich, 2007; Stein, 2007). Power describes how well a model discriminates between a
defaulting company and a non-defaulting company (Reisz & Perlich, 2007; Stein, 2007).
Calibration describes how well the predicted probabilities of a model agree with the
empirical data (Stein, 2007). Some authors also mention the concept of goodness-to-fit in
terms of model performance, where the methods used are usually associated with calibration
(Balcaen & Ooghe, 2006; Chava & Jarrow, 2004). According to Stein (2007), predictive
power should be the focus before calibration, given that it is generally far easier to calibrate
a powerful model to true default rates than it is to make a well calibrated model more
powerful. Sun et al. (2014) point out the importance of caution when assessing model
accuracy through calibration on imbalanced data, given that, in a set with only 1% default
rate, a model that assumes all companies non-defaulting can obtain a 99% accuracy rate.

Additionally, poor calibration does not necessarily mean that a model is not able to carry
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information about the true probability of default (Hillegeist et al., 2004). On the subject of

data balance and evaluation, Stein (2007) mentions that what can cause the most variance in

performance results is the default rate of a sample, hence making it an interesting idea to

perform tests on various samples with different default rates. Besides the general

performance analysis, literature also commonly performed so-called robustness tests,

consisting in making slight modifications to model or the evaluation methodology and

evaluating the impact those changes have on the overall model performance (Blum, 1974;

Costa et al., 2022; Hillegeist et al., 2004; Mitton, 2021; Shen et al., 2020; Tafakori et al.,

2021). With this introduction, this sub-section will go over the various types of evaluation

methods for DPMs found in the reviewed literature. Table 6 summarizes the recurrent

evaluation methodologies found by this study.

Table 6 - Evaluation Methodolo

ocies Summary

Performance

Methodologies Sources
General Pearson Correlation Hillegeist et al. (2004)
Simplistic Spearman Correlation | Hillegeist et al. (2004)
Performance Decile Analvsi Beaver et al. (2005), Bharath and
Measures cerle Analysis Shumway (2008), Shumway (2001)
Altman (1968), Altman (1973), Beaver
Contingency Tables (1968), Bonfim (2009), Du et al. (2020),
(Confusion Matrices) | Jackson and Wood (2013), Ketz (1978),
Stein (2007)
Cumulative Accuracy | Abinzano et al. (2020), Duffie et al.
Profile (CAP) Plots (2007), Nguyen (2023), Stein (2007)
Pre.dic.tiV.e Receiver Operating Agarwal and Taffler (2008), Altman et al.
(Discriminatory) | Characteristic (ROC) (2016), Chava and Jarrow (2004), Du et al.
Power Evaluation | cyrves (2020), Jackson and Wood (2013), Reisz

and Perlich (2007), Shen et al. (2020)

F-ratio / F-measure'®

Altman (1973), Blum (1974), Deakin
(1972), Shen et al. (2020), Xu et al.,
(2021)

ACC Measure Du et al. (2020)
G-measure Shen et al. (2020)
Beaver (1968), Bonfim (2009), Hillegeist
Likelihood Ratios et al. (2004), Reisz and Perlich (2007),
Tafakori et al. (2021)
R-squared Costa et al. (2022), Ketz (1978)

Calibration Pseudo R-squared

Bonfim (2009), Campbell et al. (2008),
Costa et al. (2022), Hillegeist et al. (2004),
McFadden (1973), Mensah (1984)

Calibration Graph

Reisz and Perlich (2007)

10 Largely inconsistent between authors and hence not further developed in this section.
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Methodologies Sources
Blum (1974), Costa et al. (2022),
. Hillegeist et al. (2004), Mitton (2021),
Model Variation Shen et al. (2020), Tafakori et al. (2021),
Zh 2022
Robustness ang (2022) . .
Checks Relative Information Content Tests ﬁg?;)v gél‘)a nd Taffler (2008), Hillegeist et
Noise Insertion Balcaen and Ooghe (2006), Stein (2007)
Sample Sensitivity Analysis Chava and Jarrow (2004), Stein (2007)

Performance Analysis

There are a few simplistic approaches to the evaluation of the performance of a DPM a
researcher can perform ahead of more complex methods. Hillegeist et al. (2004), for
instance, calculated the simple Pearson and Spearman correlations between the score results
of their model and the empirical bankruptcy binary variable, as a simplistic and initial
measure of performance (the higher the correlation, the better the performance). Studies like
Shumway (2001), Beaver et al. (2005), and Bharath and Shumway (2008) performed a little
more complex evaluations, placing each company on a different decile of their probabilistic
model results and accounting for the percentage of defaults that were considered by the

model in the worst decile(s) as a measure of performance.

Discriminatory / Predictive Power Analysis

Contingency Tables

One of the early methods used to test the predictive power of DPMs was contingency tables
(also known as confusion matrices) (Altman, 1968, 1973; Beaver, 1968; Bonfim, 2009; Du
et al., 2020; Jackson & Wood, 2013; Ketz, 1978; Stein, 2007). The concept requires the
selection of an optimal cutoff point of the model score or probability result, which commonly
minimizes the number of misclassifications (Altman, 1968, 1973; Beaver, 1968; Bottazzi et
al., 2011). From it, a table is built which describes the misclassifications and the correct

classifications of the model by group (default and non-default), as in Table 7.
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Table 7 - Contingency Table Example

Empirical Observation
Defaulted | Non-Defaulted

Contingency Table

Defaulted TP FP

Model
Predictions

Non-Defaulted FN N

A researcher would ideally intend for the forecasts of the model to fall on the diagonal of
the contingency table, where true positives and true negatives lie (Beaver, 1968). True
positives (TP) and true negatives (TN) occur when the model correctly classifies a defaulting
and non-defaulting company, respectively (Altman, 1968; Beaver, 1968; Stein, 2007).
Likewise, false positives (FP) and false negatives (FN) occur when the model misclassifies
a company as respectively defaulting and non-defaulting (Altman, 1968; Beaver, 1968;
Stein, 2007). A few ratios that can be calculated from this type of table are expressed in

Table 8.

The distinction of groups based on a cut-off and the construction of contingency tables also
produces two types of errors for a model when evaluating a company — type I errors and type
IT errors (Balcaen & Ooghe, 2006; Beaver, 1966). Type I errors refer to the false negatives
(FN), when a model misclassifies a defaulting company as healthy, while type II errors refer
to the false positives (FP), when a model misclassifies a healthy company as defaulting
(Alaka et al., 2018; Balcaen & Ooghe, 2006; Jackson & Wood, 2013). There is a strong
consensus on that type I errors are much more costly than type II errors, since they are
associated to distress and/or bankruptcy costs (Agarwal & Taffler, 2008; Alaka et al., 2018;
Altman, 1973; Beaver, 1966, 1968; Beaver et al., 2010; Bottazzi et al., 2011; O'Leary, 1998).
The existence of uneven costs has many authors insisting on their consideration when
modeling default (Alaka et al., 2018; Balcaen & Ooghe, 2006; Beaver, 1968; Ohlson, 1980;
Reisz & Perlich, 2007; Shen et al., 2020), hence the avoidance of the use of contingency
tables and other simplistic methods alike (Balcaen & Ooghe, 2006; Ohlson, 1980; Reisz &
Perlich, 2007). To avoid it, multi-cutoff methods, the designation of grey areas or the
evaluation with marginal costs in mind are adopted while evaluating methodologies

(Edmister, 1972; Shen et al., 2020).
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Table 8 - Hit/Miss Ratios

Ratio Formulas Sources
True Positive Rate TP
=— TPR =1—FNR
(Sensitivity / Hit Rate / TPR) TPR TP +FN
True Negative Rate TN
=——— | TNR=1—-FPR
(Specificity / TNR) TNR TN + FP Du et al. (2020), Jackson
Falso Positive Rat P and Wood (2013), Reisz and
alse rosiive kate — Perlich (2007), Stein (2007)
=— FPR=1—-TNR criic ,
(False Alarm Rate / FPR) FPR TN + FP
False Negative Rate FN
FNR=—— | FNR=1-TPR
(FNR) TP + FN

Stein (2007) argues that, ideally, the researcher will want to minimize the FP and FN or
maximize the TPR to 1. There are a few limitations to this approach: (1) it limits the analysis
to a single cutoff point (Altman, 1973); (2) a single optimal cutoff point may not necessarily
exist (several cutoffs may be optimal) (Blum, 1974); (3) the analysis is based on a
dichotomous choice, while the default-related decision making is typically a more
continuous decision choice (Hillegeist et al., 2004; Reisz & Perlich, 2007); (4) assumes equal
misclassification costs (Hillegeist et al., 2004); (5) error minimizing cutoff selection may
result in misleading estimates of model accuracy (Jackson & Wood, 2013); and (6) there is

no consensus as to how one should select the optimal cutoff point for analysis.

Power Curves

Power curves fix the issue of single cutoff points for contingency tables — they allow the
researcher to visualize and further analyze results for multiple cutoffs at once (Jackson &
Wood, 2013; Stein, 2007). Two types of power curves can be extracted from literature —
cumulative accuracy profile (CAP) plots and receiver operating characteristic (ROC) curves.
Figure 2 offers an example of both a CAP and ROC curves. ROC curves appear the most

common in this review, yet their functionality is relatively similar.

CAP curves are created by plotting, for each rating category, the proportion of defaults
classified in the same or lower rating (in the y-axis) against the proportion of companies
classified in the same or lower rating (in the x-axis) (Abinzano et al., 2020; Stein, 2007).
The rating categories / cutoffs must be ordered from ‘worst’ to ‘best’, with the same applying
for ROC curves (Stein, 2007). CAP curves display the proportion of defaults taken from a
sample for every percentage of the worst classified companies one would remove,

considering the estimations of the model (Stein, 2007).
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CAP Plot ROC Curve
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Figure 2 - Power Curve Examples'!

ROC curves are created by plotting, for each cutoff point, the TPR (on the y-axis) against
the FPR (on the x-axis) (Du et al., 2020; Jackson & Wood, 2013; Reisz & Perlich, 2007,
Stein, 2007). Overall, ROC curves display the proportion of defaults correctly classified for
every amount of non-defaults incorrectly considered defaulting, based on the model
estimated (Stein, 2007). Additionally, Stein (2007) argues that the slope of the ROC curve
at each point can also be considered a likelihood ratio of the probability of default to non-

default for that specific model score.

Comparability between models using the CAP and ROC curves is relatively straightforward.
If the curve of a model is completely wrapped on the top left by the curve of another model
(as in the ROC curve of Figure 2), then it can be concluded that the model with the wrapping
curve has the best predictive power (Model B being the best, according to the ROC curve in
Figure 2) (Du et al., 2020; Stein, 2007). If the two curves intersect (as in the CAP curve of
Figure 2), it becomes more difficult to assert which of the models is best in general (Du et
al., 2020), the interpretation being that the model with a higher curve on lower cutoffs may
be favorable for identifying default among worst companies, while the other would be better

to identify default on medium-high quality companies (Stein, 2007).

Derived from the power curves, researchers commonly calculate the area under the curve

(AUC), as ameasure of power performance (Abinzano et al., 2020; Agarwal & Taffler, 2008;

! Elaborated by the author, based on the graph results displayed by Stein (2007), Reisz and Perlich (2007),
Jackson and Wood (2013), Abinzano et al. (2020), and Du et al. (2020). The examples in question have no
relation whatsoever to the results of this study and were fabricated purely for the purpose of visualization.
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Altman et al., 2016; Du et al. 2020; Duffie et al., 2007; Jackson & Wood, 2013; Reisz &
Perlich, 2007). For a ROC curve, it represents the probability of the predicted score of a
randomly chosen defaulting company being greater than the predicted score of a randomly
chosen non-defaulting company (Reisz & Perlich, 2007). Agarwal and Taffler (2008) utilize
the Wilcoxon statistic to estimate the AUC, though, given the curve is discretely built,
Jackson and Wood (2013) utilize the simpler trapezoid rule to estimate it, and Du et al.

(2020) follow an equivalent approach by utilizing the following formula:

AUC =

N =

m-—1
Z (X1 — x) * (Vi + Vig1) (D
=1

where the curve is formed by a sequential connection of points whose coordinates are
{(xq,v1), (x2,¥2), oo (X, Vi) } (Du et al., 2020). From the AUC, an accuracy ratio (AR) is
commonly calculated, by subtracting the random model AUC from the estimated model
AUC and multiplying the result by 2 (formula (2)) (Abinzano et al., 2020; Agarwal &
Taffler, 2008; Altman et al., 2016; Shen et al., 2020). The AR is a ratio that varies between
0 and 1, 0 pertaining to a model no better than a random one and 1 pertaining to the power

perfect model (Abinzano et al., 2020; Altman et al., 2016; Jackson & Wood, 2013).
AR =2« (AUC - 0.5) (2)

Edmister (1972) states that, by reporting the classification results for all cutoff values of a
model, one overcomes the specification of prior probabilities and misclassification costs, the
same being traditionally achieved through the creation of the ‘grey area’ for company
classification (as was done originally by Altman, 1968). However, in order to compare two
models, their outputs need to have the same ranges, making it difficult for score outputting
models to be compared to stochastic/probabilistic outputting models using power curves
(Agarwal & Taffler, 2008; Hillegeist et al., 2004; Jackson & Wood, 2013; Reisz & Perlich,
2007). For this reason, the scores of models, like the Z-score of Altman (1968), are
commonly transformed into probabilities utilizing the logistic transformation method
(Agarwal & Taffler, 2008; Correia et al., 2017; Hillegeist et al., 2004; Jackson & Wood,
2013; Reisz & Perlich, 2007). For models that output a score of financial quality instead of

a measure of default, that is, that output a score that is negatively related to default, the
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researcher must take care to invert the output scores of the model before transforming it
(Hillegeist et al., 2004). In linear functions, such as the Z-score of Altman (1968), inverting
the signs of the original model parameters should suffice (Hillegeist et al., 2004). The logistic

transformation method is as follows:

score

Probability of Default = 17 gscore 3)

One must keep in mind that this transformation is not flawless and is not strictly correct for
score outputting models (Hillegeist et al., 2004; Jackson & Wood, 2013). The inverse
transformation was also applied to a probabilistic model in literature by Hillegeist et al.

(2004), though this led to the issue of more outlier generation.

Other Measures

Few other simple measures were found that can be included in power analysis, though with
small presence in the reviewed literature. Table 9 presents these extra models, a short

explanation on them, their calculation, and respective sources.

Table 9 - Extra Model Power Measures
Measure Interpretation Calculation Sources

Accuracy (ACC) measure of
the probability of correctly TP+ TN Du et al. (2020)

classifying the sample into ACC = TP +TN + FP + FN Xu et al. (2021)
financial distress.

ACC Measure

Geometric mean of the TPR

G-measure'? and TNR. Higher values mean G =+VTPR «TNR Shen et al. (2020)
higher predictive power.

Calibration Analysis

Most of the measures of calibration for DPMs in literature are likelihood-based (Bonfim,
2009; Campbell et al., 2008; Reisz & Perlich, 2007; Stein, 2007). Normally, either likelihood
itself is used (Reisz & Perlich, 2007), or a type or ratio or test is created (Bonfim, 2009;
Campbell et al., 2008; Ohlson, 1980). The issue with likelihood is that it may only be

12 The TPR and TNR in the formula refer to the True Positive Rate and the True Negative Rate presented in
Table 8, respectively.
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calculated for stochastic models (those that output probabilities as their default risk estimate)
(Reisz & Perlich, 2007). Typically, given it eases computation, the log-likelihood is utilized
instead of the direct likelihood calculation (Stein, 2007). Stein (2007) presents a generalized

formula for default model log-likelihood calculation:

e(model) = "y, < Infp(e)] + (1= y) +In [1 - p(x)] @)

=1

where p(x;) is the probability of default predicted by the model for observation/company i
and y; is 1 if company i is defaulting and 0 if not (Stein, 2007). A better model is one with
the largest total (log-)likelihood (Reisz & Perlich, 2007). From the log-likelihood of a model,
researchers commonly derive a pseudo-R?, originally proposed by McFadden (1973) for the
logistic regression (Bonfim, 2009; Campbell et al., 2008; Ohlson, 1980). Traditional
regression already outputs the R? (Ketz, 1978; Costa et al., 2022), and this is a measure of
similar interpretation — the higher the value of the pseudo-R?, the higher the goodness-to-fit
of the model to the data (Bonfim, 2009; McFadden, 1973). The formula of the pseudo-R? is

as follows:

Pseudo — R?> =1 — M ®)
£(0)

where £(model) is the log-likelihood of the estimated model and £(0) is the log-likelihood
of the model but assuming the vector of variables to be 0, that is, assuming the model is
equal to its constant component only (Bonfim, 2009; Campbell et al., 2008; McFadden,
1973; Ohlson, 1980).

Robustness Checks

Robustness checks usually assess the resistance of a model to change, either in data, model
components or evaluation methodologies, to determine whether model performance was due
to any related conditions (Costa et al., 2022; Mitton, 2021; Stein, 2007; Tafakori et al., 2021).
Mitton (2021) proposes what he denominates of ‘specification checks’, which consist in
remaking a model with every possible combination of methods and creating a result

distribution. The random forest method for decision trees is a good example of how this can
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be applied (Costa et al., 2022). The same can be done at the sample level, by varying the
training and/or evaluation sample for the model (Beaver et al., 2010; Jackson & Wood,
2013). A good model would maintain its predictive quality stable and with the least spread
in distribution along the changes (Beaver et al., 2010; Jackson & Wood, 2013; Ohlson,
1980). Zhang (2022) goes a step further by stating that the best way to test the robustness of
amodel is by multiple repeated experiments, multi-sample testing and multiple party testing,
in the sense that various studies with different authors should be made on it. All of this,

however, can be extremely time-consuming.

Similar to the model variation mentioned, some authors mention the gradual corruption of
the samples used in the model with more and more noise and the registering of how its
performance is affected (Bakshi et al., 2022; Stein, 2007). Bakshi et al. (2022) argue that

models must account for the presence of possible noise in the estimation of parameters.

Another type of test commonly applied to DPMs is the relative information content test,
which examines whether a variable (or a set of them) provides more information compared
to the others (Hillegeist et al., 2004). These tests, however, require the estimation of an extra

Hazard Model (Agarwal & Taffler, 2008; Hillegeist et al., 2004).

Validation Sample

This study already discussed the existence of a training sample (a sample where the model
is trained) and a validation sample (a sample used to validate and evaluate the model),
especially on the subject of intelligent models. The two samples do not necessarily have to
be different, yet in-sample tests (testing the model on the same sample it was trained on) are
prone to the model overfitting the noise in the data and giving estimates with biased
significant results (Chava & Jarrow, 2004). Given most models have a statistical basis, which
leads them to develop a certain specificity towards training samples, out-of-sample testing
(testing the model with a different sample from the training one) is very important to avoid
over-fitting bias and provide a more challenging test to the predictive ability of the model
(Altman, 1973; Balcaen & Ooghe, 2006; Beaver et al., 2005, 2010; Edmister, 1972). In this
sense, there are a few validation sample related methods found in literature:

(1) Hold-out Sample — splitting a total sample randomly in two to originate both the

training sample and the validation sample (denominated of hold-out sample) from the
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same origin (Altman et al., 1977; Blum, 1974; Edmister, 1972; Jackson & Wood, 2013;
Sun et al., 2014). Du et al. (2020) also denominate their approach of hold-out sample,
yet they only take 30% of the original total sample.

(2) Leave-one-out (or Lachenbruch’s U-method) — a method that involves holding out
one observation from the sample, estimating a model with the rest of the observations
and then evaluating the results on that single observation, and repeating this for every
single observation in the original total sample (Dambolena & Khoury, 1980; Mensah,
1984; Sun et al., 2014). The big issue with this method is the higher computational
power required, as well as it may be very difficult or time-consuming to apply to more
complex models (Sun et al., 2014).

(3) K-fold Cross-validation — consists in splitting the total sample randomly into k
smaller equally-sized samples (denominated folds) and taking one out to serve as the
validation sample, with the rest serving as training (Jackson & Wood, 2013; Sun et al.,
2014; Xu et al., 2021). The most interesting point of this method is that it can
technically have the same result as any of the aforementioned, since it equals the hold-
out method for k = 2 and the leave-one-out method for k = N, with N being the
number of observations in the total sample (Sun et al., 2014).

Beyond the usage of these methods, various authors also incentivize the use of out-of-time
samples, meaning the validation of models with tendentially more recent data (Altman et al.,
1977; Balcaen & Ooghe, 2006; Mensah, 1984; Stein, 2007). Out-of-time sample testing
helps to understand how the model is affected by what has more recently been called ‘default
concept drift’ (Shen et al., 2020; Sun et al., 2017). This idea refers to changes in the
distribution or the relationship between default and its features (Shen et al., 2020) and has
been the focus of some intelligent models in literature, through time windowing algorithms

(Sun et al., 2017).

Edmister (1972) utilizes a relatively straight-forward method for calculating the sample bias
of a model estimation, a procedure which creates a so-called ‘scrambled’ sample. The idea
is to reorganize the default variable among the observations randomly, re-estimate the model
on that scrambled sample and evaluate the power of the model (Edmister, 1972). If the model
power is significantly different from that of a random model, then the estimation is biased

to the sample (Edmister, 1972).
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Statistical Significance

Given, once again, the statistical basis of most models, researchers typically test for model
parameter and result significance (Beaver et al., 2005; Bonfim, 2009; Campbell et al., 2008;
Hillegeist et al., 2004; Jackson & Wood, 2013; O'Leary, 1998; Zhang, 2022). Mitton (2021)
and Zhang (2022) both argue that statistical significance is often overrepresented and
overvalued in literature. Zhang (2022) argues that scientific research can only be falsified,
not confirmed, and therefore models should be put to test under more conditions and
situations, instead of attempting to achieve statistical significance. He emphasizes, following
Benjamin et al. (2018), that a stricter p-value should be established by researchers when
evaluating statistical significance, so as to avoid p-hacking — the idea of making modeling
and evaluation choices so as to obtain significant results according to the p-value (Mitton,

2021; Zhang, 2022).

Important Notes on Model Evaluation

(1) What defines a good DPM? Aziz and Dar (2006) defend that the usefulness of a
DPM is ultimately an empirical matter. Ketz (1978), Bakshi et al. (2022) and Zhang (2022)
defend the scientific approach of modeling corporate default prediction, as in taking DPMs
through various types of empirical testing and data. Bonfim (2009) states that a good DPM
is one that, with the least set of parameters and features, allows for a comprehensive

explanation of default to the point of accurate results.

(2) What amount of performance is better performance? Chava and Jarrow (2004),
Stein (2005), and Agarwal and Taffler (2008) defend how small differences in performance

when comparing models can in fact have significant economic impacts for the user.

(3) Performance depreciation: an efficient well-performing model will eventually fall
victim of its own success, since the market will begin using it to detect default, which will
in turn reduce the defaults in the market to only those the model cannot predict (Jackson &
Wood, 2013). Likewise, the use of a good model to predict default may also lead companies
to default, given the withdrawal of stakeholders from companies marked as so by the model,
and hence perpetuating those characteristics as default characteristics (Jackson & Wood,

2013).
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2.2. Simulation Application

The simulation section will develop on an introductory view of the applications that
simulation (more specifically Monte Carlo and its variants, as well as the Bootstrap) has

currently in the corporate finance area of literature.

2.2.1. Monte Carlo Simulation

The Monte Carlo (MC) method is a powerful technique for performing calculations that may
become too complex for a more traditional approach (James, 1980). In general, it can be any
technique that makes use of random numbers to approximate the solution for a given
problem (James, 1980; Kwak & Ingall, 2007). It has been in literature from at least since the
1930’s (Andrieu et al., 2003), the first ever document on its methodology being published in
1949 (Andrieu et al., 2003; Metropolis & Ulam, 1949). Its name stems from the famous
Monte Carlo gambling casino (James, 1980; Kwak & Ingall, 2007). More than the method

itself, are known various of its algorithms, that work as its core (Andrieu et al., 2003).

Let it be considered that a model or function for a given system or situation is mathematically
constructed, one which depends on a set of variables that can be represented each by a
probability function (James, 1980; Kwak & Ingall, 2007). The principle of MC simulation
is to calculate a large number of independent and independently distributed (i.i.d.) variable
input scenarios for that model or function and approximate the solution through the sample
obtained (Andrieu et al., 2003; Borgonovo & Gatti, 2013). In other words, each variable fed
into the model is generated randomly N times (trials/iterations) and the results are
accumulated in a sample R that characterizes the distribution of the possible results (Kwak
& Ingall, 2007; Oberle, 2015; Nguyen, 2023). The simulation above is considered a direct
simulation when the sample R can be said to belong to the population being studied. The
central limit theorem, from the statistical theory, helps the researcher approximate the
distribution of the mean estimate that can be made from the sample R. It states that,
regardless of the distribution of the random variables in question, the result of the sum of a
large number of independent and independently distributed variables will always be
normally distributed (i.e., follow a Gaussian or Normal distribution) (James, 1980; Oberle,

2015). In mathematical expression, if Y is the mean of a sample S = {Y},Y,, ..., ¥;,}, where
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S €Y, then for n sufficiently large, ¥ ~ N(u, %), u and o representing the mean and

standard deviation of Y, respectively; this facilitates the application of confidence intervals

and other statistical analysis (James, 1980; Oberle, 2015).

The MC simulation has been used in literature for various purposes, some of which include
theoretical investigation (James, 1980), simulating networks of correlated company risk
(Blanchet et al., 2015), risk profiling (Borgonovo & Gatti, 2013), unspecified bias tests
(Duffie et al., 2007), aiding intensity-based model estimation (Giesecke et al., 2010),
portfolio risk management (Giesecke et al., 2010), assessing model performance/robustness
(Jackson & Wood, 2013; Kumar & Ravi, 2007; Kwon & Lee, 2018; Robey & Barcikowski,
1988), project risk management (Borgonovo & Gatti, 2013; Kwak & Ingall, 2007; Riemer
& Wagner, 2016) and sample creation (Kumar & Ravi, 2007), not to mention other areas
outside finance (Innocenti et al., 2022; Kwak & Ingall, 2007). Furthermore, and accordingly
to some of the examples given, MC is not limited only to the scenario propagation usage,
but may also aid in sampling procedures (e.g., approximating a target distribution) (Blanchet
et al., 2015; James, 1980), as well as optimization procedures (Andrieu et al., 2003; James,

1980).

In the discussion of whether this methodology should be used in a situation, it poses some
advantages: (1) in sampling procedures, it positions the samples in regions of high
probability (Andrieu et al., 2003); (2) it can aggregate any number of risks expressed by any
probability distribution (GleiBner, 2019); (3) can handle extremely high dimensional?
problems, converging regardless of dimensionality (James, 1980; Kwak & Ingall, 2007); (4)
can handle extremely non-linear problems (James, 1980; Kwak & Ingall, 2007; Kwon &
Lee, 2018); and (5) it is an extremely powerful tool to understand and quantify the potential
effects of uncertainty in models or systems (Kwak & Ingall, 2007); can work even under
limited data (O'Leary, 1998). One must keep its limitations in mind, however: (1) regardless
of working with stochastic inputs, MC discretizes the processes by generating finite
intervals, which may lead to discretization bias (Giesecke et al., 2010); although this bias

can be easily reduced by increasing the number of iterations, it comes at the cost of increased

time and computational effort (Giesecke et al., 2010); (2) the application of MC simulation

13 High dimensional problems are categorized by considering a high number of variables (referred to as
dimensions), hence dimensionality relating to the amount of variables.

39



Castelo, R.J. Simulation Applications in Company Default Prediction

is limited by how well a researcher can formulate the problem in question, which also
depends on its mathematical properties (James, 1980); (3) MC algorithms converge'*
relatively slowly, having low efficiency (James, 1980; Riemer & Wagner, 2016); (4)
utilizing MC does not necessarily help to improve the theory to solve problems (James,
1980); (5) managers may avoid utilizing MC due to lack of thorough understanding of the
method (Kwak & Ingall, 2007; Riemer & Wagner, 2016); (6) requires relatively high
computational power and takes significant time compared to standard methods (Kwak &
Ingall, 2007; Riemer & Wagner, 2016). In the issue of computational power and time
consumption, a few studies already carry high efficiency MC methods through quantum
computer speed-ups (Kaneko et al., 2021), though these computers are not the common
management tool. Additionally, seeing as the number of iterations clashes in disadvantages
(1) and (6), the statements of Bukaci et al (2016) are supported in the importance of assessing
the necessary minimum number of iterations that guarantee either less variance, error, or

bias, also since accuracy is supposed to increase with each iteration (Oberle, 2015).

2.2.2. Number of Iterations

Oberle (2015) states that, for every MC simulation, there is a calculable number of iterations
that provide an approximation to any desired variation. Raftery and Lewis (1970) state that,
for running the MC algorithms, it is necessary to determine for how long the simulation
needs to run. In literature, we find common practices of 10 000 iterations (Borgonovo &
Gatti, 2013; Jackson & Wood, 2013; Liang et al., 2011; Nguyen, 2023), with a minimum of
100 and maximum of 10 000 000 iterations executed'>. A few methods are found that attempt

to offer a calculatable approach, which will follow below.

For all following methods, the n represents the number of iterations and z,, represents the
score of a standard normal distribution (a Gaussian/normal distribution with mean 0 and
standard deviation 1) such that a /2 is the area under the curve to the right of z,, /,. The latter

calls for the assumptions above met with the central limit theorem (Bukagi et al., 2016;

James, 1980; Oberle, 2015).

14 A sequence {4} is said to converge to the intended value B if for any arbitrarily small distance k, an element
of that sequence {4} can be found such that all succeeding elements of {4} are guaranteed to be within £ or
less of B. (James, 1980).

15 These values do not include bootstrap iterations.

40



Castelo, R.J. Simulation Applications in Company Default Prediction

a) Population Proportion Confidence Interval Approach (Oberle, 2015)

Oberle (2015) utilized the Wilson score method to obtain an a priori confidence interval for
the population proportion p and with it define a stop condition for the simulation. The

formulation goes as follows:

pa | Zaj2
Zajz* | T 4n?

(6)
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where p is the natural estimator of population proportion of success and is given by the
fraction of successes, and 1 — a is the confidence level, and A is half the length for the
intended confidence interval, respectively. Once the condition above was met, it being

checked for every iteration, the simulation would stop.
b) Mean Confidence Interval Approach (Oberle, 2015)

Additionally, Oberle (2015) also offers a calculation for the mean confidence interval.

2 2 n AY
_Zap*S . 2 i1 (X — X)
n= T , with ST = T, (7)

where x; is observation number i of the sample X with mean X. The calculations are
relatively simple compared to the previous proposition, though at the cost of approximating
the population variance g by assuming the variance of the sample s? instead. A similar stop

condition to the above is not given, but can be easily calculated, being presented as follows:

Za/Z * S

Vn

<a (8)
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As Oberle (2015) states, as more iterations are performed, more refined estimates are
obtained from s, until the algorithm converges. Once again, meeting the condition above

would stop the simulation.
¢) Mean Percent Confidence Interval Approach (Bukagi et al., 2016)

Bukagi et al. (2016) stray slightly from the approach of Oberle (2015). Instead, they calculate
a formula to assess the minimum number of iterations through a maximum error value. This
error represents half the length of the intended interval in percentage of the estimate of the
mean X, which is measured in integer percentage (twelve percent being 12). The calculations

are as follow:

[100 * Zg /o * s]z 100 * zg 5 * s
n=||—m———-|, =

X+ E E_W ©)

with s being the standard deviation of the estimated sample. The difference between this
approach and the simple one by Oberle (2015) is more related to interpretability, though
determining the confidence interval in percentage of the estimate does seem easier to

understand a priori.

2.2.3. Distribution Generation
Random Variable Dependency

MC Simulation basis describes that, in its process, independent and independently
distributed random variables are generated (James, 1980). If the variables in question are
independent, they will have no correlation (James, 1980). In that sense, for two independent
variables, Var(X +Y) = Var(X) + Var(Y), where Var(X) is the variance of the random
variable X and E(XY) = E(X) * E(Y), where E(X) is the expected value of the random
variable X (James, 1980).

In the occasion where the variables being replicated through simulation are not independent
and must take into account correlations, generating i.i.d. random variables may lead to an

under- or over-estimation of the results (Touran & Wiser, 1992). James (1980) and Touran
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and Wiser (1992) reference a relatively simple algorithm to generate pseudo-random
correlated variables, under the assumption they follow a Gaussian distribution (James, 1980;
Touran & Wiser, 1992). James (1980) denominates this method of ‘square root method’. Let
C be a matrix of generated random values of » different random variables with a standard
normal distribution and considering the intended correlation and Z their respective
correlation matrix. In the method explained by both studies (James, 1980; Touran & Wiser,
1992), there is an n X n triangular matrix X such that Z = X = X7, X7 being the transpose of

X. Init, C can be obtained from the following equation:

CT=X*NTeoC=X*N"T (10)

The matrix N includes a set of # i.i.d. distributed variables (all following a standard normal
distribution), one for each column, with the rows being the number of generated values equal
for each variable. The same applies to C, though with the correlated transformed values. The
variables in the columns should respect the same order in all the matrices in equation (10).
As for the X, James (1980) and Touran and Wiser (1992) calculate it using the logic in Figure
3.

011 O12 - O1n X11 X122 0 X1in

021 022 - Ozn X21 X22 v Xon
Z = R H . H X = : : - :

On1 On2 *° Opp Xn1 Xn2 0 Xpn

o-i,j = O:i,i and Ji,i =1

1<i<n, j=1

otherwise

Figure 3 — Square Root Recursive Method for Simulating Correlated Random Variables

The resulting X matrix can then be transformed into matrix C through formula (10). After

this, C must be de-standardized, that is, transformed back from a standard normal
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distribution for each of its composing variables. This can be executed by reversing the

standardization formula below (James, 1980; Oberle, 2015):

Y_
T“= C ~N@O1) for Y ~ N(uo) (11)

A researcher can validate if the X matrix was correctly built by checking if the calculated

Z' = X * XT is equal to the observed Z matrix (James, 1980; Touran & Wiser, 1992).
Producing Discretely Distributed Random Numbers

One can produce discretely distributed Z random numbers using a uniformly generated
number X~U(0,1) and taking the random value from the first position (in ascending order)
in the cumulative distribution of Z for which the density is greater than X (James, 1980).
Sampling from a Continuous Distribution

To randomly sample according to a one-dimensional distribution with a smooth function,
one can determine its inverse cumulative function and feed it with a uniformly generated

number X~U(0,1), a process which will return the value for which the function would have

that cumulative distribution (James, 1980).
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3. Methodology

3.1. The Model

The objective of the methodology of this study is to test the augmentation of a statistical
model easily applicable in practice through the Monte Carlo simulation methodology, in an
attempt to attain more explanatory power over default, while still keeping the model practical
and widely applicable, in terms of company size, industry, etc. Following the objective of
applicability, the choice of model for this study should be applicable to as many companies
as possible. Additionally, intelligent models do not benefit from the applications of
simulation, seeing as some algorithms are already more complex methodologies than Monte
Carlo simulation, and therefore a statistical or theoretical model is to be chosen. The top
modeling techniques in the remaining literature which may apply to the most companies are
the statistical approaches MDA and Logit (Alaka et al., 2018; Balcaen & Ooghe, 2006;
Jackson & Wood, 2013; Mensah, 1984), with relatively the same performance (Alaka et al.,
2018; Altman et al., 2016). Additionally, Altman et al. (2016) poses the third option, which
conveniently satisfies the objective of applicability (having been applied internationally) and
combines the two above options — the Z-score LR model, a Logit estimation with the same
variables as the Z”-score originally proposed by Altman (1983). The original function of the
Z”-score by Altman (1983), originally estimated using MDA, is as follows:

Z" = 3.25+6.56 % X; + 3.26 * X, + 6.72 * X5 + 1.05 * X, , (12)

Working Capital
where16 X1 =
Total Assets

Retained Earnings

Xz =
Total Assets
EBIT
X3 = s
Total Assets
__ Total Equity
4 7 Total Liabilities’

According to Altman (1983) and Altman et al. (2016), this is the most widely applicable Z-

score model, as is not dependent on market variables nor more industry specific features.

16 All values being book values, so as to keep the model applicable to non-listed companies.
EBIT stands for earnings before interest and taxes.
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The Logit version of Z”-score utilized by Altman et al. (2016) is relatively similar to a Logit
transformation of the Z”-score (Agarwal & Taffler, 2008; Correia et al., 2017; Hillegeist et
al., 2004; Jackson & Wood, 2013; Reisz & Perlich, 2007), albeit being re-estimated using

the logistic regression (Altman et al., 2016). Its function is as follows:

Z"LR = (13)

1+eZ

With the two possible models described, it is only left to address the Monte Carlo application
to be executed. The objective of this application is seeing how MC simulation can augment
either one of the traditional models above through the addition of uncertainty and scenario
propagation. Both of the models suffer from stationarity, in that they either have it as an
assumption (i.e., MDA) or treat all observations as a single year and do not incorporate
default as a process (Balcaen & Ooghe, 2006; Mensah, 1984; Shen et al., 2020). The scheme
of the method of this study is described in Figure 4. For each company, a set of data before
default is introduced and used in the MC algorithm to calculate a set of N model result
random variables for each year until default (default included). The result is a sample of size
N comprised of a set of score values obtained for the year of analysis which describe how
the company quality probabilities are distributed, precisely as in the basic MC approach
(Andrieu et al., 2003; Borgonovo & Gatti, 2013). From this distribution, we can obtain
various descriptive statistics of the scores, such as the average, the variance, the distribution,
or, most interestingly, measures of the probability of that score being equal, lower, or higher
than a pre-selected score. In other words, it may offer a measure of default risk, given a pre-

determined threshold.

Simulation for 5+ years
Company
Time Series 3 4 5
Year Lyl s g
3 4 5
0 1 2|/
Z)g NIy~ Zs
N N N
Z.g—' Z4 — Z5

Figure 4 - MC Simulation Scheme
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Given the above, this methodology may serve as a substitute for the Logit transformation
which usually is applied to score-outputting models (Agarwal & Taffler, 2008; Correia et
al., 2017; Hillegeist et al., 2004; Jackson & Wood, 2013; Reisz & Perlich, 2007). For that
reason, it makes more sense to apply the MC simulation method to MDA alone, seeing as
how one may then compare its results to the results of the Logit estimated MDA, or the Logit
transformed MDA. The Logit transformed MDA (Z"LT) would be the result of manipulating
the scores obtained through the Z”-score for each company utilizing the aforementioned

formula (3), as follows:

eZ

Z"LT = (14)

1+eZ

Before any model transformation, however, re-estimation of the parameters of the models is
advised (Agarwal and Taffler, 2008; Altman et al., 2016; Balcaen and Ooghe, 2006;
Hillegeist et al., 2004). For MDA, this can be equally achieved through a simple linear
regression of the binary observed values of default (Blum, 1974; Dimitras et al., 1996; Ketz,
1978; Sun et al., 2014). Important to note is that, following re-estimation, a re-definition of
the grey-area of the Z”-score is not required, the determination of one cut-off point sufficing
to give a threshold for the MC simulation to consider in the determination of the default
probabilities. This because the algorithm will offer a percentage of companies below the cut-
off point selected, which will always be higher the more the values of a company are lower;
and because the choice of prediction power evaluator for the analysis will be the ROC curve

AUCs, which overcomes single-cutoff point limitations for the probability results.

In the methodology, g (M) will represent the distribution from where the values of the Z”-
score for year i (represented by z;), will be generated. In this case, Mj, stands for the
‘memory’ of the model and represents a vector of previous values of z (or its components)
on the time series, and k is the number of years used as data in order to generate values for
z;. There is an important distinction within the way this study will generate z;. It can be
generated directly from the previous values of the Z”-score in the time series (the direct
approach), or by generating the variables inputted on the Z”-score and calculating the
resulting z; from them (the component approach). Both approaches will be tested in this
study, so as to understand if one can obtain better results by dividing the simulation into the

four different variables/components of the Z”-score. The direct approach, requiring only the
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simulation of one random variable, will be less computationally intensive, while the
component approach will require four times more effort. If no significant improvements are
found in choosing the component approach over the direct approach, the latter will hence be
advisable. In addition to a lesser computational effort, the direct approach, simulating only
one variable, avoids the possible issue of variable correlation. This is because the Monte
Carlo crude application generates i.i.d. random variables (Andrieu et al., 2003; Borgonovo
& Gatti, 2013) for variables that, in reality, can be significantly correlated, even though the
variables from the Z”-score (Altman, 1983), much like the original Z-score (Altman, 1968),
were chosen each from a different category of ratios, in theory helping to diminish the
possible multicollinearities (Altman, 1968; Altman et al., 2016). In the other hand, utilizing
the component approach may explore a more substantial number of scenarios, since it will
propagate for the tendency of components separately, each able to evolve in quite different

directions.

Through the utilization of a time series and memory approach on the calculation of future
scores, it is expected that this methodology can overcome the stationarity of the more
traditional models (Balcaen & Ooghe, 2006; Mensah, 1984; Shen et al., 2020) and approach
default more like a process, as it more realistically is (Bonfim, 2009; Shen et al., 2020; Sun
et al., 2014; Wilcox, 1971). This does not overcome the possible concept drift (Shen et al.,
2020; Sun et al., 2017), however, if the parameters of the Z”-score still remain the same

regardless of the year.

The remaining aspect of the simulation to be discussed is the distribution that g(M},) follows.
This consists in assuming a certain continuous distribution for the values of the components
or the score. This can be done by testing the goodness-to-fit of each distribution to the actual
sample distribution of the different values found and can be achieved easily through the use
of a software like @Risk, which encompasses a plethora of different distribution types. From
there, the parameters for the distribution, be it the mean, standard deviation, or any other,
are obtained from the vector M}, and the simulation is run by generating random values from

the chosen distributions adjusted to the calculated respective parameters.
As an additional note, the Z-score and its variations are usually estimated for a given period
using data of prior periods (Altman, 1968; Altman, 1983; Altman et al. 2016), so as to be

considered a prediction. The methodology used in this research does not need this lag on
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variables because it will generate a high number of scenarios for the variables or the z-score
itself for those periods that follow. In that sense, the MC Z”-score will estimate the
distribution of the quality of the company in years to come, making a better use of the MDA
methodology for what it was originally designed — classification (Balcaen & Ooghe, 2006).
Through this approach, since the prediction tool is not MDA but MC, the Z”-score

parameters will be estimated using financial data and default data from the same year.

Number of Iterations

The methods presented in Section 2.2.1 to calculate the minimum number of iterations (7)
for a given level of interval confidence and width all utilize the sample variance to develop
stop signals for the algorithm. In the methodology of this study, it does not make sense to
utilize any of those methods to calculate the intended n, since the sole purpose of it is to
spread the distribution to its maximum deviation for a given period, and not to achieve the
more accurate representation of a population. That is because utilizing variance-based
methods on an algorithm that variates values to analyze risk will only lead to exponentially

higher n values the longer the horizon is extended.

3.2. Data and Sampling

This study focuses on the introduction of its methodology on the Portuguese company case.
Around 99.9% of Portuguese companies fall under the classification of micro, small or
medium enterprises (MSME) (INE & Pordata, 2021) and, hence, it can be expected for the
samples obtained from the population to be of relatively small size when compared to the
common literature (Blum, 1974; Bonfim, 2009). In that sense, an original sample of 90 000
Portuguese companies was selected, composed of 9 subsamples of 10 000 companies each,
each subsample corresponding to a division of the Standard Industrial Classification (SIC)
system (SIC Manual, 2023). This subsample size was meant to be in accordance with the
recent studies reviewed that analyze single country samples, considering not all the
observations collected will be usable in estimation. Traditional studies reviewed have an

average and median sample size of approximately 473 and 138, respectively, while studies
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found of the 21° century share an average and median of 6 860 and 2 770, respectively'’.
The sample size cannot be stretched much further, or the simulation becomes too

computationally heavy to apply in useful time to all the subsamples.

In order to reduce category imbalance (Shen et al., 2020), the subsamples are analyzed
separately, and a model is estimated for each one (Costa et al., 2022). This is because all
industry subsamples have the same number of observations, when in reality, the population

will not be uniformly distributed along the defined categories.

The data is obtained yearly since that is the periodicity available and mandatory for the most
companies. As for the data period, the reviewed literature presents an average of
approximately 20 periods studied (with a mode of 7 periods and a median of 15) and a higher
focus on more traditional periods (roughly 76% of all the periods studied by the reviewed
literature are prior to 2000). Given these measures, this study selects the years between 2000
and 2022 for analysis (inclusive), which allows for: (1) modernizing the sample when
compared to most non-intelligent model studies; (2) having a study period longer than the
reviewed average; (3) after estimation out-of-sample testing due to an extended number of

years to analyze.

The data on the state of the company (which will offer information on default) is obtained
from the ORBIS database, along with the remaining general and financial information
required. The samples are obtained randomly from each of the industry segmented database
populations, so as to maintain the default rate of each subsample as close as possible to their
industry specific default rate. The divisions are as follow, according to source:

(1) Division A - Agriculture, Forestry, and Fishing

(2) Division B — Mining

(3) Division C — Construction

(4) Division D — Manufacturing

(5) Division E — Transportation, Communications, Electric, Gas, and Sanitary Services

(6) Division F — Wholesale Trade

17 (Abinzano et al., 2020; Agarwal & Taffler, 2008; Altman et al., 2016; Beaver et al., 2005; Bharath &
Shumway, 2008; Bonfim, 2009; Bottazzi et al., 2011; Chava & Jarrow, 2004; Correia et al., 2017; Costa et al.,
2022; Du et al., 2020; Duffie et al., 2007; Hillegeist et al., 2004; Korteweg, 2011; Kwon & Lee, 2018; Mitton,
2021; Peldez et al., 2022; Reisz & Perlich, 2007; Shen et al., 2019; Shumway, 2001; Sun et al., 2017; Tafakori
etal., 2021)
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(7) Division G — Retail Trade
(8) Division H — Finance, Insurance, and Real Estate
(9) Division I — Services

(10) Division J — Public Administration

The Division B of the SIC classification had less than 2 000 companies in the database and
hence was combined with the Division A (seeing as both were primary type sectors). This
was done prior to obtaining the random sample from the combined industry group, so as to
not influence its randomization. No subsample was collected for the Division J due to the
unavailability of substantial data on them for Portuguese companies in the database (less
than 6 000 companies and data only available for less than 50 companies in every year of
the period of analysis). Although the data was all collected for analysis, due to computational
limitations, only the Divisions A+B and C were analyzed, reducing the total sample to
20 000 companies, which is still on par with the common literature. This combination of
divisions therefore encompasses the Portuguese companies of Agriculture, Forestry, Fishing,

Mining and Construction sectors.

For analysis later on, companies were additionally classified by size. Company classification
by size is determined based off of the Portuguese law determination (Portugal 2020, 2021),
as follows:

(1) Micro Company: has less than 10 employees, and either its yearly total of sales and
services are under 2 000 000 € (2 million euros), or its total assets are under 2 000 000
€.

(2) Small Company: is not considered a micro company, has 50 or less employees, and
either its yearly total of sales and services are under 10 000 000 € (10 million euros)
or its total assets, are under 10 000 000 €.

(3) Medium-sized Company: is not considered nor a micro nor a small company, has less
than 250 employees, and either its yearly total of sales and services are under
50 000 000 € (50 million euros), or its total assets under 43 000 000 € (43 million
euros).

(4) Large Company: all the companies that are not considered nor micro, nor small, nor

medium, under the above conditions.
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Default Definition

To maintain the consideration of default objective, more widely applicable and in accordance
with Altman (1983) and Altman et al. (2016), this study considers the ex post definition of
default — bankruptcy. Companies are considered defaulted for a given year if they declared
one of the following in the ORBIS database in said year: (1) Dissolved (with no further
information as to why); (2) In liquidation; (3) Active (insolvency proceedings); (4)
Bankruptcy. The data after any of these declarations is not necessarily considered as default
data, which can serve as form of noise test on the model. Unavailability of data prior to
default is used in the simulation to test longer horizons of default prediction. The year of
default considered in the criteria above is manipulated as follows: if a company entered the
status of “Active (dormant)” in the database directly before any of the status considered
default and no data exists for it on the database from the point it was declared dormant, then
the default date is set to the date in which the dormant status was declared instead; this
because if a defaulted company was kept in a state of dormancy and no changes in its
financials were executed until its default, default was likely already imminent when the

company became frozen.

3.3. The Algorithm

Let N be the year for which one wishes to predict the probability of default of a given
company — hereby referred to as the year of analysis. The algorithm used in this study will
have two main parameters to determine from where and with what it will be generating
predictions and attempting to offer the user an answer: / and k. & has been presented before
as the number of years of memory that are fed into g(M},) to output predicted values for the
future. 4 stands for the horizon, namely the distance from where the algorithm will be
generating its predictions. In other words, / is the number of years the algorithm will
generate in front of the memory to predict default. Say a manager wished to know, in 2009,
what would be its company default risk in year 2012, using data from 2005 through 2009,
inclusive. The algorithm, in this case, would have the parameters k =5 and h = 3. Its
important to note that the memory of the algorithm functions pretty much like a moving
average, meaning the predictions made for year 2011 would come from a distribution

considering the years 2006 through 2010, inclusive, always maintaining the 5 years of
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memory as pre-determined by k. Only the predictions for the year N are counted for assessing
the default risk of the company in the end. In the above example, N = 2012. What the fully
sized algorithm below will perform is an execution of these predictions for each N €
{2002,2003,2004, ..., 2022}, for which every combination of / and k will be tested, for as
long as it does not exceed the period of years from 2000 through 2022. The reason why N
will not be evaluated as 2000 or 2001 is because a minimum of 2 years of memory is
necessary for every type of model that will be tested to work. Additionally, both £ and /4 will
be capped at 10, for consistency with the reviewed literature on default and to avoid

extending to too much computational effort.

The Z”-score utilized to calculate the predictions from the algorithm results has its
parameters fit to a ordinary least squares multiple linear regression (using the LINEST
function available in Excel) for each year and correspondent different combination of 4 and
k, where each ratio is an independent variable, and the dependent variable, given that the Z”-
score is a measure of financial quality, is a dichotomous variable equal to -1 when the
company is defaulted, and 1 otherwise, in an attempt to have zero represent the state of
uncertainty. With this, it is also expected that the Logit transformation of the Z’-score (Z"LT)
yields more useful results, since its function is centers scores at 0 for a probability of 50%.

The results of the algorithm are samples of NV iterations for each company in each year they
could validly be generated. Due to computational limitations, N had to be set to 100,
otherwise the data was extremely time consuming to process correctly. From each of these
samples, the percentage of observations with Z”’-score values under 0 in the total of the 100

gave the default probability results for correspondent company.

3.4. Evaluation

As mentioned prior to this section, the evaluation of the model power for the results of this
study will be performed utilizing the ROC curve AUC:s, as they are more present in literature
and allow for an all-in-one variable cut-off evaluation. The ROC curves will not be
presented, as the amount of different curves would make the visual summary too extensive.
The AUC summary tables will be presented instead. This study will follow the evaluation
philosophies of Mitton (2021) and especially Zhang (2022) of testing a model not based off

of statistical significance, but of parameter, condition, and situation scrutiny. In other words,
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the model will be evaluated for a set of combinations of horizons, memories, and years, for
which there will be a different re-calibration of score parameters and correlations each. The

results will be presented through averages, variances, and other useful measures.

Although prediction power is the main evaluator of the model, calibration will also be
evaluated through the use of the Pseudo-R? (Bonfim, 2009; Campbell et al., 2008;
McFadden, 1973), based on the log-likelihood presented in equation (4)'%.

All sizes of companies are maintained in the evaluation, and results are obtained by size too
in order to understand both the effects of the larger companies in the model and the
differences between using the model in each of the types of companies. In summary, the
models MC Component Approach Z”-score (Z”MC_C), MC Direct Approach Z-score
(Z’MC D) and Z”LT are all evaluated and compared in terms of predictive power and

calibration, by horizon, memory, and company size, for each of the SIC divisions separately.

8 In the cases where the probability returned by the model for a given company default is 100% or 0%,
Equation (4) returns an error for In(0); this was overcome by replacing the values inside the natural logarithm
for a value different from zero, but close enough to zero (1071%°) for the computer, so as to avoid the error and
still obtain a liable likelihood value.
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4. Execution and Results

4.1. Pre-execution Analysis

Before executing the models, some statistics are important to calculate, which are present in
this subsection. For information purposes, first and foremost, the number of companies that
have available information to calculate all ratios for the given year of the period of this study
is analyzed, along with the respective yearly default rate. Furthermore, for purposes of
pseudo-random variable generation, the Pearson correlation values between the ratios for
each SIC division is also analyzed. Company size weight on each of the divisions is also

expressed for analysis.

Regarding the recalibration of the Z”-score through multiple linear regression, the R? values
relating to the linear regressions for each year are analyzed per division. These R? values are
expressed as averages of all R? obtained for each of the available logical combinations of

horizons and memory values for the model in each of the years.

4.1.1. Default Rates

Table 10 expresses, for every year of analysis, the number of companies that, for that year,
had enough data for estimation and simulation along with the number of which are defaulted,
with the respective default rate. As expected from an unbalanced default sample, default
rates on Table 10 are extremely low and reinforce the idea that the event of default, in itself,
is rare. This can, of course, affect the ability of the models to capture the characteristics of
default correctly (O'Leary, 1998; Shen et al., 2020). The intent here, though, is to test the
algorithm in an as realistic as possible environment, so as to maximize its usefulness in
practice, following the logic of Balcaen and Ooghe (2006) and Du et al. (2020) on the matter

of data imbalance. Therefore, no over-sampling is performed.

55



Castelo, R.J.

Simulation Applications in Company Default Prediction

Table 10 - Sample Default Rates

Division Division A+B Division C
Total Valid Companies 6232 5414

Year No D.C. D.R. No D.C. D.R.

2000 0 0 0,00% 0 0 0,00%
2001 0 0 0,00% 0 0 0,00%
2002 0 0 0,00% 0 0 0,00%
2003 0 0 0,00% 1 0 0,00%
2004 61 0 0,00% 140 1 0,71%
2005 69 1 1,45% 177 0 0,00%
2006 112 1 0,89% | 297 3 1,01%
2007 178 7 3,93% | 459 17 3,70%
2008 517 16 3,09% | 1371 58 4,23%
2009 523 12 2,29% | 1284 19 1,48%
2010 551 13 2,36% | 1241 30 2,42%
2011 560 15 2,68% | 1139 54 4,74%
2012 678 10 1,47% | 1118 50 4,47%
2013 922 8 0,87% | 1189 39 3,28%
2014 2969 54 1,82% | 2706 88 3,25%
2015 3316 34 1,03% | 2829 59 2,09%
2016 3571 26 0,73% | 2913 55 1,89%
2017 3900 47 1,21% | 2938 39 1,33%
2018 4092 37 0,90% | 2984 31 1,04%
2019 4278 41 0,96% | 3083 28 0,91%
2020 4383 38 0,87% | 3168 23 0,73%
2021 4488 29 0,65% | 3339 40 1,20%
2022 201 9 4,48% 159 19 11,95%

For this table: “No” stands for the number of valid companies; “D.C.” for
the number of companies that are defaulted; “D.R.” for the default rate.

The total number of valid companies for each division described in Table

10 refers to the

number of companies from the original 10 000 that have enough available information for

each of the ratios for the algorithm to use them. This was due to the fact that, to be analyzed

for a given year, a company had to have all ratios available for a consecutive period of 2

years prior to it, at least. The percentage of validated companies from the original samples

is averaged at 58.23%, with Division A+B having a validation rate of 62.32% and Division

C having a validation rate of 54.14%.
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4.1.2. Ratio Correlation

Figure 5 presents the Pearson correlation matrices for the Z”-score ratios that will be
generated in the component approach of the methodology, per division. From the analysis
of Figure 5, it is clear that some of the ratios are extremely correlated, while others are only
mildly or not at all correlated. Regardless of whether all of the ratios are correlated enough
to affect the simulation, one must keep in mind that, in order to generate the pseudo-random
correlated variables on par with the given correlation matrices, the Square Root Recursive
Method (James, 1980; Touran & Wiser, 1992) must be utilized. This method has the
limitation of working only with normally distributed variables and, so, the following
algorithm must assume a normal distribution for the correlated generated variables. With
that in mind, however, it would be inconsistent to consider only some of the variables as
normally distributed while assessing the distribution for the rest by other means. Besides, it
is unclear to what extent the simulation should ignore low correlation between variables.
Following these lines of thought, the decision is to consider all variables generated as
normally distributed, with sample mean and standard deviation obtained from the memory
of the model. Furthermore, all variables are generated through the Square Root Recursive
Method (SRRM) (James, 1980; Touran & Wiser, 1992), regardless of correlation, for a

matter of consistency.

A+B C
X1 X2 X3 X4 X1 X2 X3 X4
X1( 1,000 X1| 1,000
X2(0,011(1,000 X2 0,455 | 1,000
X30,787(0,996| 1,000 X3(-0,294 (0,238 1,000
X4|0,000(0,000(0,000( 1,000 X4| 0,000 |0,000| 0,000 | 1,000

Working Capital Retained Earnings
Note: X1 = #, Xz = g

Total Assets

Total Assets

EBIT Total Equity
-, nd X4 -
Total Assets Total Liabilities

(following Altman, 1983)

3

Figure 5 - Pearson Correlations per SIC Division
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The calculations of the X matrices for the SRRM!® could be done directly from the
correlation matrices shown in Figure 5, though, in an attempt to replicate the use of the
algorithm in a single company environment with only a given memory as data for the
calculations of those correlations, the matrices X are calculated solely with the memory data
inputs for each of the year, horizon and memory combinations and, hence, it would be
unproductive to display a list of them here. All of them were pre-validated for simulation
purposes. Although correlation issues do not apply to the direct approach of the model,
making the SRRM only necessary for the component approach, again, for the sake of
consistency and comparability, the direct approach is also performed assuming the Z”-score

distribution as normal.

4.1.3. Size Disparity

Companies inside divisions, as expected from the data already available on Pordata (INE &
Pordata, 2021), are more predominant the smaller they are, with micro companies
encompassing a great part of the total, as portrayed in the Table 11 below. Estimation and
evaluation occurred regardless of company size, with the intent to test the model against any
possible company value, along with noise, seeing as large companies, per example, are

extremely rare in the sample, but likely have ratios very different from the majority.

Table 11 - Percent of Yearly Data by Size and Division

Division
Size A+B G
Micro [85,99%81,79%
Small |12,20%|16,31%

Medium| 1,55% | 1,77%
Large | 0,26% | 0,13%

4.1.4. Parameter Re-estimation

When it comes to parameter re-estimation calibration values for the calculated parameters
of the Z”-score for each of the year-memory-horizon combinations, there are some clear

tendencies distinguishable throughout Table 12:

19 Across calculations of the matrices X, certain cells often return an error due to the components inside square
roots equaling zero. This was easily resolved by replacing the error values with zero without affecting the
validation of the respective matrices.
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(1) The R? values decrease with the years, which can be explained by both the following

ideas: (a) the fact that the number of company years to analyze increases with the year

makes it more difficult to fit a linear function as perfectly through all the data as with

less data, as well as it means a higher chance of outliers and noise in the data, which

directly affect the goodness-to-fit of linear regressions; (b) the ratios utilized were

originally chosen as the most adequate to predict default in 1983 (Altman, 1983), which

means that these ratios may have lost the descriptive ability of default they had along

the years.

(2) The R? values increase with the memory utilized, which is a telltale sign that one can

obtain a better recalibration of the Z”-score values by selecting companies with more

data available, even if there are fewer, instead of more companies with less data

available.

(3) The R? values generally increase with the horizon utilized, which implies that,

although only slightly and interestingly enough, the Z”’-score obtains better recalibration

the more the data used is lagged.

Table 12 - Recalibration Regression R-squared Values by Year, Memory and Horizon for each Division

R? R’

Year A+B & Memory| A+B C
2002 n.a. n.a. 2 3,87% |10,18%
2003 n.a. n.a. 3 3,51% |10,71%
2004 n.a. |100,00% 4 4,15% (11,27%
2005 |[16,64%| 72,85% 5 5,28% (12,79%
2006 [16,35%| 58,89% 6 5,80% |13,83%
2007 |[10,51%| 48,05% 7 6,37% | 15,76%
2008 ([11,44%| 38,47% 8 8,65% |16,54%
2009 (10,19%| 35,04% 9 20,48%|25,85%
2010 | 4,90% | 31,12% 10 n.a. n.a.
2011 [ 7,71% | 24,77%

2012 [ 7,69% | 22,11% Horizon | A+B C
2013 | 5,34% | 21,84% 1 4,30% [ 16,91%
2014 | 8,20% | 20,78% 2 4,69% (17,24%
2015 | 7,98% | 19,62% 3 5,49% |17,71%
2016 | 7,45% | 17,96% 4 6,00% |18,51%
2017 | 7,11% | 16,80% 5 6,64% | 19,55%
2018 | 6,14% | 16,63% 6 7,10% |20,15%
2019 | 5,60% | 15,59% 7 7,49% | 21,07%
2020 | 5,06% | 14,99% 8 8,12% (22,26%
2021 | 4,56% | 14,79% 9 9,02% |(24,11%
2022 | 3,84% | 14,55% 10 8,97% | 25,17%
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The additional commentary that can be made regarding the results obtained from the
recalibration is that, in general, recalibrating the Z”-score utilizing multiple linear regression
through the methodology presented offers poor goodness-to-fit results. Furthermore,
Division C presents higher goodness-to-fit values and can be expected to obtain better
results. The high results of the earlier years of Division C cannot be considered high
goodness-to-fit results, since they depend on relatively small samples with extremely low
default rates. As recalibration is not necessarily the key of evaluating a model, neither is it
the focus of this study, the simulation proceeds with the obtained models, regardless of their
R? values. Once more, given the sheer amount of different parameters estimated, these will

not be displayed in this report.

4.2. Results

4.2.1. Computational Effort

As the methodology of this study requires a considerable amount of computational power,
making the simulations time consuming, which is one of the largest limitations to its
execution, Table 13 presents a summary of some essential representations of the effort

required to perform the tasks included in the algorithm.

Table 13 - Computational Demands of the Simulation per Division

Division Maximum Validated | Total Iterations Total Time Consumed
Observations Generated (without breaks)
A+B 6232 160 800 27h36m
C 5414 189 945 35h32m

To the time expressed above adds up the unregistered time of transforming the high amounts

of data into a reduced sample of predicted default probabilities.

4.2.2. General Results

The general average and variance of the predictive power of each of the models, along with
calibration results are presented in Table 14. According to the average AUCs obtained for
each of the models, all three seem to present very mediocre predictive power, around the
AUC of a random model (which in theory would be 50%). At an initial analysis, this

indicates that the application of MC simulation onto the Z”-score is at least as good of a
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method to create stochastic probabilities from the Z”-score as the logit transformation. What
can be concluded from the standard deviation values is that the models with higher variance
of the AUC generally present higher the AUC average, which could mean that the difference
between the averages is consequence of higher tailed AUC distributions. This will be further
developed per division to understand if this affirmation stands. As for calibration, the
winning model is the logit transformation of the simple Z”-score (Z”LT) for both the
divisions, by a considerable margin of at least 20%. It is interesting to compare the
differences between the Pseudo-R? and the initial calibration given by the regression R?, in
that the former is more than 4 times larger than the maximum average obtained yearly for
the linear regressions in Table 12, though the comparison is not as direct, given that the
summary calibration refers to all the data, instead of just a year, let alone that the Pseudo-R?
is only an approximation to the actual R? that would be calculated in a regression. Once
again, however, what truly depicts if a model can or cannot distinguish default correctly is
not calibration, but predictive power (Hillegeist et al., 2004; Stein, 2007; Sun et al., 2014).
In that sense and, seeing as the MC simulation suffered considerable limitations to be
computationally executable, this only implies that, with higher number of iterations and less

limits to the model, one can expect better results off of the methodology of this study.

In terms of the direct and component approaches of the methodology, the two divisions show
that different types of companies (in this case, industry specific types) may have different
uses for each of the approaches, with Division C showing better results for the direct
approach, while Division A+B advocates for the use of the component approach. Crossing
this analysis with the respective correlation matrices of Figure 5 (which expressed higher
correlation values among ratios in Division A+B as compared to Division C), one can
conclude that for industries with higher correlation between the ratios, the component
approach yields the best results, and that the direct approach is more useful in the absence

of significant correlation.
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Table 14 - General Model Performance Results

DivisioN A+B DIVISION C
Model |Average AUC Model |Average AUC
Z"MC_C 48,85% Z"MC_C 50,79%
Z"MC D 47,55% Z"MC_D 51,37%
230 52,12% Z2ET 50,19%
Model | AUC St. Dev. Model | AUC St. Dev.
Z"MC C 18,44% Z"MC_C 13,62%
Z"MC_D 17,50% Z"MC_D 13,35%
22N 18,80% 2"LT 11,29%
Model | Pseudo-RA2 Model | Pseudo-RA2
Z"MC_C 52% Z'MC_C 60%
Z"MC D 37% Z"MC_D 41%
74 0] 72% ZELT 93%

Z”MC_C — Component Approach Monte Carlo Z”-score Model
Z”MC_D — Direct Approach Monte Carlo Z”-score Model
Z’LT — Logit Transformed Z”-score

With the general results off the way, the analysis will continue below by breaking down the

various division nuances that may explain (or fail to) what was concluded above.

4.2.3. Division A+B

Figure 6 gives a visual summary of the distribution differences of the AUCs of each model,

for Division A+B. It presents the clear difficulty in distinguishing the predictive power of

the three different models in it, which, once again, implies that the MC simulation can be

just as effective in obtaining default risk results from a Z”-score as a simpler model like

Z”LT.
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Figure 6 - AUC Distribution per Model for Division A+B
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There is also a noticeable although mild difference in kurtosis between the three

distributions, especially between Z”’MC _C and Z”LT, meaning Z”LT classifies more

companies in the 50%-60% interval than the rest of the models. Table 15 scrutinizes the

differences in the average AUC and the respective standard deviation for each model. The

cells painted green infer that the respective model obtained the best results out of the three

for that specific combination of horizon and memory. The cell on the bottom right of each

individual sub-table of Table 15 represents the percentage of combinations h X m for which

the model was the best of the three.

Table 15 - Division A+B AUCs by Model, Horizon and Memory

erage A A andard De o)
2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10

1 |45%|45% |48% |56% |58% |53% |55% | 60% | n.a. [|51% 1 | 9% | 9% |12%|16% |15%|17% | 22% | n.a. | n.a. [ 14%
2 |49%|50% |54% |53% |57% | 55% |57% | 96% | n.a. || 54% 2 | 8% [10%|20% |13%|21% [15%|29% | 0% | n.a. |17%
3 |49%(54% |50% | 49% | 45% | 46% | 56% | 54% | n.a. || 50% 3 | 8% (21%|15%|21% | 11% [17% | 24% | 44% | n.a. | 18%
4 [52%|55% |47% |47% |36% |42% |45% | 65% | n.a. [47% 4 [12%|17%(19%|17% | 19% |24% | 27% | n.a. | n.a. | 18%
5 |48%(42%|46% |41% |39% |42%|43% | 42% | n.a. | 43% 5 [15%(14%|18% |15% | 29% | 22% | 30% | 53% | n.a. | 19%
6 |48%|50% |47% |44% |47% |39% |52% | 67% | n.a. |47% 6 |14%(14%|17%|23% |18% (17%|11% | n.a. | n.a. | 16%
7 |55%(54%|49% |49% |43% [37%|72% | n.a. | n.a.||51% 7 | 7% |17%|27%|31%|27% [16%| 7% | n.a. | n.a. |21%
8 |54%|51% [57% [40% |34%|69% | n.a. | n.a. | n.a. [51% 8 |19%|12%[25% [15%|15%| 7% | n.a. | n.a. | n.a. [19%
9 [46% (61%|44%|27%|75% | n.a. | n.a. | n.a. | n.a. ||48% 9 [16%(19%|31%|27%| 1% | n.a. | n.a. | n.a. | n.a. | 25%
10 |46%|33%|25% [61%| n.a. | n.a. | n.a. | n.a. | n.a. [38% 10 |12%|12%|15% | 1% | n.a. | n.a. | n.a. | n.a. | n.a. |16%
49% | 50% | 48% |47% |47% | 47% | 54% | 62% | n.a. | 16% 12% | 16% | 20% | 20% | 21% | 19% | 23% | 35% | n.a. | 28%

D Average AR DA dard De o)

2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9

1 [49%|46% |48% | 54% | 50% | 45% | 45% | 47% | n.a. [48% 1 |11%|11%[10% | 6% |12% |11%|23% | n.a. | n.a. | 12%
2 |49%|49%|50% |50% | 55% |53% |42% | 65% | n.a. [51% 2 | 8% | 8% |15%|15% |17% |24% |28% |37% | n.a. || 16%
3 |49%(49% |50% | 47% | 44% | 48% | 71% | 61% | n.a. |51% 3 | 8% |16%|18% |18% | 10% | 24% | 21% [ 29% | n.a. | 18%
4 |51%|56% [48% |48% |35% |38% |41% | 30% | n.a. | 46% 4 |10%|16% |20%|17% |20% | 26% [ 13% | n.a. | n.a. | 18%
5 |50%|47% |46% |42% |39% |40% |36% | 72% | n.a. [ 45% 5 |13%|16%|18% |18% |24% |17%|18% | 3% | n.a. [18%
6 |47%(49%|51% |46% |51% |37% |49% | 78% | n.a. | 48% 6 [14%|13%|20% |23%|23%|24%|33% | n.a. | n.a. [19%
7 |54%|53% |48% |46% [40% [37% |41% | n.a. | n.a. [48% 7 | 8% [16%(24% |24%|19% |24%|37% | n.a. | n.a. [19%
8 |54%|48%|44%|39%[39%|75% | n.a. | n.a. | n.a. |48% 8 |19%[13%|16%|17%|28%| 6% | n.a. | n.a. | n.a. [19%
9 |48%|51% |38%|27%|55%| n.a. | n.a. | n.a. | n.a. [43% 9 [17%(12%(33%[19%| 1% | n.a. | n.a. | n.a. | n.a. [21%
10 [49%[35%|21%|53%| n.a. | n.a. | n.a. | n.a. | n.a. [39% 10 | 9% |19%|15%|16% | n.a. | n.a. | n.a. | n.a. | n.a. [18%
50% | 49% [ 46% | 46% | 45% | 45% | 48% | 61% | n.a. | 10% 12% | 14% | 19% | 18% | 19% (21% | 24% | 24% | n.a. | 21%

A ge A A andard Deviatio

2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10

1 [44%|45% (52% |58% | 59% | 56% | 68% | 53% | n.a. |53% 1 |13%|13%| 9% |11%| 9% |15% |17% | n.a. | n.a. | 14%
2 [51%(52% |57% | 58% | 63% | 62% | 49% | 59% | n.a. | 56% 2 [14%(14%[13%[10% |13% | 16% | 7% |35% | n.a. [14%
3 |49% [54% |53% | 58% | 52% | 53% | 65% | 55% | n.a. | 54% 3 | 8% [14%|15%|18% | 18% | 29% | 24% | 33% | n.a. | 18%
4 |55%|57% | 46% |49% | 28% | 35% | 32% | 100% | n.a. [[46% 4 | 9% |12%|21%|22% |18% [ 29% | 20% | n.a. | n.a. | 22%
5 |53%|51%|52% | 58% | 50% [ 50% [ 70% | 89% | n.a. | 54% 5 |15%|19%|23%|21% |33% |30% [42% | 15% | n.a. [ 24%
6 |54%|53% |53% |52% |53% |57% | 61% | 100% | n.a. | 55% 6 | 8% [11%|21%|20% |24% |38% |33%| n.a. | n.a. [ 20%
7 [56%|50% |47%|47% [51% |34% |48% | n.a. | n.a. |49% 7 | 9% [23%|18% |24% |25% | 20% | 40% | n.a. | n.a. [ 20%
8 [49%[53%|51%|49%|37%|62% | n.a.| n.a. | n.a. |50% 8 [10%| 7% |12%|22% |14%|39% | n.a. | n.a. | n.a. [15%
9 [49%[50% |52%|40% [76% | n.a. | n.a. | n.a. | n.a. |50% 9 [15%|17%|31%|25%|32% | n.a. | n.a. | n.a. | n.a. [23%
10 [50% |44% |33%|55% | n.a. | n.a. | n.a.| n.a. | n.a. |45% 10 | 8% [23%|12%|22%| n.a. | n.a. | n.a. | n.a. | n.a.|17%
51%|51% [ 51% | 53% | 51% | 51% [ 58% | 70% | n.a. | 52% 11% | 15% | 18% | 19% | 22% | 26% | 25% [ 30% | n.a. | 26%
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It is once again clear from Table 15 that Z”LT holds the highest AUC for most combinations
for Division A+B, and the highest AUC cells are too spread out on the rest of the models to
allow for a separation of model quality by horizon and memory. This may also be due to the
100 iterations limitation, which leaves the model AUC distribution more prone to
randomness than the actual real effects of using MC simulation properly. The deviations
suffer from the same interpretation issue — there is no clear distinction in what cases a model
is better than the other, only that ZMC D obtained the least deviation of all, by a smaller
margin than the Z”LT did for the average of AUC.

Table 16 - Model Average AUC by Size (Division A+B)

Model

Size |z"'MC c|z"MC D| Z"LT
Micro | 45,00% | 44,90% |49,89%
Small | 3,52% | 2,49% | 2,09%
Medium| 0,51% | 0,34% | 0,33%
Large | 0,20% | 0,12% | 0,13%

Lastly, AUC averages are analyzed by company size in Table 16, which depicts for the
majority (micro companies) exactly the same as the total average, with Z”LT leading the
results, and Z”MC D having the lowest ratings. Interestingly enough, for all companies
other than micro, though with much smaller sample and, hence, certainty, Z”MC _C leads
the results, which implies that MC simulated Z”-scores may overpower simpler estimations

for companies larger than micro.

4.2.4. Division C

Figure 7 gives a visual summary of the distribution differences of the AUCs of each model,
now for Division C. Similarly to the general analysis and the Division A+B, the AUC
distributions are almost indistinguishable from each other, even more than in the previous

division.
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Z'"MCP_C Z"MCP_D Z'LT
10% 10%
20% |l 20%
30% |1 30%
40% |1 40%
50% 50%
60% || | 60%
70% [ 70%
80% | 80%
90% |l 90%
100% || 100%

Figure 7 - AUC Distribution per Model for Division C

Table 17 presents the AUC averages per combination of h X m, once more in an attempt to

better understand predictive power variations. Yet again, the cells painted green infer that

the respective model obtained the best results out of the three for that specific combination

of horizon and memory; and the cell on the bottom right of each individual sub-table of Table

17 represents the percentage of combinations h X m for which the model was the best of the

three. In the Division C case, although the Z”MC D obtained better overall average results,

the Z”MC _C obtained better averages for most combinations of h X m, though the

distribution is, once again, quite random and difficult to determine any patterns. As for the

standard deviation of the AUCs, the method with the least variation of results is the Z”LT,

on the absolute contrary to Division A+B.

Table 17 - Division C AUCs by Model, Horizon and Memory

Z"MC_C Average AUC

Z"MC_C AUC Standard Deviation

Memory Memory

2 3 4 5 6 7 8 9 10 || Any 2 3 4 5 6 7 8 9 | 10 | Any

1 [(40%|44% |41% |41% |44% |44% |48% | 42% | n.a. [43% 1 (8% | 9% | 9% | 9% | 6% | 8% |10% |12% | n.a. | 9%

2 |47%|46%|47%|50% |49% |51% | 51% | 52% | n.a. |49% 2 |11%| 9% | 8% | 8% | 8% | 9% [12%|20% | n.a. [[10%

3 |47%|51%|51%|52% | 53% [54% [ 50% | 63% | n.a. [[52% 3 | 7% | 7% | 8% | 7% | 8% [10% |18% |36% | n.a. [13%

4 |51%|54%|52%|52% |53% | 53% |62% | 64% | n.a. | 54% 4 | 6% | 7% | 5% | 6% |11%|13%|15% |26% | n.a. | 11%

‘é 5 |52%|51%|50% | 50% [50% [51% | 38% | n.a. | n.a. [50% § 5 | 7% | 5% | 7% |10% |22% |25% | 18% | n.a. | n.a. [ 14%
5 6 [50%|51% |55%|49% |51%|52%|29%| n.a. | n.a. |51% 5 6 | 6% | 9% |11%|12%|16%| 7% | n.a. | n.a. | n.a. [11%
L | 7 |52%|54% |55%|59% |58% | 5% | n.a.| n.a. | n.a. [54% | 7 | 5% |11%|15%|23%|27% | n.a. | n.a. | n.a. | n.a. [17%
8 |54%|56%|57% |68% |64% |55% |87% | n.a. | n.a. |59% 8 [10%|13%|15%|24%|21% | n.a. | n.a. | n.a. | n.a. [15%

9 |58% [60% |66% |30% |24% [26% | n.a. | n.a. | n.a. |56% 9 [14%|21%|25%|38% | n.a. | n.a. | n.a. | n.a. | n.a. [22%

10 |59% | 63% | 74% | 88% | 65% | n.a. | n.a. | n.a. | n.a. |64% 10 [21%|23%| 7% | n.a. | n.a.| n.a. | n.a. | n.a. | n.a. [ 20%
Any | 50% | 52% | 52% | 51% | 50% | 49% | 51% | 53% | n.a. | 30% Any | 11% | 12% | 13% | 15% | 14% | 14% | 16% | 23% | n.a. | 10%
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DA ge AR D dard Deviatio

2 3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 | 10
1 |47%|49% |48% |47% |49% | 50% [51% | 42% | n.a. |48% 1 8% [10%| 7% | 6% | 9% | 7% [11%|21% | n.a. | 10%
2 |48%|47% |48% |51% |50%|51%|51% | 47% | n.a. [|[49% 2 |10%| 7% | 7% | 8% | 7% | 8% |13% [18% | n.a. [10%
3 |47%[51%|51% | 51% |53% | 50% | 48% | 47% | n.a. ||50% 3 | 7% | 8% | 8% | 7% | 8% |11%|16% [24% | n.a. [10%
4 |52%|54% |52%|51% | 50% |54% | 53% | 55% | n.a. [[52% 4 | 6% | 8% | 6% | 8% |12%|14% |26% |42% | n.a. [14%
5 |52%[51% [52% |49% | 48% | 46% |55% | n.a. | n.a. [|50% 5 [ 6% | 5% | 7% |10%|22% |23% |31% | n.a. | n.a. | 14%
6 [49%(51% |54% |51% |52% | 50% | 29% | n.a. | n.a. |51% 6 | 7% | 9% |11%|13% |14%| 9% | n.a. | n.a. | n.a. | 10%
7 |51%|54% |52% |59% |60% |33% | n.a. | n.a. | n.a. ||54% 7 | 5% [11%|16%|20%|28% | n.a. | n.a. | n.a. | n.a. [15%
8 |54% [58% [59% | 62% |69% |65% | 73% | n.a. | n.a. [|59% 8 [10%[12%|16%|21%| 4% | n.a. | n.a. | n.a. | n.a. [14%
9 [59%|60% |66% |33%|14% |13%| n.a. | n.a. | n.a. |56% 9 [12%[19%|21%|43%| n.a. | n.a. | n.a. | n.a. | n.a. |22%
10 |59% |67% |67% | 77% |72% | n.a. | n.a. | n.a. | n.a. ||64% 10 |23%|27%| 9% | n.a. | n.a. | n.a.|n.a. | n.a. | n.a. [22%

51%|53% [53% [ 51% | 51% | 50% | 51% | 46% | n.a. || 22% 10% | 12% | 11% | 13% | 14% | 13% | 18% | 24% | n.a. | 14%

Average A A dard De o)

2 3 4 5 6 i 8 9 3 4 5 6 7 8 9 | 10
1 |49% |54% |52% |48% [53% | 53% | 51% | 45% 1 | 8% |12%|10%|14%|14% | 8% | 7% |17% | n.a. | 12%
2 |51%|48% |49% |52% |51% | 50% | 53% | 45% 2 [12%| 9% |11%| 6% | 4% | 7% | 9% |21% | n.a. | 10%
3 |48%|51% |50% |52% | 51% | 52% | 46% | 48% 3 |4% | 7% | 6% | 6% | 5% | 7% | 19% | 28% | n.a. [ 10%
4 [52%[56% |53% |52%|52% |51% | 50% | 46% 4 | 5% |10%| 4% | 7% | 7% | 8% |11%| 5% | n.a.| 7%
5 |52%|50% |51% |50% | 46% | 40% |33% | n.a. 5 | 8% | 5% | 6% [11%|17%|14%|12% | n.a. | n.a. [ 11%
6 |50%|51% [53%|47% |51%|61%|35% | n.a. 6 | 5% | 5% | 8% [13%|24%|25%| n.a. | n.a. | n.a.[|13%
7 [52%(53%|51%|54% |56% |10% | n.a. | n.a. 7 | 5% | 9% [13%|19%|23% | n.a. | n.a. | n.a. | n.a. [ 14%
8 |53%|52% [56% |51% |39% |26%|36% | n.a. 8 | 8% | 7% |13%|14%|13% | n.a. [ n.a. [ n.a. | n.a. [11%
9 |52%|48% |44% |25%|18%|22% | n.a. | n.a. 9 |11%|13%[12%|17%| n.a. | n.a. | n.a. [ n.a. | n.a. [ 15%
10 |52%|43%|40% [32%|49% | n.a. | n.a. | n.a. 10 [12%|10%| 6% | n.a. | n.a.|n.a.|n.a. | n.a.|n.a. [11%

51%|51% | 51% [ 50% | 50% | 49% | 48% | 46% 8% | 9% [10% |12% |14%|13%|13% | 19% | n.a. | 44%

As for the final evaluation of the AUC averages by company size as presented in Table 18,

the results mimic the behaviors found in Division A+B, having the best model for micros be

the Z”LT, while the Z”MC_C yields the best results for companies of small size or above.

Table 18 - Model Average AUC by Size (Division C)

Model
Size [Z"MC_C|Z"MC_D| Z"LT
Micro | 23,58% | 34,56% |39,12%
Small | 3,07% | 1,94% | 1,10%
Medium | 0,40% | 0,29% | 0,16%
Large 0,09% | 0,07% | 0,07%
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5. Conclusions and Suggestions

This study aimed to introduce a new application of the MC simulation into the widely
applicable statistical DPM methodology — Z”-score (Altman, 1983) — and test its predictive
power under various parameterizations against a simple and widely used transformation of
this type of scores into stochastic default probabilities (Agarwal & Taffler, 2008; Correia et
al., 2017; Hillegeist et al., 2004; Jackson & Wood, 2013; Reisz & Perlich, 2007).

With the results of this study, it can be concluded that utilizing Monte Carlo simulation to
augment a model such as the Z”-score of Altman (1983) allows it to be transformed into a
stochastic model with at least as much predictive power as its simple logit transformation
(Z”LT). The obtained and compared averages of ROC curve AUCs for the logit transformed
Z”-score model (Z”LT) and the Monte Carlo simulated Z”-score models — the direct
approach (Z”MC D) and the component approach (Z”MC_C) — are relatively similar for the
methodology utilized, and only for Division A+B does Z”LT obtain the best results. Since
MC simulation has the tendency to improve the higher the number of iterations (Andrieu et
al., 2003; Borgonovo & Gatti, 2013; James, 1980), then the results only imply the predictive

power obtained by the Z”LT model as the minimum for this methodology.

The results of this study also indicate that the direct approach of the MC simulation model
is better applied under low correlation between ratios, while the component approach yields

better results for highly correlated ratio data.

In terms of company size disparities in the results, this study finds little evidence, though
one that may be interesting to analyze, that the Monte Carlo simulation approach can perform
consistently better than the simpler stochastic transformation methods (Z”LT) when applied

to companies larger than those considered micro in Portugal.

There were various limitations to the present application of the Z”MC models in this study,
mostly due to computational costs and limits. Applying the analysis in a faster and more
capable computer or software could allow the it to yield better and more reliable results, as
Monte Carlo Simulation improves the higher the iteration number. This would allow the

100-iteration limit to be extended, along with more variation to the model being possible to
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test. Furthermore, the act of applying this methodology outside Excel would not invalidate
its use on it, since it would simply be to accelerate the processing of the high number of
companies. Also due to the extra computational power and time it would require, the cut-off
of zero to transform the MC scenario samples into a probability of default was not evaluated
as it should, and it may very well influence the results considerably. Last but not least, under
better computational conditions, the industries that were not tested could easily be added
into the analysis, or at least it would be interesting to have them be studied for the results of

this methodology.

An additional augment to the analysis performed on this study would be the application of
the Z”MC abroad, to analyze the variations of its application in different countries with

different market conditions.

Beyond sample and computational power, a limitation that this study found was the
generation of correlated variables without the assumption of normality, which could be an
interesting point of further development, let it be in terms of generating other distribution
types with the intended correlation, or simply ignoring the correlation all together to analyze

how that would affect the results.

To finalize, our use of the multiple linear regression was merely a practical simplification of
the recalibration process of an MDA methodology and recalibrating it utilizing the original
model type could prove more advantageous, or even choosing different methodologies

altogether, such as the logit model.
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